Homework for Ma 561 - Modern Algebra I (Fall 03)
Set 10

35. (4 points) Let M be a subset of the group G = (G, -). Define (M) as the intersection
of all the subgroups of GG that contain M, i.e.

(M)y:= () H.
H<G,MCH

It is called the subgroup of G generated by M. Show:
(a) (M) is the smallest subgroup of G that contains M.
(b) (M) ={g{*... 9" | n € No,g1,...,9n € M,ey,...,e, € {—1,1}} where (B) := {eg}.
36. (4 points) Let P be a regular n-gon. Let Py be one of its vertices and let 7 be the
reflection at the line through P, such that 7(P) = P. Let o be the rotation of 2 such
that o(P) = P. Let Dy, be the subgroup of the symmetric group of P generated by
{o,7}. Prove:
(a) ordT =2, 0ordoc =n,and Too =0""orT.

(b) Dy, has 2n elements, namely o,02%,...,0"% 700,...,700" It is called the dihedral
group of order 2n.
(Hint: Label the vertices by 1,...,n and consider the image of the vertices 1 and 2 under

an element of Dsy,.)

37. (4 points) Determine all subgroups and all normal subgroups of Ds.

6*. (6 points extra credit) Let K(X) be the function field in one variable over the field
K. Let T := % € K(X) where f,g € K[X] are coprime polynomials. Show

(a) [K(X) : K(T)] = max{deg £, deg g}.

(b) G(K(X),K) = PGLy(K) where PGLy(K) := GLy(K)/H is the projective general
group and H = {aly | a € K*}.

(Hint: Show that every ¢ € G(K(X), K) is determined by ¢(X) and that p(X) = ‘Cl))gj:s
where a,b,c,d € K and ad — bc # 0.
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