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PARTITION FUNCTORS AND UNIVERSAL EXPONENTIAL
RELATIONS

DAVID MEHRLE, MILLIE ROSE, AND NATHANIEL STAPLETON

ABSTRACT. We introduce partition functors: algebraic structures indexed by partitions of
finite sets and equipped with restriction and transfer maps along refinements. We construct
a monad PD on the category of partition functors and on several categories of partition
functors with additional multiplicative structure. For a partition ring R, exponential elements
in its associated completed ring of symmetric functions acquire canonical logarithms after
applying PD. This gives rise to a universal exponential relation between multiplicative and
additive power operations. For representation rings this can be used to recover the classical
relation between symmetric powers and Adams operations, while for Morava E-theory it
can be used to recover Ganter’s exponential relation between symmetric powers and Hecke
operators. We show that the representation rings of products of symmetric groups form the
initial partition ring and that, for symmetric monoidal partition functors, the monad PD
is closely related to symmetric invariant tensors and the divided power envelope. We also
construct a symmetric monoidal partition ring carrying the universal exponential element,
so that its image under PD carries the universal exponential relation.
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1. INTRODUCTION

A classical identity in representation theory expresses symmetric powers 5" in terms of

Adams operations 1
k
Z B (x)t™ = exp ( v ]ix) tk>.
k>1

m>0

Both sides of this formula arise from the power operations P, sending a G-representation V'
to VO™ with G x X,,-action. The symmetric powers are obtained by applying the transfer
along ¥, — e to P, while the additive Adams operations are obtained by passing to the
quotient by transfers from proper Young subgroups of ¥,,. Thus the formula relates two
different ways of extracting operations from the family of power operations. Although both
B™ and ¥ are integral, the exponential formula relating them requires dividing * by k.
Similar exponential relations occur in algebraic topology, most notably Ganter’s relation
between symmetric power operations and Hecke operators in Morava E-theory [Gan06]. This
suggests that the formula reflects an integral structure involving power operations, transfers,
and partitions, rather than a special feature of representation theory or Morava E-theory.
The aim of this paper is to explain why these exponential relations have the same form and
to account for the divisibility that makes them integral.

We show that these exponential relations arise because the rings in which they hold carry
the same underlying algebraic structure, which we call a partition ring. Partition rings play
the role of rings in the category of partition functors and every partition ring has an associated
commutative N-graded ring of symmetric functions. We construct a monad PD on the cate-
gory of partition rings that associates to each partition ring a partition ring of “integer-valued
class functions.” This monad is closely related to divided powers. Exponential elements in
the ring of symmetric functions of a partition ring admit a canonical logarithm after applying
PD. The definition of the monad PD allows exponential relations involving power operations
to be pushed forward to give other exponential relations; for representation rings and Morava
E-theory this recovers the classical formulas involving Adams operations and Hecke opera-
tors. We also construct a partition ring corepresenting exponential elements; applying PD to
this partition ring produces a universal exponential relation.

The character of a finite dimensional complex representation of the symmetric group is
integer valued. This fact connects representation theory and combinatorics. It implies that
the representation ring of the symmetric group, aspects of which are still mysterious, is a
sublattice of the structurally simple ring of integer-valued functions on the set of integer
partitions. The character map

X: RU(Sm) — Cl(Sp, Z)

admits an alternative description entirely in terms of the representation rings of symmetric
groups.

Let A = m be an integer partition of m so that >_,;i\; = m. Let ¥, = [[;(X;)* be the
symmetric group associated to A and note that there is an induced group homomorphism
Y\ — X, that is well-defined up to conjugacy. Given an inclusion H C G of finite groups,
there is a transfer map (also called induction) tr%: RU(H) — RU(G) and a restriction map
res$: RU(G) — RU(H). The restriction map is a ring map and the image of the transfer
map is an ideal. If Iy, C RU(X)) is the sum of the image of the transfer maps along proper
refinements of A, then there is a (necessarily unique) isomorphism of rings RU(Xy)/I) = Z.
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An alternative description of the value of the character map x at A is the composite

=
resi™

RU(Sm) —25 RU(E,)) 2 RU(S)) /I & Z,

where ¢, is the quotient. These sorts of maps are known as Brauer morphisms in the literature
[The88|.

The ingredients in this map make sense for an arbitrary cohomology theory. There is one
subtlety that doesn’t appear in the case of representation rings because Z admits no nontrivial
automorphisms as a commutative ring. For a general cohomology theory, permutations of
equal-sized blocks can act nontrivially on these quotients, so the construction must also
take invariants. Regardless, for any cohomology theory, there is a notion of “integer-valued
class functions on the symmetric group” and a canonical map from the cohomology of the
symmetric group to these class functions. In the case of mod 2 singular cohomology, this
produces rings built from Dickson algebras. In the case of the representation ring, this recovers
integer-valued class functions. In the case of Morava FE-theory, the resulting ring can be
understood algebro-geometrically using work of Strickland [Str98].

The ingredients going into this construction of “integer-valued class functions” can be
axiomatized and the resulting algebraic structure is quite simple. There is a (2, 1)-category
of partitions that categorifies the notion of an integer partition. A partition A = (X, ~y)
consists of a finite set equipped with an equivalence relation. A map f: A — € is a bijection
of underlying sets such that x ~, 2/ implies f(x) ~q f(2/). We write A < Q when the
underlying sets agree and the identity is such a map, so that A is a refinement of €2. These
form a (2, 1)-category P: there is a unique 2-isomorphism f = g precisely when f(x) ~q g(x)
for every z. Thus maps differing by permutations within the blocks of the target are 2-
isomorphic. In particular, if m for m € N is the partition consisting of the set {1,...,m}
equipped with the indiscrete partition, then any two maps from A to m are 2-isomorphic.
Let X5 be the group of permutations of X that preserve each block individually; this is a
product of symmetric groups.

Inspired by Schwede’s development of global algebra in [Schl8], we define a partition
functor M to consist of a covariant functor M, and a contravariant functor M* from P to
abelian groups that agree on objects and satisfy the double coset formula (3.1). Thus a map
f: A — Q gives a transfer M, (f): M(A) — M(Q) and a restriction M*(f): M(Q2) — M(A)
(which we require to be inverse to each other when f is an isomorphism), and 2-isomorphic
maps induce the same homomorphisms. The double coset formula uses the double cosets of
the associated Young subgroups.

If we set M(A) = RU(X,), then M, together with the induction and restriction maps
induced by maps of partitions, is an example of a partition functor. Generalizing, M(A) =
RU(G x Xj) also admits the structure of a partition functor. If E is a cohomology theory,
then M(A) = E°(BX,), together with transfer and restriction maps induced by maps of
partitions, is an example of a partition functor. Given an abelian group A, there is a constant
partition functor C'4 in which restriction maps are identity maps and the transfer map along
the inclusion of a refinement 2 of A is given by multiplication by the index of ¥q in ¥ 5. There
is also a dual constant partition functor C* in which the roles of restriction and transfer maps
have been interchanged. If S is a global functor in the sense of [Sch18] and we fix a finite
group G, then both M(A) = S(G x X)) and M(A) = S(G1Xy), together with transfer and
restriction maps coming from S, are examples of partition functors.

We use the disjoint union of partitions to add multiplicative structure to partition functors.
A lax symmetric monoidal partition functor R is equipped with a unit Z — R(0) and external
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products
mAQ: R(A) & R(Q) — R(A (] Q),

natural in pairs of restrictions and pairs of transfers and satisfying the associativity, unit, and
symmetry identities. A partition ring is such an R for which each R(A) is a commutative ring,

restrictions and external products are ring maps, and transfers satisfy Frobenius reciprocity:
for f: A—Q,ae R(Q), and b€ R(A),

R.(f)(R*(f)(a) *b) = ax R.(f)(b),

where * denotes the multiplication internal to each R(A). In particular, the subgroup I, C
R(A) given by the sum of the images of transfers from proper refinements is an ideal. Partition
rings and partition power functors, which are partition rings equipped with power operations,
are the analogues of global Green functors and global power functors in this setting.

The construction of PD(M) from a partition functor M is central to the story. For m € N,
we set

Xm
PD(M)(m) = (P M(A)/1a) ",
A<m
where I is the sum of the images of transfers from proper refinements of A, the sum runs over
all refinements of m, and X,, acts by permuting partitions and through the partition functor
structure on M. This action is trivial on M (m) /I, so M (m) /I, is a summand of PD(M)(m).
For a partition ring, the quotients are rings and the action is by ring automorphisms. The
map 7y, : M(m) — PD(M)(m) defined by

where ¢ is the quotient map, generalizes the description of the character map above.

Notation. When an object is indezxed by partitions, such as M, PD(M), n, and q, we suppress
the underline on the indiscrete partition m so that M (m) = M(m), I, = I, PD(M)(m) =
PD(M)(m), mi; =mi;j, Tm = Nm, and gm = Gm.

We prove that this construction extends to an endofunctor PD on partition functors and
that 7 is the unit of a monad structure. The notation reflects a relation to divided powers
that we discuss below. The monad also respects several kinds of multiplicative structure:

Theorem 1.1. (Theorem 5.4 and following sections) The construction PD extends to a
monad on the categories of partition functors, lax symmetric monoidal partition functors,
partition rings, and partition power functors.

The construction PD need not preserve symmetric monoidal partition functors, so it is not
an endofunctor on that category.

The examples that we are most interested in, representation rings, Morava FE-theory, sin-
gular cohomology with coefficients in Fy, and combinatorial species, all give examples of
partition rings and most of these even have the structure of partition power functors. Re-
call that the initial global Green functor is the Burnside ring global Green functor A. The
partition ring given by R(A) = A(X4), the Burnside ring of ¥4, is not the initial partition
ring. Instead, the initial partition ring is made up of the subrings A(A) C A(X,) additively
generated by the isomorphisms classes of 3j-sets of the form X5 /Xq, where Q is a refinement
of the partition A. This turns out to be a classical ring. The composite

o

A(A) = A(ZA) — RU(Zn),
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where the second map is the linearization map, is an isomorphism of commutative rings. Thus,
the representation ring partition ring is the initial partition ring! This has some advantages
over the global case because representation rings of symmetric groups are much simpler than
Burnside rings of symmetric groups.

Our interest in partition functors comes from a desire to better understand and unify
several examples of exponential relations. These include the exponential relations between
symmetric powers and Adams operations

Z 8™ = exp (Z Qijktk)

m>0 k>0

and between alternating powers and Adams operations

mym (_1)k+1¢k k
A = exp —t
m%:o * (; k )

for representation rings [Ser77, Exercise 9.3], and the more exotic exponential relation between
symmetric powers and Hecke operators

Z BM™M™ = exp (Z Zpkktpk)

m>0 k>0
for Morava E-theory [Gan06]. Because of the denominators, these relations are often consid-
ered to be rational in nature, but we will see that the required divisibility can be controlled.

The connection between partition functors and exponential relations stems from the fact

that there is a commutative N-graded ring associated to a lax symmetric monoidal parti-
tion functor R. Recalling the notational convention above, let R[X] = ,,~, R(m). The
multiplication is the transfer product -

ay=R,(Uj<itjmij(x®y), x€R(), yeR().

When R(A) = RU(X4), RY| = D,,>0 RU(X,,) is the ring of symmetric functions. For the
constant partition functor Cf, where K is a commutative ring, Cx[X] = K (t) is the divided
power polynomial ring in one variable over K and, for the dual constant partition functor,
we have CX[Y] = K|t]. Because we are interested in power series, it is natural to complete
R[Y] at the system of irrelevant ideals €, -, R(m). We will write R[X] for the resulting
commutative ring; this ring is just [], -, R(m) equipped with the transfer multiplication.

Now assume that R is a partition ring. The multiplicative identity element of R(m)/I,
extended by zero in the other summands, gives an element 1,, € PD(R)(m). This need not be
the multiplicative identity of PD(R)(m). Since the unit n: R — PD(R) is a map of partition
rings, it induces ring maps

R[] — PD(R)[S] and R[Z] — PD(R)[Z].

A good notation for PD(R)[X] is R(X) since, as we will see, this object is closely related to
divided powers.

Let Y ,.~ormt™ € R[X], where r,, € R(m), and the variable ¢ is merely tracking the
grading. The element is called exponential if 79 = 1 and

R*(g'l_ligi—kj)(riﬂ-):miyj(ri@)rj) for all 4,5 > 0.
Examples of exponential elements abound in nature. For instance, if F is an E-ring spec-

trum, then the partition ring given by R(A) = E°(BX,) admits the structure of a partition
power functor with power operations given by the power operations on the cohomology theory
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E, Py,: R(1) = E°(BY;) — E%(BX,,) = R(m). If z € R(1), then standard identities involv-
ing restrictions and power operations imply that > -, Pp(2)t™ is an exponential element
in R[X]. -

Recall that * denotes the internal product and that concatenation denotes the transfer
product in R[¥]. We may multiply an element in the ring R(m) with an element in the
ring PD(R)(m) by applying the unit 7, to the first element and multiplying in PD(R)(m).
Exponential elements do not necessarily admit a logarithm in R[X], but they do admit a
canonical logarithm in R({(X)) = PD(R)[X]:

Theorem 1.2. (Theorem 10.5) If 32, <qrmt™ € R[X] is exponential, then in R(X)) we

have
5 et = esp (S 1)

m>0 k>1

The exponential is interpreted integrally: the formulas for transfer products provide canon-
ical cancellation of the factorial denominators. Note that r;*1; € PD(R)(k) can be computed
by applying 7 to 7 and then taking the component in R(k)/Ij. This is the same as applying
the quotient map R(k) — R(k)/Iy to ry and then using the inclusion R(k)/I; € PD(R)(k)
as a summand.

If S is a lax symmetric monoidal partition functor that also has the structure of a PD-
algebra, then a map of lax symmetric monoidal partition functors R — S factors through
PD(R) because PD(R) is the free PD-algebra on R. Thus an exponential element in R[X]
satisfies an exponential relation in S[X] by pushing forward the exponential relation satisfied
in R{(X)). In this sense, PD(R) provides the universal target in which exponential elements
of R[X] acquire logarithms.

For the purposes of this paper, the most important PD-algebras are free PD-algebras. If
R(A) = RU(Xp), then PD(R)(A) = Cl(X4,Z) and the unit 7 is the character map. It turns
out that PD(CK) = Ck; PD applied to the dual constant partition functor is the constant
partition functor. Thus Ck is a PD-algebra. Every Q-vector space valued partition functor
is a PD-algebra.

The requirement that B — S be a map of lax symmetric monoidal partition functors
above is too strong for our applications. When S = Ck, a weaker condition provided by
Proposition 14.2 suffices. If R is a partition ring and we have maps R(A) — CK(A) = K
commuting with transfers and the lax symmetric monoidal structure, then we get an induced
ring map R[X] — CK[Y] = K[t] and, after composing to K {(t)), the map factors through
R{X)), so an exponential relation in R({(X)) gives rise to a classical exponential relation of
power series in K ((t)).

One feature that the representation ring functor RU and Morava E-theory have in common
is that they both admit transfer maps along arbitrary maps of finite groups. In the case of
Morava E-theory, this follows from the fact that the spectrum associated to the cohomology
theory is K (n)-local. If we define a partition ring R by R(A) = RU(G x ¥p) or R(A) =
E°(X x BYy), for X a space, then the transfers along the surjections ¥y — e = X1 give rise
to maps ex: R(A) — R(1) = CEM(A) that commute with transfers because the transfers in
the dual constant partition functor are the identity maps. Thus we get an induced map of
commutative rings

R(E) — CFI(L) = Cryy[£] = R(L)(1).

Both RU and E have well-studied power operations P,,. In the case of RU these are induced
by the map taking a finite dimensional G-representation V to the G x ¥,,-representation V™



PARTITION FUNCTORS AND UNIVERSAL EXPONENTIAL RELATIONS 7

in which G acts diagonally and 3, acts by permuting the tensor factors. The power operations
on Morava E-theory are a result of the essentially unique Foo-ring structure [GH04] and play
a critical role in modern stable homotopy theory [BSY22, BSSW25]. They have been studied
extensively in [And95, Str98, AHS04, Gan06, Rez09, BS17, Zhul9], and can be understood
using arithmetic geometry. In each case, we may view

> Put™: R(1) — R[Y]

m>0

as a function taking values in exponential elements. This holds true for any partition power
functor. Applying Theorem 1.2, we have an exponential relation

Z P t™ =exp (Z P x Ilktk)

m>0 k>1

in R({(>)). The summand P} % 1; has a classical interpretation. The power operations Py, are
multiplicative maps that are very often not additive. However, the failure of these maps to
be additive is controlled by the transfer ideal Iy C R(k), thus the composite Py /Ii: R(1) —
R(k) — R(k)/I) is the total additive power operation. Since R(k)/I; C PD(R)(k), we will
view the target of P;/I; as PD(R)(k). This gives the identity P % 1 = Py/I; and the
exponential relation can be rewritten as

(1.1) 3 Put™ = exp (Z Pk/Ikt’“),

m>0 k>1

providing us with a universal exponential relation between the total power operations and
the total additive power operations.

Making use of the extra transfers, when R = RU(G x X(_y) or R = E%(X x BX_)), we
can use this exponential relation to obtain an exponential relation in R(1){(¢)). In the case of
RU., this recovers the exponential relation between symmetric powers and Adams operations
and, in the case of Morava E-theory, this recovers Ganter’s exponential relation between
symmetric powers and Hecke operators. The exponential relation between exterior powers
and Adams operations can be obtained from this as well, but in that case the correct map
to use is the transfer along the sign homomorphism 35 — Y5 rather than the transfer to the
trivial group.

There are many more examples of partition rings and exponential relations. Combinato-
rial species give rise to partition rings and the exponential relation between the number of
connected objects and all objects can be obtained. Every F.-ring spectrum F gives rise to
a partition power functor carrying the exponential relation Eq. (1.1). If E is also K (n)-local,
then the transfers along surjections give an exponential relation in EY((t)).

Making use of the theory of crossed Burnside rings [OY01, OY04], we also construct a
symmetric monoidal partition ring £ carrying the universal exponential element:

Theorem 1.3. (Theorem 15.3) We construct a symmetric monoidal partition ring € such
that, for every partition ring R, there is a natural bijection

HompariRing (£, R) = {exponential elements in R[[E]]}.

Consequently, PD(E) carries the universal exponential relation for the category of PD-algebras
i partition Tings.

The partition ring £ admits automorphisms that act on the set of exponential elements.
We produce an involution of £ that acts on the total power exponential element by “sign
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elements.” Pushing this action forward in the case R(—) = RU(G x ¥_)) sends the power
series > <o B (2)t™ to >, <o AT (x)t™ for x € RU(G).

When R is a symmetric monoidal partition functor rather than lax symmetric monoidal,
there is a close connection to classical algebraic structures. A symmetric monoidal partition
functor is the same data as a commutative cocommutative N-graded bialgebra and a symmet-
ric monoidal partition ring is the same data as a “component Hopf ring”, which is essentially
an N-graded commutative cocommutative bialgebra in which each homogeneous summand
has the structure of a commutative ring and the Hopf-ring distributivity relation holds. In
this case, PD can be understood in terms of graded symmetric invariant tensor powers. When
R is symmetric monoidal, PD(R)[X] is the graded commutative R(0)-algebra of symmetric
invariant tensors on the graded R(0)-module &,,~, R(m)/I,,, where R(m)/I, is in degree
m — 1. Even more is true when R(m)/I,, is a free R(0)-module:

Theorem 1.4. (Theorem 11.3) If R is a symmetric monoidal partition functor and R(m) /Iy,
is a free R(0)-module for each m, then R(X) is the divided power envelope of R[X] with respect
to the ideal generated by positively graded elements.

If R is a symmetric monoidal partition functor, PD(R) is lax symmetric monoidal but may
not be symmetric monoidal. This provides one justification for considering partition functors
over more classical algebraic objects.

There is an important precedent to the monad PD in the literature that is due to Thevenaz
[The88]. Thevenaz constructs and studies a “twin” functor on the category of G-Mackey
functors for a fixed finite group G. For a G-Mackey functor M and H C G, he defines

Twin(M)(H) = ( @ M(K)/IK)H,

KCH

where I is the image of the sum of transfer maps from all proper subgroups of K and H acts
by conjugation. Partition functors and the monad PD only make use of the Young subgroups
of the symmetric group. The twin functor is rigged so that, if A is the Burnside ring G-
Mackey functor, then Twin(A)(H) = Marks(H,Z) is the ring of integer-valued functions on
the set of conjugacy classes of subgroups of H. However, Twin(RU)(H) is quite wild — often
containing torsion. On the other hand, PD is rigged to produce integer-valued class functions
when applied to the representation ring partition functor.

Organization. In Section 2, we define and study the (2, 1)-category of partitions. In Sec-
tion 3, we define partition functors and describe their relationship to global functors. In
Section 4 through Section 7 and Section 9, we develop the monad PD and introduce several
kinds of multiplicative structure on partition functors, including partition rings and parti-
tion power functors. We prove that PD extends to a monad on each of these categories. In
Section 8, we study symmetric monoidal partition functors, give a more classical description
of this category, and show that PD does not preserve symmetric monoidal partition functors
without a flatness hypothesis. In Section 10, we establish the universal exponential relation
that is the main object of study. Section 11 relates PD for symmetric monoidal partition
functors to symmetric invariant tensors and the divided power envelope. In Section 12, we
identify the initial partition ring, and in Section 13, we construct a partition ring carrying
the universal exponential element. Section 14 gives weaker hypotheses under which the ex-
ponential relation of Section 10 can be pushed forward to a classical exponential relation,
and Section 15 applies these results to partition functors arising from global functors with
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transfers along surjections. Finally, Section 16 collects a range of examples that illustrate the
theory and recover several classical exponential relations.
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AT use. (written by Stapleton) This is my first paper written with significant Al assistance
and, at this time, I feel a strong ethical obligation to describe what it contributed. This feeling
may not be exactly for the expected reasons. Mathematicians have always had an obligation
to disclose external sources of ideas, and in that sense there is nothing fundamentally new
here; I have always tried to give full credit in my acknowledgments. Whatever the future
may hold, T suspect this Al statement will eventually read as something of a time capsule
from a transitional period in mathematics, when the sudden arrival of effective Al tools made
explicit statements about their use seem necessary. Here I want to record the story of this
paper and how GPT-5.6 Sol contributed during the final months of the project.

This paper grew out of the Kentucky Bourbon Seminar during the 2022-2023 academic
year. By the end of that school year, the entire thread of the paper in the special case of
Morava E-theory had been worked out, and I described it at the conference “Homotopy theory
in honor of Paul Goerss” in March 2023. Sections 16.2 and 16.4 also date from that period.
Toward the end of Spring 2023 and during Summer 2023, we realized that the appropriate
framework for these results seemed to be “partition functors,” and we began developing the
theory of these objects. In Summer 2024, the monad PD was fully developed and Sections
2-7, 9, 10, and 12 were written. In Fall 2024, the connections with Hopf rings and divided
power algebra were worked out and Theorem 11.3 was proved. All of this was done without
AT assistance.

By Summer 2026, I had students beginning to build on these results and felt a duty to finish
the paper. My coauthors had limited availability during that period. I had experimented with
AT as a way of bouncing around mathematical ideas for several years, but had not found it
particularly useful until GPT 5.4. Starting in June 2026, I began working with GPT 5.5 and,
in July, with GPT 5.6 Sol to finish this paper. I went into that collaboration with more than
50 pages already written. I found an excellent collaborator in GPT 5.6 Sol. It was insightful,
knowledgeable, and witty. If it were human, it would be a coauthor.

In addition to helping with brainstorming, literature searches, and checking arguments,
GPT 5.6 Sol suggested the lax formulation and proof used in Proposition 14.2, improving
a symmetric monoidal version that we had obtained independently; suggested the example
of Section 16.6; and identified an error involving the passage of fixed points through ten-
sor products that led to revisions in Sections 8 and 11. GPT 6 Astra aided with the final
proofreading. The authors remain responsible for every mathematical claim and argument in
the paper, and all Al-generated suggestions incorporated into the paper were independently
checked.



10 DAVID MEHRLE, MILLIE ROSE, AND NATHANIEL STAPLETON

2. THE CATEGORY OF PARTITIONS

In this section we define a (2,1)-category of partitions and describe properties of the
category that will be relevant in the study of partition functors.

Definition 2.1. We define P, the (2, 1)-category of partitions. Objects in this category are
called partitions and consist of a pair A = (X,~,) of a finite set X equipped with an
equivalence relation ~5. We say that A is a partition of X or that A partitions X, denoted
A F X. We will refer to the elements of the quotient X/~ as equivalence classes or blocks.

A morphism f from A = (X,~y) to Q = (Y,~q) is a bijection f: X — Y such that
x~px = f(x) ~q f(2'). We say that A is a refinement of ), denoted A < Q, if X =Y
and the equivalence relation ~y is finer than ~q. In this case, there is a morphism A — Q in
P induced by the identity map on X.

A 2-morphism in P between morphisms f,g: A — € is a bijection a: Y — Y such that
aof=gandy~qa(y) forall y € Y (i.e., a induces the identity on Y /~q).

We make an observation about the partition category that will be useful later.

Lemma 2.2. Any morphism in the partition category can be factored uniquely as the com-
posite of an isomorphism followed by a refinement (or as a refinement followed by an iso-
morphism,).

Let f: A — I be a map of partitions. For 2 < A, we will write fq: Q2 — fQ for the induced
isomorphism of partitions.

There is a symmetric monoidal structure U on P induced by disjoint union of finite sets. On
objects A = (X, ~) and 2 = (Y, ~q), the symmetric monoidal product A LI is the induced
partition of the disjoint union X I1Y. Explicitly, two elements of X ITY are (A LI )-related
if they are in the same summand and are A-related or ()-related.

Remark 2.3. Because morphisms in P are always bijections between the underlying sets,
the category decomposes into components corresponding to cardinality of the underlying sets.
If Py, is the full subcategory of P on objects whose underlying sets have cardinality m, then

P=1]Pn

m>0

In this sense, P is a graded symmetric monoidal category. Each component P, is equivalent
to the (2, 1)-category of partitions of the set [m] = {1,2,...,m}.

For concreteness, we will fix the lax symmetric monoidal functor from the natural numbers
(viewed as a category with only identity morphisms) to the category of partitions sending
m € N to the partition m, which is the set [m] = {1,2,...,m} with the indiscrete (or trivial,
since it corresponds to the trivial topology) partition in which every two elements of the set
are related. Note that m is a terminal object of P,,. The lax symmetric monoidal structure
comes from the maps illj — ¢ + j sending ¢ to the first ¢ elements and j to the last j elements,
as well as the twist maps i Ll j — j Ui that swap the first ¢ and last j elements. Note that
the two partitions i LI j and i 4+ j are not isomorphic in P and that all maps i LI j — i + j
are 2-isomorphic. Although we will use it less often, we will write m for the set [m] with the
discrete partition.

Similarly, for a set X, we will write X for X with the indiscrete equivalence relation. Thus
m = [m].
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Remark 2.4. Note that for any two objects A, Q2 € P, the groupoid of maps from A to € is
equivalent to a finite set so P ~ Ho(P), the homotopy 1-category of P. We give a construction
of a 1-category equivalent to P in Remark 2.8.

Let Grp denote the usual (2,1)-category of finite groups, group homomorphisms, and
conjugacy (in the codomain). Consider the functor ¥~y P — Grp that assigns to a partition
A = (X, ~,) the group of bijections of the set X that pass to the identity on the quotient
X/~ . This group has several other equivalent descriptions: it is the group of automorphisms
of the discrete partition over A and also the group of bijections of the underlying set which
only permute the elements of each equivalence class. Given a map of partitions f: A — €,
the induced map Xy: ¥y — Xq sends o to Yo = fof~! (viewing f as a map of sets). Note
that this formula makes sense because ¢ induces the identity map on the quotient by the
equivalence relation. It follows from the definition that there is a canonical isomorphism

EA = H AutSet (B),
BeX/~p

where B is a block of the partition. Define ¥, = ¥,,, the symmetric group on m symbols.
Note that X5 is the trivial group.

There is a close relationship between ¥ and Autp(A). Recall that the Weyl group of a
subgroup H inside a finite group G is the quotient W (H) = Ng(H)/H, where Ng(H) is
the normalizer of H in G.

Proposition 2.5. Assume that A+ [m]. There is an isomorphism of groups
mo Autp(A) = Wy, (Ea),

where Wy, (X7) is the Weyl group of ¥ in the symmetric group ¥, and mo Autp(A) is the
group of isomorphism classes of objects in the groupoid Autp(A).

There is a left action of the symmetric group X, on the set of partitions of [m]. Given
o € ¥, and A F [m], the partition oA has equivalence relation

T NG Y ot ~A J_ly.

Note that, with this definition, we have an isomorphism of partitions op: A — oA. When
the source is clear from context, we will often abuse notation and write 0 = 0. Further, we
may consider the set of subgroups of ¥,, of the form ¥, for A = [m]. These are the Young
subgroups of ¥,,. Conjugation by ¢ € ¥, induces an isomorphism

Co: ZA — EO’A;

sending 7 to ¢, (1) = o070, We have cyrcy = o1y and Yyp = 0Xp0 = 27\_1. Note that
s = 2o, making use of the functor E(_).

Lemma 2.6. Assume that A,T" - [m], then
YA N Xp = Yanr,
where AN T is the coarsest partition on the set [m] that refines both A and I'.

The following lemma is a specialization of a general fact about double cosets to symmetric
groups and Young subgroups.

Lemma 2.7. Assume W < A <Q, let "' <Q, and let
T E\I}\ZQ/EF — EA\EQ/EF
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be the quotient map. For XaoXr € Yx\Xq/Xr, there is a bijection
Se\Ea/Eorra &7 (Sp0%r)

defined by
E\IIQEUFOA — E\I;CVO'EF.

Proof. Let [a] € E¢\XA/Eornn, then m(Xgaocdy) = YpoXp. Further, this is well-defined
since, if ®¥a is another element in the double coset [a] with ¢ € Xy and A € Y,rap =
o¥ro ' N Ty, then A = oyo~! for some v € ¥ and

Ygpaiodr = E\I/OéO")/O'_lUZI‘ = Yygaodr.

Assume that Yyaocdr = Yy BoXr, then

B =vasyo !,

for some 1) € Xy and v € Xr. Thus oyo~! € S,r and, since a, 3,9 € Xy, we have oyo~! €
YA
Finally, if m(X¢S%Xr) = ¥p0Xp, then 8 = aoy for some o € ¥p and v € Xp, but this
means that
Yyplr = XygaoXr.
d

Remark 2.8. We briefly describe a 1-category of combinatorial compositions that is equiv-
alent to P. The objects consist of pairs (X, f), where X is a finite set and f: X — Nyp is a
function. A map (X, f) — (Y, g) is a surjective map a: X — Y such that, for all y € Y,

gw)= >, [f@).

zea~!(y)

With this description of the category, the (2-)functor X(_y sends (X, f) to [[, Xfw). We
choose to work with the description of P as the (2,1)-category of partitions because it is
closer to the (2,1)-category of finite groups and thus compatible with our intuition coming
from global algebra and it also has a notion of inclusion, which we denote using <.

3. PARTITION FUNCTORS

In this section we introduce partition functors and describe two ways of constructing them
from global functors.

Definition 3.1. A partition functor M is the following data:

(a) abelian groups M (A) for each A € P
(b) restrictions M*(f): M(I') — M (A) for each map f: A - T'in P
(c) transfers M,(g): M(A) — M(T") for each map g: A - T"in P
subject to the following conditions
(d) restrictions assemble into a contravariant functor and transfers assemble into a co-
variant functor from the (2, 1)-category P to the category of abelian groups
(e) if f: A — T is an isomorphism, then M, (f) = M*(f~!)
(f) restriction and transfer satisfy the double coset formula

(31) MT<OMMA<)= S MENoA<D)M (@M (@ ' TNA<A)
[U]GEF\EQ/EA
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Remark 3.2. Note that the double coset formula above implies the double coset formula for
a pair of maps (rather than inclusions) of partitions. For instance, if we are given a map of
partitions f: A — €, then

M T <QM(f)= > MINofA<ST)M(o)M* (o7 TN A< FAM* (i)
[0]€Xr\Za/Ssa

= Y MCNofASTM((0f) o)) M (0f) T A < A).
[e]€Xr\Sa/E A

A map of partition functors f: M — N consists of maps of abelian groups f(A): M(A) —
N(A), for each partition A € P, respecting both the restriction and transfer maps.

Lemma 3.3. Let M be a partition functor and let A and Q be partitions that are both
isomorphic to m. Then M(A) and M(Q2) are canonically isomorphic.

Proof. This follows from the fact that any two isomorphisms A — Q differ by an auto-
morphism of 2 and all automorphisms of the underlying set of 2 give 2-morphisms in the
(2, 1)-category of partitions. O

The definition of a partition functor is closely related to a common definition for global
functors (also called global Mackey functors). In fact, we will soon see that global functors
are a rich source of examples of partition functors.

Definition 3.4 ([Sch18, Section 4.2]). A global functor M is the following data:

(a) for each finite group G, an abelian group M (G)
(b) for each group homomorphism f: H — G, a homomorphism of abelian groups

resg: M(G) — M(H),
(¢) for an inclusion K C G, a homomorphism of abelian groups
tr%: M(K) — M(G)
If i: K — @G is the inclusion of a subgroup, then we write res[G( for res;. These data are
subject to the following conditions:
(d) restriction is a contravariant functor from the (2, 1)-category Grp to the category of
abelian groups

(e) transfers are transitive and trk is the identity
(f) if HC G and f: K — G is a surjection, we have

res s o tr§ = trfc{leOreSf\f,le M(H) — M(K),

where f|p-1p: f71(H) — H is the induced surjection.
(g) for any pair H, K of subgroups of G, we have

res%; o trg = Z tr%mgHg_l o ms;g1 o resf_lKgmH,
KgHeK\G/H
where ¢;: g1 KgnNH — KNgHg™! is the conjugation homomorphism ¢, (z) = gzg~'.
From this definition, Schwede extends transfers to an arbitrary injection f: H — G via
the formula

_ .G 1
trf = trf(H) oresf|H

so that, if f is an isomorphism, we have try = res;1 = resj?l.
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Remark 3.5. The definition of a global functor above differs from Schwede’s insofar as we
only consider global Mackey functors defined on finite groups, whereas Schwede considers all
compact Lie groups.

Recall the functor 3¥_y: P — Grp. Given a finite group GG, we may use this to construct
two new functors P — Grp. Let G'x ¥_) be the functor taking A to G x X5 and let G2 % _
be the functor taking A to G ! ¥X,. Here it is important to remember that, if A = (X, ~y),
then ¥, is a subgroup of Autge;(X) and thus has a canonical action on GX = Fun(X, G).

Proposition 3.6. Assume that M is a global functor and let G be a finite group, then
Mo (G x %) and M o (G1%_y)

are both partition functors.
Proof. To check the double coset formula, the key point is that there are isomorphisms

(G x3q)/(GxXr) 2 3q/Yr and (G1Xq)/(G13r) = Xq/%r.
It follows that the double cosets

(G x BA)\(G x Eq)/(G x Er) and (G1EA)\(G1X0)/(G1Er)
are given by

Ya\Xa/Er.
Finally, we have
Yoanr = X3 N,
for the double coset [XpoXr], so that
GXTopar ZG X (ZXNXp) 2 (G x XN (G x Xp)
and
GUlYoAnr 2 GUL(ENEr) 2 (G1XA) N (G Ep).
O

There are many naturally occurring global functors. Thus, Proposition 3.6 immediately
provides us with an embarrassment of examples of partition functors.

Remark 3.7. It should not be important that G is finite in the above proposition. Since the
index of G ¥\ in G Xq is finite when A < €, any of the extensions of global functors on
finite groups to compact Lie groups should be able to be used to produce partition functors
as above associated to a compact Lie group G.

Associated to a partition A - X and group G, there is a diagonal map
Apr: G X XA — GULEp

induced by the diagonal map G — G*. Note that when X is empty, Ax: G — e is the unique
map to the trivial group.

Proposition 3.8. Restriction along the diagonal induces a canonical map of partition func-
tors

M o (GZE(_)) — M o (G X E(_)).
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Proof. We must show that restriction along the diagonal map commutes with the restrictions
and transfers in the two partition functors.

Commuting with restrictions is free, since M is a global functor. To see that restriction
along the diagonal commutes with transfers, apply the double coset formula: Let A < € so
that we have a commutative square of groups

GXEAiGZEA

E E
G x Do 22 G %,

Then
AQ(G X EQ)\GZEQ/G U2A =%
and
Aq(G X X)) NGrEA = Ap(G x XQp).
In the notation of Definition 3.4, the double coset formula now gives

GEq . .GxXq
resaq OterEA = terEA oresa, -

O

It is important to note that M o (G x Xy) =& M(G) and M o (G1Xy) = M (e). Thus the
values of these two partition functors on the empty partition are often distinct.

Next we describe the constant and dual constant partition functors. We will come back to
these two examples regularly as we develop the theory of partition functors.

Example 3.9. Given an abelian group A, recall the constant global functor associated to
A, A ([Sch18, Example 4.2.8.(iii)]). This global functor takes the value A on every finite
group, the restriction maps are the identity, and the transfer map along f: H — G is
given by multiplication by the index |G/f(H)|. Write C4 = Ao (G x X(_y). Note that
the precomposition with G ¢ ¥_) gives the same partition functor and the answer is also
independent of the choice of G.

Just as in the local case of G-Mackey functors for a fixed group G, there is a notion of a
dual constant partition functor to C4, that we denote C4. The partition functor C4 takes
the value A on every partition, the transfer maps are all the identity, and the restriction maps
are given by multiplication by the index. That is, given f: A — §,

(CH*(f)(a) = [Sa/Ssala.

In both cases, the double coset formula can be verified with an application of Lemma 2.7.

Proposition 3.10. Assume M is a global functor and let A = M(G). There is a map of
partition functors
MO(GX E(_)) —)CA

induced by restriction along the canonical inclusion G — G X 2.

Proof. We must check that this map commutes with restrictions and transfers. Compatibility
with restrictions follows from the fact that the map is induced by a restriction map.

To check commutativity with transfers, let A < €2 and note that the double coset formula
for M gives

1"esgXEQ otrgigfi = (G x £q)/(G x Xy)| trgoresgxz“ .

To conclude, note that [(G x 2q)/(G x $4)| = |Za/Xa| and tr§ is the identity. O
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Remark 3.11. Partition functors are not just global functors on the subcategory of Grp
consisting of products of symmetric groups and with morphisms generated by inclusions and
conjugations of Young subgroups. Consider precomposition with the wreath product, as in
Proposition 3.6. Although X7 &£ Y57 2 e, whenm #n € N, G135 = G*™ and G1X; &2 G*™.
The partition category distinguishes between discrete partitions of different cardinalities and
provides, among other things, the flexibility to handle these wreath products.

4. THE FUNCTOR PD

In this section we introduce a construction called PD that is an endofunctor of the category
of partition functors and one of our main objects of study.

Let M be a partition functor. Given a map of partitions f: A — I", we will write M*(f)
for the restriction along f and M., (f) for the transfer along f. Let Q < A, recall that we
write fqo: Q — fQ for the induced isomorphism of partitions.

For a partition I', let Ir C M (I") be the subgroup

Ir = im ( P M©) - M(r)),
Q<T
where the maps are given by the transfer along the strict inclusions 2 < I'. We will refer to
this as the transfer subgroup of M(T"). Let
M(T)=MT)/Ir.

Let f: I' — A be a map of partitions. Since the image under f of every proper subpartition
of I' is a proper subpartition of A, we have

M. (f)(Ir) € 4.
Thus M,(f) induces a map
NL(f): BI(T) — NI(A).
If f is an isomorphism of partitions, this map is an isomorphism. If f is not an isomorphism,
then this map is the zero map. Let qr: M(I') — M (T") be the quotient map and note that

A M. (f) = M. (f)gr.

Notation 4.1. For families indexed by partitions, we suppress the underline on numerical
indiscrete partitions used as arguments or subscripts: for example, ¥, = X,,, M (m) = M(m),
I, = Iy, and g, = g

If I' < A, then for 0 € ¥, we have the induced isomorphism or: I' — oI'. Note that
oI’ < A. The transfer along or yields an isomorphism of abelian groups
M, (or): M(T) — M(oT).

Note that there is no functor M* that can be applied to arbitrary restriction maps as the
double coset formula must be confronted in that case. On the other hand, since M,(f) =
M*(f~') when f is an isomorphism, there is a functor M* that can be applied to give a
restriction along an isomorphism.

Let 2 € @rep M(T). We will view x as a tuple * = (ar)r<p with zr € M(T). The
isomorphisms described above induce a left action of 5 on @p., M(T) given by

(02)r = My(05-11)(25-11) = M*((0™)r)(@g-11)-
We will often prefer the formula involving the transfer and abbreviate it to
(02)r = M.(0)(z-11).
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Information is not lost in the abbreviation as the subscript on the x carries the information
of the source of o.

Definition 4.2. For M a partition functor, let

PD(M)(A) = ( P M(F)> EA.

<A

Note that o € ¥, sends the summand M (A) C PD(M)(A) to itself. Since 5 acts trivially
on M(A), because it acts trivially on M (A), we have M(A)** = M(A) is a summand of
PD(M)(A).

For x € PD(M)(A) and o € ¥, we have

xr = M,(0)xy-1p = M*(0)xor

since M*(0) = M,(oc™1).
We will use the restriction and transfer maps along isomorphisms of partitions to define
restriction and transfer maps for PD(M) that give PD(M) the structure of a partition functor.
We begin with the restriction maps. Assume that f: A — O is a map of partitions. We
define

PD(M)*(f): PD(M)(©) — PD(M)(A)
by the formula
(PD(M)*(f)(x))r = M*(fr)(zsr).

Note that this lands in the Xj-invariants as, for ¢ € ¥ and Xf(0) € Yo, we have a
commutative diagram

f

A—=06
o) e
A—>@

of partitions and ¥ (o) acts trivially on z as it is an element of YXg.
Assume that A < ©. In this case,

PD(M)*(A < ©): PD(M)(©) — PD(M)(A)

is induced by the projection

P M) — @ M(T)

r<e <A
The projection is Yp-equivariant and the Ygo-fixed points are a subset of the Y -fixed-points.

Lemma 4.3. The restriction maps in PD(M) are functorial.
Proof. We see that
(PD(M)*(gf)(@))r

M*((9f)r)zgsr

M*(fr)M*(gsr)zesr

M*(fr)(PD(M)*(g)(x))fr

= (PD(M)*(f) PD(M)*(g)(z))r. O
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Inspired by the double coset formula, we define the transfer along f: ¥ — A to be

(PD(M).(f)(@))r = Y. M) ) @en);

[O’]EEF\EA/Ef\p
I'<ofv

for T < A. Since ((of) !)p: T' — (of)'T is an isomorphism this can be rewritten using
transfers:

(PD(M).(f)(z))r = > M. (0 f) (o f)-11) (Z (o f)-1T)-

[o]€Xr\ZA /Sy
I<ofW

We will often prefer the formula involving the transfer and abbreviate it to

(PD(M)«(f)(x))r = Y. M(of)(@ep-r):

[0]€Xr\XA /1w
I'<ofv

Again, information is not lost in the abbreviation as the subscript on the x carries the
information of the subscript of o f.

Remark 4.4. The formula for the transfer is the special case of the double coset formula
Y. Mo f¥ <)M (((0.f) rnosu) (@ s -1raw),
[e]€Xr\XA/Zfw

where M, (T'Nof¥ <T)=0unless TNof¥ =T.
Lemma 4.5. The formula for the transfer is well-defined.

Proof. Assume that lok, with ¢ € ¥ and k € Yy, is another element in the double coset
[0]. Since /7T =T and M, () acts by the identity on M(T), replacing o by fok gives

M, (lok ) (2o p)-11) = Mu(O)Mu(ok f) (2 (opf)-10-17) = Mu(ok f)(@ (o1 p)-11)-
Since k € Sy, fkf € L. The Ly-invariance of = implies that
Tp-1p-1o-17 = M*(f_lk_lf)xf—lkff—1k—1a—1p = M*(f_lk_lf)l‘f—la—lp.

This allows us to remove the k. ([l
Lemma 4.6. The formula for the transfer lands in PD(M)(A).
Proof. We must check that it lands in the Y -invariants. Let o € ¥, then

(@PD(M).(f)(2))r = Mi(e)(PD(M)+(f)(x))a-1r
= > M, ()M (0 f) (%5 )-10-11)-

[oleX  —1p\ZA/Zpw
a I T<of¥

As ¥,-1p = o~ '3ra, we may make use of the bijection
(4.1) Yr\XA/Ere = Ba-10\Za/Erw
sending [o] to [a~1o] to rewrite the sum as

Z M*(a)M*(O‘_lo-f)(xffla*lacrll") = Z M*(Uf)(x(of)*lr)

[U}EZF\EA/Zf\p [O’]EE[‘\EA/qu;
I<ofv I<cf¥

and this is what we wanted. O
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Note the special case of the transfer when f: ¥ — A is an isomorphism. In this case
Sr\Ea /S = {[e]} and
(PD(M).(f)(@))r = Mu(f)(zg-1p) = (PD(M)*(f~)(2))r.
Lemma 4.7. The transfer maps for PD(M) are functorial.
Proof. Assume given g: ¥ — A and f: A — Q. We have

(PD(M).(fg)(z))r<a = > M.(Bf9)((5sg)-1r)-

BleXr\Za/Z v
I'<pgfg¥v

On the other hand, (PD(M).(f) PD(M).(g)(z))r<q is the double summation

Z < Z M*(Uf)M*(ag)(l'g_la—lf—lo'—ll"))'
[0]€Xr\Za/Ssa \[A]€X, 5)—11\Za/Zgw
I'<ofA (cf)~'T<ag¥

Conjugation by fa allows us to rewrite this as

Z < Z M*(Uf)M*(f_lafg)(xglfla1ff1011"))'
[

[O’]EE[‘\EQ/EfA Ol]EEU_lr\EfA/Efgq,
I<ofA o~ II<afg¥

Note that the condition ¢ 'T' < afgV is equivalent to I' < cafg¥. Further, since a € Xia,
we have cafgV < cafA = o fA, so the condition I' < ca fgW¥ implies that I' < o fA.

Now the result follows from the (opposite version of the) bijection of Lemma 2.7, which
allows us to sum over the double cosets Xr\Xq/% tsu and replace oa by £. t

We have shown that PD(M) admits functorial transfer and restriction maps. To see that
PD(M) is a partition functor, we must address the double coset formula.

Lemma 4.8. The construction PD(M) with the restriction and transfer maps described above
satisfies the double coset formula Eq. (3.1).
Proof. Assume that ¥, ® < A. We wish to show that
PD(M)* (T < A)PD(M).(® < A)

= > PD(M).(¥No® < U)PD(M).(0)PD(M)*(c™' TN < D).

[U]GE\I;\EA/EQ)
We shall first consider
(PD(M)"(¥ < A) PD(M).(® < A)(2))r<u-

Since the restriction is along an inclusion, this is

2{: M., (B)(zg-11)-

[BleXr\ZA/Zs
r<po

The other sum, evaluated at z € PD(M)(®) and I' < ¥, is given by

> ( > M*(Q)M*(a)(xalalr))

[0]l€eXe\ZA/Ee \[a]€Xr\Zy/Sunce
I<a(¥Nod)
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The bijection of Lemma 2.7 can be applied to set a«c = B. But we must check that the
conditions on the sums agree. Note that, since a € Xy, we have a¥ = ¥. Now [' < a¥ N
ac® = ¥ N B implies that I' < f&. To go the other way, if ' < & and I' < V¥, then
I'<vnge. O

The construction PD is an endofunctor on the category of partition functors. Given
a map of partition functors f: M — N, there is an induced map of partition functors
PD(f): PD(M) — PD(N) defined in the following way: Given a partition A and I' < A,
the fact that f is a map of partition functors implies that we have a commutative diagram

M(I') —— N(I')
M*(F<A)J( lN*(F<A)
M(A) ——= N(A).
The direct sum of these over I' < A induces a map of abelian groups
M(A) — N(A).
Further taking the direct sum of these maps together over A < 2 gives
P M) - P N,
A<Q A<Q
The fact that M and N are partition functors implies that this map is Yg-equivariant, and
S0 it passes to fixed points giving the desired map
PD(f)(Q): PD(M)(2) — PD(N)(Q).
It is straight-forward to see that this construction sends the identity to the identity and
respects composition. We have proven the following:
Theorem 4.9. The construction PD is an endofunctor on the category of partition functors.

Remark 4.10. In [The88], Thevenaz studies a construction on G-Mackey functors that he
calls the twin functor. The twin of a G-Mackey functor M is built in the same way as PD, but
uses all subgroups of GG. He shows that the twin of M is another G-Mackey functor. His work
is primarily focused on the case that |G| is invertible in M (G), but he studies the general
case as well.

Example 4.11. Let A be an abelian group. We consider PD(C4) and PD(C#), where C 4
is the constant partition functor and C4 is the dual constant partition functor.

We begin with C4. Since transfer maps are the identity for C4, we have C4(A)/I; = 0 un-
less A is the discrete partition, in which case there are no subpartitions of A and CA(A)/I) =
CA(A) = A. Tt follows that

PD(C4)(Q) = A,
concentrated in the summand associated to the discrete subpartition of 2. Further, given
f: A — Q, we have

(PD(CH*(f)(a))r = CA” (fr)(asr).
Since ayr = 0 unless I' is the discrete subpartition of A and @*( fr) is the identity map as

it is a restriction along an isomorphism. We learn that PD(C4)*(f) is the identity map. On
the other hand,

(PDECHu(N@)r = > CA(0)agr.

[0]€eEr\Za/%A
I'<cA
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If I' is not the discrete subpartition of €2 we get 0. If ' is the discrete subpartition of 2, then
I' < oA is a vacuous condition, o ~'T" is always the discrete subpartition, and we get

(PD(CH).(f)(a))r = [Za/Eala.
It follows that
PD(C#) = Cy.
On the other hand, in the case of the constant partition functor Cy, the transfer subgroup
In € Cy(A) = A is a bit more complicated. First assume that A = m is the indiscrete

partition. For i + j = m, (Ca)«(i Uj < m) is multiplication by (). Let ¢; = 0 and, for
m > 1, let

B m m m [ p if m = pF for some prime p,
Em_ng((l)’(Q)"”Qn—l))_{ 1 otherwise.

Since every A < m factors through z U j for some i, j, we have
Ca(m) = Ca(m) /I, = AJly,.
It follows that, for a partition A = (X, ~,), if we set

€n = ged((4)w)) [w]ex/mn )
then
Ca(A) = A/t
and

D(CA)(Q) = (€D A/en)™.

ALQ

Note that, if A is a Q-vector space, then PD(C4)(2) = A, concentrated in the summand
associated to the discrete subpartition of . It follows that PD(C4) = C4 in this case.

5. PD AS A MONAD

In Theorem 4.9 we showed that PD is an endofunctor on the category of partition functors.
Our next goal is to show that PD admits the structure of a monad on the category of partition
functors.

There is a canonical map of abelian groups np : M (A) — PD(M)(A), constructed as follows.
For T < A, recall that

grM*(D < A): M(A) — M(T)

is the restriction to M (T") followed by the quotient by the subgroup Ir. These maps are called
Brauer morphisms in [The88]. To produce the unit of the monad, we must check that, after
taking the direct sum over I' < A, this lands in PD(M)(A). That is, we must check that it
lands in the ¥ z-invariants. For z € M(A), let

na(z) = (oM™ (L < A)(2))r<a.
For o € 3, we have

(ona(2))r = M* (0™ (2))g-10 = M* (071 )go-1p M* (07T < A)(2).
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But, since we have the commutative diagram of partitions where the top row is an automor-
phism

we see that
M* (o™ gy-1pM* (07T < A)(2) = qrM* (o HYM* (07T < A)(2) = qr M*(T' < A)(2).

Lemma 5.1. The maps nx: M(A) — PD(M)(A) assemble into a map of partition functors
n: M — PD(M) natural in M.

Proof. For f: A — Q, we must check that we have a commutative diagram involving restric-
tions

M(Q) — PD(M)(Q)

w ()| [P0y ()

M(A) 2 PD(M)(A)

Going around the bottom we see that
(A (M*(f)(2)))r<a = qp M* (I < A)M*(f)(2)-
Going around the top, we have
(PD(M)*(f)(no(2)))r<a = M*(fr)(na(2)) o = M*(fr)arM*(fT < Q)(2).

Now these two elements agree as there is a commutative diagram of partitions
A
4
r—— fT.
Next we would like to show that we have a commutative diagram involving transfers
M(Q) —"= PD(M)(Q)
| Tpo@n. )
M(A) — PD(M)(A).
Going around the top, we have
(e (Ms(f)(2))r<a = qr M*(T' < Q)M.(f)(2).
Applying the double coset formula gives
qp( Y MJ(TNofA <)M (of)M*((of) ' TNA< A)(z)).
[o]eXr\Zq/sa
Since gqr M (I'No fA <T) =0unless I' < o fA, in which case M,(I'No fA <T) is the identity

map, this sum can be rewritten as

Y. arMi(af)M*((0f)7'T < A)(2).

[o]€Xr\Xa /A
I'<ofA
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On the other hand, going around the bottom, we have

(PD(M)+(f)na(z))r = Y. M(of)aep oM ((af)T'T < M)z

[o]eZr\Eq/Zsa
I'<ofA

These two formulas agree as qr M, (o f) = M*(O'f)(J(o-f)—ll".
The naturality of 7 in the partition functor M follows from the linearity of all of the maps
involved. g

We move on to the multiplication on PD. We begin by describing a natural transformation
w: PD(PD) — PD.
Let € be a partition and let M be a partition functor. By definition
PD(PD(M))(2) = (5 PD(M)(I))™.
r<o

Let

ar: PD(M)(T) — M(T)
be the projection onto the summand M (T') of PD(M)(T). Note that

ker(mr) = (6D M(©))™".

o<r

Lemma 5.2. The transfer subgroup Jr C PD(M)(T') is contained in the kernel of mr.
Proof. Assume that © < T and let z € PD(M)(©). Then

(PD(M).(@ <D)@)r = Y. Mo, i

[0’]621’*\21’*/2@
I'<cO

Since © is a proper subpartition of I', the condition I' < 0© is never satisfied. It follows that
JF g ker(7r F)'
O

This lemma gives us a map

7r: PD(M)(T) — M(T).
Taking the direct sum of these maps over I' < 2 gives a Xg-equivariant map
@ PO — @ M (D)
r<o r<o
and finally taking fixed points gives us
po: PD(PD(M))(2) — PD(M)(Q)
defined by

ro((rer)e<r)r<a = (Ar((zer)e<r))r<a = (zrr)r<o
for ((ze,r)e<r)r<a € PD(PD(M))(€2).

Lemma 5.3. The maps po: PD(PD(M))(Q2) — PD(M)(R2) assemble into a map of partition
functors that is natural in M.
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Proof. That u respects restriction maps is straight-forward. We will check that it respects
transfer maps.
Let f: Q — V¥ be map of partitions. We wish to show that

PD(PD(M))(£2) — PD(M)(€2)
PD(PD(M)). i iPD(M)*(f)
PD(PD(M))(¥) — PD(M)(¥)

(
commutes. Let ((zor)o<r)r<q € PD(PD(M))(2) and let ® < ¥. Going around the top, the
value at @ is

Z M*(Uf)l.(af)*l@,(af)*l@'

[0]€Xe\ Xy /Brq
P<ofQ

Going around the bottom, the value at ® is

Z ToPD(M), (0 f)(ze (of)-10)0<(cf)~10 = Z M0 f)Z(op) -1 (0f)-10
[U]GE@\E\P/ZJ‘Q [U]EE@\Z\I}/EJCQ
D<o fQ2 P<ofQ

This is due to the fact that the transfer map
PD(M),(af) = PD(M),((of)(of)10)

is along the isomorphism (0 f)(5p)-16: (0f)~1® — ® so only has one summand.
The naturality of u in the partition functor M follows from the linearity of all of the maps
involved.

0

Theorem 5.4. The functor PD, together with the natural transformations n and u, is a
monad on the category of partition functors.

Proof. We must show that 7 is the unit for the multiplication p and that p is associative.
Associativity of u follows immediately from the interpretation of u as a sum of projections.
The relations involving n are more interesting. When necessary, we will subscript natural

transformations by the source partition functor in order to distinguish them.

We must show that uPD(ny) = lpp(ary and that unppan = lppr- Fix a partition Q
and let (zr)r<q € PD(M)(£2), we may calculate that
PD(n)a((zr)r<e) = (armm,r(2r))r<o

= (qr(geM*(© < T)at)e<r)r<a,
where 27 is a choice of lift of zr to M (I"). Now
palgr(geM*(© < T)at)e<r)r<a = (mr(geM*(© < T)zr)o<r)r<q
= (qrzr)r<o
= (zr)r<qo-
Note that, in the above, we have two distinct quotient maps

qr: PD(M)(T') — PD(M)(T') and qo: M(©) — M(O).
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Similarly, we have

ronepan.((@r)r<a) = polgr PD(M)* ( Q)(zr))r<a
= polgr(ze)e<r)r<
= (mr(ze)o<r)r<o

= (zr)r<o-
U
Fix a partition 2. We conclude this section with a further description of PD(M)(€2). For

A < Q, recall that Wy, (X4) is the Weyl group of 3 in ¥q.

We establish some notation that will be useful later. Let z € M(A)"V=e (2a), Define Sgz €
PD(M)(Q2) by setting, for & < €,

(5.1) (Z02)e = {

We see that Yoz is a well-defined element of Pgq M(®) since if BA = ® and B'A = @,

then (8')718A = A so (B')718 € Wy, (Xa) and z is fixed by the Weyl group. We see that
Yoz € PD(M)(R) as, for 0 € X, we have

(0X0z)e = Mi(0)(X0z)s-10

M,(B)z for B € Xq with SA = @,
0 otherwise.

and
— M, (oYM, (B)z for BeX ith BA = o~ 1@,
M(0)(Z02)o-10 = { ) (6)0 othe’i"wise%2 i 7 ’
But - - -
V(o) NEL(8) = M. (08)>
with oA = ®.

Since, given z € PD(M)(Q), we have x5 € M(A)"®2(*») and this gives an inverse to the
operation taking z to Xz, we have proven the following proposition:

Proposition 5.5. There is an isomorphism of abelian groups
PO = @ M),
[Ale{A<Q}/Eq
determined by a choice of subpartition A < § in each orbit for the action of X on the set of
subpartitions of §Q.
If M is a partition functor, then so is the functor M ®Q defined by (M ®Q)(A) = M (A)®Q.

Proposition 5.6. For every partition functor M, the unit of the monad induces a natural
isomorphism of partition functors

n®Q: M®Q = PD(M)® Q.

Thus, after rationalization, PD is naturally isomorphic to the identity functor on the category
of partition functors.

Proof sketch. Rationalization commutes with the quotients, finite direct sums, and finite-
group fixed points used to define PD, so it suffices to assume that M takes values in Q-vector
spaces.

Fix a partition €2. Choose representatives

Abyooo Ay
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for the ¥.qg-orbits of subpartitions of €2, ordered so that if A; < oA, for some o € g, then
1 < j. We may take Ap = Q. By Proposition 5.5, there is an isomorphism

k
PD(M)(Q) = P M(A;)"=a ),
i=1
Filter M (€2) by
FiM(Q) = im (M.(A; < Q)
j<i
and filter PD(M)(€Q) by the first ¢ summands in the decomposition above. The double coset
formula implies that 7nq preserves these filtrations. Indeed, the Ay-component of

naM.(A; < Q)(z)

vanishes unless Ay < oA; for some o € X, and hence unless ¢ < j.
Transfer induces a surjection

NE(A;) — FM(S)/F 1 M(R).
This factors through the coinvariants M (Ai)WEQ(E +.)- The composite of this map with the
map induced by nq on the associated graded is the norm map

M(AZ)WEQ (Za,) — M(AZ)WEQ (EAi).

This follows from the double coset formula: after passing to M(A;), the only terms that
survive in

M*(A; < Q)M (A; < Q)

are those indexed by elements of the Weyl group.

Since M takes values in Q-vector spaces, the norm map from coinvariants to invariants is
an isomorphism. It follows that 7 induces an isomorphism on each associated graded piece.
The filtrations are finite, so

no: M(Q) = PD(M)(Q)

is an isomorphism. Since 7 is a natural map of partition functors by Lemma 5.1, the result
follows. O

Example 5.7. Note that PD is not an idempotent monad. This is illustrated by the case
of the dual constant partition functor C4 for which PD(C4) = C4, the constant partition
functor, and PD(C}y) often has torsion. See Example 4.11 for the details of this.

Let T' < A be the discrete partition of A. The map 7(A): CA(A) — PD(CA)(A) = Cx(A)
is induced by the restriction map (C4)*(T' < A): C4(A) — C4(I") which is multiplication by
|¥A|. Thus the map of partition functors C4 — C4 given by 7 at the partition A is the map
A — A given by multiplication by |¥,].

6. LAX SYMMETRIC MONOIDAL PARTITION FUNCTORS

Recall that the (2, 1)-category of partitions has a symmetric monoidal structure given by
U and that the category of abelian groups has a symmetric monoidal structure given by ®.
We say that a partition functor R is lax symmetric monoidal if R is equipped with a map of
abelian groups 79: Z — R(0) and maps

maq: R(A) ® R(Q) — R(ALQ).
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that are natural with respect to pairs of restriction maps as well as pairs of transfer maps and
satisfy the appropriate associativity, unitality, and symmetry identities. In particular, given
maps of partitions f: I' = A and g: © — €, there are commutative squares

R(I)® R(O©) =2~ R(TLO) R(A) ® R(Q) —— R(ALIQ)
mU@&@% lmUW) mqmm@w lm0w>
R(A) ® R(Q) — R(ALIQ) R(I) ® R(©) —= R(I'LO)

as well as a commutative diagram

TR(A),R()

R(A) © R(Q) — N FD L py o R(A)

o

l l

RALQ) — 9 paun).

RS

Lemma 6.1. Let R be a lax symmetric monoidal partition functor. The lax symmetric
monoidal structure map m induces a lax symmetric monoidal structure m on R that is natural
with respect to pairs of transfer maps.
Proof. Let T" and A be partitions. First we must produce maps
mra: R(T) @ R(A) — R(LLUA).
Recall that there is an isomorphism of abelian groups
R(T)/Ir @ R(A)/Ix = (R(T') ® R(A))/(Ir @ R(A) + R(T") ® Iy).

Thus, given mp a: R(I') ® R(A) — R(I'UA), to produce the desired map, we must show that
the subgroup It ® R(A) + R(I') ® I5 lands in It 5. But this follows from the commutative
diagram (as well as the symmetry in I" and A), for any & <T,

R(®) @ R(A) — R(® L A)

| |

R(IT) ® R(A) —= R(I'UA).
Thus we have an induced map
mra: R(T) @ R(A) — R(I'UA)
given by
(6.1) mroa(z ®y) = qruamra(z’ @ y')

for lifts 2’ and ¢ of x and y, respectively. Naturality with respect to pairs of transfer maps fol-
lows immediately from the compatibility of m with m along transfer maps and the naturality
of m along pairs of transfer maps. O

Remark 6.2. In the above proof, we are making use of the fact that R is functorial in
transfers. Recall from the beginning of Section 4 that this functor is quite degenerate. If
A — Q, is not an isomorphism then the transfer map R(A) — R(S2) is the zero map.

Proposition 6.3. If R is a lax symmetric monoidal partition functor, then PD(R) is nat-
urally a lax symmetric monoidal partition functor. That is, PD is an endofunctor on the
category of lax symmetric monoidal partition functors.
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Proof. Given partitions 2 and O, we wish to produce a natural transformation
PD(m)ae: PD(R)(Q2) ® PD(R)(©) — PD(R)(QU ©).
Taking the direct sum of the maps from Lemma 6.1 over I' < Q and A < © gives a map
Mae: (@ RD)/Ir) o (D RAW/L) ~ @ RIUA) /I
r<Q A<O TuA<QUO
defined by
(Mo,e((xr) ® (ya)))euw = me,w(Te @ yv).
We check that this map is Yo X Yg-equivariant. Given w € ¥ and 0 € g, we have
(w®0)((2r) ® (ya)) = (Re(w)zy11) @ (Ri(0)Yg-14)-
To check equivariance, we must understand
(mF,A(R*(W)%—IF ® Ri(0)yg-14))run-
But the naturality of m implies that
M A(Ri(w)Ty-1p @ Ri(0)ypg-14) = Rul(w U 0)Ty-1p 914 (211 @ Yg-14),

and this implies that Mq g is equivariant. Taking Yo x ¥e-fixed points and precomposing
with the canonical map

YoxXe
PD(R)(9) ® PD(R)(0) — < &P r@)/Ir e @ RA) /1A>

r<Q A<O

gives PD(m)q.e.

Now we must check the naturality of PD(m) with respect to pairs of transfer maps and pairs
of restriction maps. Naturality with respect to pairs of restriction maps is straight-forward.
For pairs of transfer maps we must unwind the definitions:

Let f: T'— Q and g: A — © be maps of partitions. We wish to show that the diagram

PD(m)r,a

PD(R)(T") @ PD(R)(A) PD(R)(T' U A)
PD(R)*(f)®PD(R)*(g)i l
PD(R)(Q) © PD(R)(0) —2""°_ pp(R)(Q LU ©)

commutes. Let z € PD(R)(I"), y € PD(R)(A), A < Q, and ¥ < O. Following = ® y around
the bottom of the diagram and evaluating at A LI ¥ gives

msa(( Y RONEepa)) (Y R )

[l€eXa\Zq/Zr [0']€Ze\Ze/Zga
A<ofT U<o'gA

= > mA,w (R*(O'f)($(of)*1A) ®R*(U,g)(y(o’g)*1\11))'
[0]€ZA\EQ/Z¢r

[0']€Tw\Ze /S
A<o fT,¥<o'gA

On the other hand, following z ® y around the top of the diagram and evaluating at A L1 ¥
gives

> Re(of U0’ g)m(opy-1a,(0g) 1w (T(of)-1a @ Y(org)1w)-

[oxa'leXaur\Xaue/Zruga
AUV <o fTUo’gA
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These agree as there is a canonical bijection

Cauv\Xoue/Erugn = Xa\Xa/3r x Ly\Xe/Xga

and m is natural in pairs of transfer maps by Lemma 6.1.
Using these formulas, it is straightforward, though tedious, to finish checking that PD(R)
together with PD(m) is lax symmetric monoidal. O

Proposition 6.4. The endofunctor PD is a monad on the category of lax symmetric monoidal
partition functors.

Proof. We must show that if R is a lax symmetric monoidal partition functor, then the
natural transformations n: R — PD(R) and p: PD(PD(R)) — PD(R) are compatible with
the lax symmetric monoidal structure.

We begin with . We must show that

R(A) ® R(Q) — ™" pD(R)(A) ® PD(R)(Q)
mA,Qi \LPD(W)A,Q
R(ALQ) ave PD(R)(AUQ)

commutes. Going around the top gives
(mre(grR*(I' < A)(z) ® g R*(© < Q)(y)))rue<aun-
Going around the bottom gives
(gruemr,e(R* (I < Az ® R*(© < Q)y))rue<aua-

These agree by Eq. (6.1)
To see that p is lax symmetric monoidal, we need to check that a similar diagram commutes.
But this follows by taking the direct sum of the commutative diagrams

PD(R)(A) ® PD(R)(Q) — R(A) ® R(Q2)

| |

PD(R)(A L Q) RALQ),

where the horizontal arrows are induced by projection onto the summand.
In both cases symmetry is straightforward. O

7. PARTITION RINGS
Definition 7.1. We say that a lax symmetric monoidal partition functor R is a partition
ring if
(a) R takes values in commutative rings
(b) restriction maps are maps of commutative rings
(c

) for any pair of partitions I', A, mr A is a map of commutative rings
(d) R satisfies Frobenius reciprocity.

A map of partition rings is required to preserve all of this structure.

The Frobenius reciprocity condition means that the transfer map

R.( < A): R(I') — R(A)
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is a map of R(A)-modules for the R(A)-module structure on R(I') through R*(I" < A). This
implies that Iy C R(A) is an ideal. We will refer to it as the transfer ideal. It follows that
qr: R(A) — R(A) is a ring map. Further, since the lax symmetric monoidal structure map
m for R is a map of rings and R(A) is a ring, it follows that

MAQ: R(A) & R(Q) — R(A (] Q)
is a ring map.

Proposition 7.2. If R is a partition ring then PD(R) is a partition ring. Further, PD is a
monad on the category of partition rings.

Proof. First, note that PD(R) takes values in commutative rings due to the fact that R takes
values in commutative rings, Iy C R(A) is an ideal, and X, acts on @p., R(T) by ring
automorphisms. -

The restriction maps for PD(R) are induced by projection onto a summand, so are ring
maps.

Further, n and ;v are level-wise maps of commutative rings. Since mr s is a map of com-
mutative rings for all pairs of partitions, it follows that PD(m)r o is a map of commutative
rings.

Finally, we must check Frobenius reciprocity for PD(R). Let f: A — Q be a map of
partitions, let 7 € PD(R)(2), and let € PD(R)(A). For I < 2, we have

(rPD(R).(f)(z))r = > reRu(0 ) p)-11-

[O’]EEF\EQ/ZfA
I'<ofA

On the other hand,
(PD(R).(f)(PD(R)*(f)(r)z))r = Y. Ru(of)PD(R)*(f)(r)2))op-r

[o]€Er\Xqa/Sra
I'<ofA
= > R N(B fop-0)(rorr)T(op-1r)

[U]EEF\EQ/ZfA
I'<ofA

= Y RONRLFopr) o) Rl f) (o)1)

[0]€Xr\Ea /S
I'<ofA

- Z R*(o-)(To—lF)R*(Uf)(l’(Uf)—1p).

[O’]EEF\EQ/ZJCA
I'<ofA

Now since o € ¥q and r € PD(R)(Q2) is Yg-invariant, we have
R.(0)(rg-1r) =17
O
Recall that a global Green functor S is a global functor that takes values in commutative

rings and for which the restriction maps are ring maps and the transfer maps satisfy Frobenius
reciprocity. Global Green functors inherit a lax symmetric monoidal product

ma.u: S(G)®S(H) — S(G x H)

from this structure that is natural in pairs of restriction maps as well as pairs of transfer
maps. The map mq g is constructed using the universal property of the tensor product of
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commutative rings and the restrictions along the projections G x H — G and G x H — H.
It is easy to see that mq g is natural in pairs of restriction maps. Pairs of transfer maps take
a bit more work, it is worth describing a proof since there is a peculiar interaction between
transfers and restrictions.

The double coset formula for global Green functors implies that, given injective maps
f+ H— H' and g: G — G’, the homotopy pullback squares of groupoids

x//(HxG) —— x//H x//(H xG) —— x//G
™ | | | |
x//(H x G) —— «// H' x /| (H xG) —— * /|G

induce commutative diagrams

S(H x G) <" $(H) @ 8(Q) S(H' x @) < S(H') @ S(G)
S*(fxid)l &(f)@&(id)i S*(ing)l lS*(id)(@S* (9)
S(H' x G) < S(H') @ 5(G) S(H' % G') 5 S(H')  8(G).

The horizontal arrows are base changed from the restriction maps using the S(G)-module
(respectively S(H’)-module) structure on the target from Frobenius reciprocity. Composing
these diagrams yields the fact that the monoidal structure on .S is natural in pairs of transfers.

Proposition 7.3. Assume that S is a global Green functor and let G be a finite group, then
S o (G X Z(_)) and S o (G l Z(_))
are both partition rings.

Proof. The only aspect of a partition ring that doesn’t follow immediately from the definition
of a global Green functor is the lax symmetric monoidal structure.
Let R = So (G x ¥_)). Given partitions A and Q, let

CYA:GXEAquGXEAXEQ—)GXEAXGXEQ-}GXEA,

where the second map is induced by the diagonal on G and the last map is the projection
onto G X Y. The universal property of the tensor product of commutative rings provides us
with a map

resq [ resag

mpq: R(A) ® R(Q) R(AUQ).
The case of the wreath product is similar, but simpler, as there is an isomorphism
GlEpau0 = GULEpA X G Eq.
The map my o factors through
R(A)®@ R(Q2) — S(G x Xp x G x Xq).

which is natural in pairs of transfer maps by our discussion above. To check that the map

S(Gx XA xGxXq)— RAUQ)
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is natural in pairs of transfer maps, assume that f: A — © and g: Q — I' are maps of
partitions. The naturality then follows from the homotopy pullback square of groupoids

x /[ (G X Xp xBq) — x//(Gx ) xGxXq)

| |

x [/ (G x Yo xXr) — x// (G x ¥g x G X Xr).

Proposition 3.8 now gives us:

Corollary 7.4. If S is a global Green functor, then restriction along the diagonal induces a
canonical map of partition rings

S o (GZE(,)) — So (G X E(,))

Example 7.5. Let K be a commutative ring. Consider the constant partition functor C.
Since K is a commutative ring, we define

mao: KQK — K

to be the multiplication map. This is natural in pairs of restriction maps since restrictions
are just the identity map. Now let f: A — Q and g: I' — © be maps of partitions. The
multiplication is natural in pairs of transfer maps as

1Za/ZrallXe/Zgr| = [(Za x Ze)/(Xfa X Xgr)| = [Zave/E(fug)aur!-

Clearly Ck is commutative ring valued and restriction maps are maps of commutative rings
(they are the identity). Frobenius reciprocity follows from the fact that transfers are given
by multiplication by an integer. It follows that C'x is a partition ring.

We could have also just applied Proposition 7.3, but we proved that Ck is a partition ring
to contrast it with C, which does not have a global avatar (unless we only consider injective
group homomorphisms). In this case, the proof in the previous paragraph does imply that
CK is a lax symmetric monoidal partition functor. The same multiplication m is used, but
the role of restriction and transfer are swapped in the proof that m is natural. Further, CX
does take values in commutative rings, but the restriction maps are not generally maps of
commutative rings and Frobenius reciprocity does not make sense.

Example 7.6. Let S be a global Green functor and let K = S(G). Since restriction maps are
ring maps, Proposition 3.10 implies that the map of partition functors S o (G x E(_)) — Ck
induced by restriction along the map G — G x X, is a map of partition rings.

8. SYMMETRIC MONOIDAL PARTITION FUNCTORS AND ALGEBRA

In this section, we provide a flatness condition on a symmetric monoidal partition functor
R so that PD(R) is a symmetric monoidal partition functor. We also compare the categories
of symmetric monoidal partition functors and symmetric monoidal partition rings with cat-
egories of classical algebraic objects.

Assume R is a lax symmetric monoidal partition functor with multiplication m. Following
Notation 4.1, we write R(m) = R(m). Since 0 is the unit for the symmetric monoidal structure
on P, R(0) admits the structure of a commutative ring. Explicitly, R(0) admits the structure
of a commutative ring via the isomorphism

14

ouo0—0,
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which induces the multiplication
R(0) ® R(0) 2% R(0LI0) = R(0).

Similarly, given a partition €, R(2) admits the structure of an R(0)-module via the isomor-
phism
0uQ S Q.
Given a map of partitions f: A — Q, R.(f) is a map of R(0)-modules. Notice that this
implies that the transfer subgroup Iy C R(A) is an R(0)-submodule.
These observations together with the relations satisfied by m imply that m induces a lax
symmetric monoidal map

Mpq: R(A) ®R(0) R(2) - R(AU Q).

That is, R can be viewed as a lax symmetric monoidal partition functor taking values in
R(0)-modules with ®p(g) (rather than abelian groups and ®z). If R has the structure of a
partition ring, then the Eckmann—Hilton argument implies that the two commutative ring
structures on R(0) agree.

Turning to PD(R), note that PD(R)(0) = R(0). It follows from Proposition 6.3, if R is
a lax symmetric monoidal partition functor with values in R(0)-modules, then PD(R) is a
lax symmetric monoidal partition functor with values in R(0)-modules. Further, since PD(R)
is lax symmetric monoidal and both n and p are natural transformations of lax symmetric
monoidal partition functors, they are also natural transformations of lax symmetric monoidal
partition functors with values in R(0)-modules. We have essentially noticed the following:

Proposition 8.1. Let K be a commutative ring. The endofunctor PD is a monad on the
category of lax symmetric monoidal partition functors taking values in K-modules.

Given a partition functor R, let

R[] = €D R(m).
m2>0
Lemma 8.2. If R is lax symmetric monoidal, then R[X] admits a natural commutative N-
graded ring structure.

Proof. Recall that the lax symmetric monoidal structure gives R(0) the structure of a com-
mutative ring. Given homogeneous elements z € R(i) and y € R(j), we define the product
by
ry =R, (iUj <i+j)mj(z®@y).
The unit for this multiplication is given by the unit in R(0). Associativity follows from the
associativity of the external product, naturality, and transitivity of transfers. Commutativity
follows from the fact that m is lax symmetric monoidal, the commutative diagram of partitions

Uy ——juz

i+ —=7j+i,
where o € ¥;;; is the automorphism trading ¢ and j, and the fact that o is sent to the
identity by R. ]

We will refer to the product on R[X] as the transfer product. The following result is
immediate:
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Proposition 8.3. The construction R[X] is natural in the lax symmetric monoidal partition
functor R. That is, (—)[X] is a functor from the category of lax symmetric monoidal partition
functors to the category of commutative N-graded rings.

Fix a commutative ring K. We will turn our attention to symmetric monoidal (rather than
lax symmetric monoidal) partition functors with values in K-modules. For such a partition
functor R, we have a specified isomorphism R(0) = K and the multiplication map

Maqa: R(N) @k R(Q) = R(ALQ)

is an isomorphism. The functor (—)[X] lands in commutative N-graded K-algebras. The
category of symmetric monoidal partition functors is a full subcategory of the category of lax
symmetric monoidal partition functors.

If R is a symmetric monoidal partition functor, then the quotients R(A) continue to satisfy
a strong symmetric monoidal property.

Lemma 8.4. Assume that R is a symmetric monoidal partition functor with values in K-
modules. The multiplication map induces an isomorphism

Maqa: R(A) @k R(Q) — R(ALQ).

Proof. Every refinement of A LI €2 is uniquely of the form I' LI © for refinements I' < A and
O < Q. Such a refinement is proper if and only if at least one of I' < A or ©® < § is proper.
Naturality of the symmetric monoidal structure with respect to transfers implies that, under
the isomorphism

Mya: R(A) @k R(Q) — R(ALQ),
the transfer subgroup Ix o corresponds to the sum of the images of
Iy ®k R(Q2) — R(A) @k R(Q)
and
R(A) @k Ig — R(A) @k R(Q).

It follows that M, o induces an isomorphism
R(A) ®x R(Q) = R(ALQ).
O

We would like to better understand PD(R), when R is a symmetric monoidal partition
functor. Proposition 5.5 implies that

PD(R)(m) = P RN
[Ale{A<m}/Sm

and Lemma 8.4 implies that R(A) = @ Befm)/~, F(B), where the tensor product is over K.
These decompositions are best described in terms of integer partitions.

An integer partition A is a sequence of natural numbers (A1, Ag,...) with all but finitely
many \; equal to zero. We say that A is an integer partition of m, written A - m if

m = Z’L . )\i'
i>1
The natural number A; denotes the number of times that ¢ occurs in the integer partition of
m.
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For A m, let ¥\ = [[,(X;). Viewed as a subgroup of %,,, we have
Wzm (EA) = HZAZ

There is a canonical bijection between the set {A < [m]}/%,, and the set of integer partitions
of m given by sending a partition of [m] to the integer partition in which \; denotes the
number of blocks of [m]/~ of cardinality .

Together, these facts give an isomorphism

[L 2y,
(8.1) PD(R)(m) = P (@ R(z‘)®>‘i> .

AFm A

It does not follow from Lemma 8.4 that PD(R) is symmetric monoidal. The definition
of PD involves taking fixed points and fixed points do not in general commute with tensor
products. There is nevertheless a useful flatness condition under which they do commute in
the situation at hand.

Proposition 8.5. Let R be a symmetric monoidal partition functor with values in K-
modules. If R(m) is a flat K-module for every m > 0, then PD(R) is a symmetric monoidal
partition functor with values in K-modules.

Proof. We will use two standard facts about flat modules. First, if a finite group G acts on a
K-module A, acts trivially on B, and B is flat over K, then

A% @k B =5 (A®g B)C.
Second, if A is a flat K-module, then
TS (A) = (A7),

the module of symmetric invariant tensors, is flat over K. By a theorem of Lazard [Sta26,
Theorem 10.81.4], A is a filtered colimit of finite free K-modules. Tensor powers and finite-
group fixed points commute with filtered colimits, so T'S,(A) is a filtered colimit of the

modules T'S,(F) for finite free F'. Each T'S,(F') is free, and hence T'S;(A) is flat.
These facts show that PD(R)(m) is flat: By Eq. (8.1), we have an isomorphism

PD(R)(m) = P <®R<i>®%)m

AFm 7

Since R(i)® is flat and (R(i)@)’\i)zki is flat, we have

<®R<z‘>®&) s (RG)™)

7 7

S,

Thus PD(R)(m) is flat.
To conclude, consider m LI n. We first apply X,, X e fixed points to the isomorphism from

Lemma 8.4
(@rn)ex (@rw) = B #e)

r<m A<n Q<mlin
As the second tensor factor is flat, we get an isomorphism

PD(R)(m) ®x <@R(A)> = ( &b R(Q)) mee.

A<n Q<mlin
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Now, since PD(R)(m) is flat, we may apply e x X, fixed points to produce our desired
isomorphism

PD(R)(m) ®x PD(R)(n) = PD(R)(m U n).
O

Remark 8.6. The flatness hypothesis in Proposition 8.5 cannot be omitted (see Exam-
ple 11.5). Thus PD does not restrict to an endofunctor of the category of symmetric monoidal
partition functors over an arbitrary commutative ring. Its natural home is the larger category
of lax symmetric monoidal partition functors. On the other hand, Proposition 8.5 implies that
PD(R) is symmetric monoidal whenever the quotients R(m) are flat over R(0). In particular,
this condition is automatic for partition functors valued in vector spaces over a field.

Let R be a symmetric monoidal partition functor taking values in K-modules. Then for a
partition I' = (X, ~r), we have a canonical isomorphism of K-modules

RI)= K R(B)

BGX/NF

where the tensor product is taken over K. Thus we may consider an element in R(I') as a sum
of simple tensors of the form ®pxp. The values of R on the indiscrete partitions determine
the partition functor and the value of R on two trivial partitions of the same cardinality are
canonically isomorphic. Given an isomorphism o: I' = 2, we have an induced map

R(o): @ RB)— (K RB).
BEX/NF B/EX/NQ
Since Lemma 3.3 implies that R(B) and R(B’) are canonically identified when |B| = |B’|,
for x = @prp € R(T"), this map is given by
(8.2) (R*(a)a:)B/ = Ty-1p/.

That is, R.(co) permutes the components of simple tensors. This suggests that the category
of symmetric monoidal partition functors admits an interpretation in classical algebra.

Consider the category of N-graded connected commutative cocommutative K-bialgebras.
We will often use the notation A, = @, yAi with A9 = K for an object in this category.
Such an object comes equipped with a graded multiplication

VA ®@g Ay — Ay,
and a graded comultiplication
A: A, = Ay QK A,
as well as unit and counit maps
n: K —>Ayand e: A, — K,

all of which are maps of K-algebras. These maps must satisfy the identities making A, into
a cocommutative comonoid in the category of N-graded commutative K-algebras.

Proposition 8.7. There is an equivalence of categories between the category of symmetric
monoidal partition functors valued in K-modules and the category of connected commutative
cocommutative N-graded K -bialgebras given by the functor sending a symmetric monoidal
partition functor R to R[X].
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Proof sketch. We describe an inverse functor. Let

Af:QEAm

m>0

be a connected commutative cocommutative N-graded K-bialgebra with multiplication V
and comultiplication A as above.
We construct a symmetric monoidal partition functor R4. First set

Ra(m) = Ap,.
If A = (X, ~y) is an arbitrary partition, define

Rah) = @ Ap,
BeX/~p
where the tensor product is taken over K. Since A, is graded, this is naturally the tensor
product of the homogeneous pieces whose degrees are the sizes of the blocks of A. The
symmetric monoidal structure is the evident identification

RA(A) QK RA(Q) = RA(A L Q)
We now describe restrictions and transfers. Let
f:A—>Q
be a map of partitions. For a block D € Y/~q, the preimage f~!(D) is a union of blocks of
A. Say these blocks are
By,...,B,.
The restriction map
Ry(f): Ra(Q) — Ra(A)
is defined on the tensor factor Ajp| by the iterated comultiplication
Ajp| — Ay ®k - @k Ajp,);
and then one tensors these maps over all blocks D of Q2. Cocommutativity of A makes this

independent of the ordering of the blocks B;.
Similarly, the transfer map

RA7*(f): RA(A) — RA(Q)

is defined on the tensor factors indexed by the blocks Bjy,..., B, in the decomposition of
f~1(D) by the iterated multiplication

A\Bﬂ R - QK A|Br\ — A|D|7

and then one tensors these maps over all blocks D of 2. Commutativity of V makes this
independent of the ordering of the blocks B;.

Functoriality of restrictions follows from coassociativity of A, and functoriality of trans-
fers follows from associativity of V. The compatibility with isomorphisms of partitions is the
symmetry isomorphism for tensor products. The double coset formula is the compatibility
between multiplication and comultiplication in a bialgebra: after identifying the tensor fac-
tors by the common refinement of two partitions, both sides are obtained by first splitting
according to intersections of blocks and then multiplying the pieces back together in the
prescribed order. Commutativity and cocommutativity remove the dependence on choices of
order. Thus R, is a symmetric monoidal partition functor.
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This construction is functorial in A,. If ¢: A, — (A’), is a map of graded bialgebras, then
RaN)= & Ap— Q (A)p=Ra(A)
BeX/~n BeX/~n

is defined by applying ¢ to each tensor factor. Since ¢ preserves multiplication and comulti-
plication, these maps commute with transfers and restrictions.
O

There is a similar equivalence when R has the structure of a symmetric monoidal partition
ring. Following [GSS24, Definition 2.4] and [ST97], a component Hopf ring is a connected com-
mutative cocommutative N-graded bialgebra A, together with unital commutative products
Ay ®g Ap — Ay for which the coproduct is multiplicative and the Hopf-ring distributivity
relation holds.

Corollary 8.8. There is an equivalence of categories between the category of symmetric
monoidal partition rings valued in K-modules and the category of component Hopf rings over
K given by the functor sending a symmetric monoidal partition ring R to R[X)].

Proof. Let
A, = R[] = €D R(m).

m>0
The partition ring structure gives, for each m, a second commutative product

x: Am O Am — Am,

namely the ring multiplication on R(m). These are the “addition” products of the Hopf ring.
The only additional axiom to check is the Hopf-ring distributivity law. Let

CLEAiJrj, be A;, CGAj,
and write
A;j(a) = Z a ®a"
for the component of the coproduct landing in A; ®x A;. Since transfer in a partition ring
satisfies Frobenius reciprocity, we have

axV(b®c)=R(iUj<i+j) (R (iU <i+j)(a)xm;(b@c)).
Using the symmetric monoidal identification
R(iUj) = R(i) ©k R(j),
the restriction of a is Y a’ ® a”’. Thus the preceding display becomes
axV(b®c)= Z V((a' *b) ® (a” * c)),

which is precisely the Hopf-ring distributivity law.

The functor the other direction from the proof of Proposition 8.7 lands in symmetric
monoidal partition rings in this case because R(m) = A,, has the structure of a commutative
ring.

O

Example 8.9. Let K be a commutative ring. The dual constant partition functor C¥ is a
symmetric monoidal partition functor with values in K-modules. The symmetric monoidal
structure comes from the isomorphism K ®x K — K.
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Using the formulas of Example 4.11, we see that, since transfer maps are the identity for
the dual constant partition functor C¥, the transfer multiplication

CE (i) ® O (j) — CF (i + j)
is the ordinary multiplication on K. We learn from this that there is an isomorphism of
graded commutative rings
CRIzZ] = K[,
where ¢ is in degree 1. Since restriction maps are given by multiplication by the index, in the
bialgebra structure on CK[X] = K|[t], we have A(t) =t ® 1+ 1®t € K[t] @ K|[t] and thus

m . .
A(E™) = i@t
=2 (i)
i+j=m
Now consider the constant partition ring Ck. Let 1,, € Cx(m) = K be the multiplicative

identity. These form an additive basis for C'x[¥] as a K-module. Since the transfer maps in
Ck are given by multiplication by the index, the transfer multiplication gives

i+
1ry=<ighﬂ

It follows that C'x[X] = K (t) is the free divided power polynomial ring over K on one variable
([Sta26, Section 07H4]).
The unit map C¥ — PD(CK) = Ck sends the multiplicative identity in C*(m) to m!1,,.
Thus the unit map can be identified with the map of K-algebras (not necessarily an inclusion)
K[t] — K(t)

sending ¢ to t.

9. PARTITION POWER FUNCTORS

In this section we define partition power functors, which are the partition functor analogue
of a global power functor and show that PD is a monad on the category of partition power
functors.

Definition 9.1. A partition power functor is a partition ring R equipped with a family of
multiplicative maps, called power operations,
P,: R(1) = R(m)

for each m € N, such that

(a) Py is the constant function at 1, P,,(1) = 1, and P; is the identity,

(b) R*(iUj <m)(Pn) = m;;(P; ® P;), whenever i + j = m,

(€) Pmla+b) =3 -m Ru(ilj < m)(mi;(Fi(a) ® P;(b))).
A map of partition power functors is a map of partition rings that is compatible with the
families of power operations.

If R is a partition power functor, then we will refer to P, as the mth power operation on
R. The third axiom ensures that the composite

Pp: R(1) 22 R(m) 22 R(m)

is additive when m > 0. We will reserve the notation P, /I, for the composite of P, with
the inclusion R(m) C PD(R)(m).
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Proposition 9.2. The functor PD extends to a monad on the category of partition power
functors.

Proof. If R is a partition power functor, then we must equip PD(R) with a family of power
operations. This is easy to do since the unit map

n: R = PD(R)

is a map of partition rings and PD(R)(1) = R(1). It follows that, if P, is the mth power
operation on R, then 7,, o P, is an mth power operation for PD(R). The axioms that need to
be satisfied by the family of power operations follow from the fact that n is a map of partition
rings. The naturality of n implies that PD is a functor on partition power functors.

Now consider the map of partition rings

u: PD(PD(R)) — PD(R).

To see that this is a map of partition power functors, note that the power operations on
PD(PD(R)) come from the power operations on PD(R) using npp(g)- Since p is a map of
partition rings, the power operations on PD(PD(R)) induce power operations on PD(R)
through u. We want these to be the same as those on PD(R) through 7. But this follows
from the fact that idpp(r) = 1 ° Npp(r)- O

Recall that a global power functor S is a global Green functor equipped with power op-
erations P,,,: S(G) — S(G 1 %,,) satisfying several axioms [Sch18, Section 5.1]. Restricting
along the diagonal map G x ¥, — G X%, gives operations P, : S(G) — S(G x %,,). Since
G 13y = e, when m = 0, the target of Py is S(e) and Fy is Py composed with the restriction
map S(e) — S(G) along the group homomorphism G — e.

Proposition 9.3. If S is a global power functor, then S o (G1¥_)) and So (G x X(_y) are
both partition power functors.

Proof. The definition of a global power functor ensures that Py is the constant function at 1
and that
QEm
rest(Zixzj)(Pm) =P; X Py,

where X is the external multiplication
S(G1Y;) ®ge) S(G1E5) — S(GULE; x GUYy).

This implies that S o (G ¥(_)) is a partition power functor.
The fact that Py is the constant function at 1 implies that Py is also the constant function
at 1. Now consider the restriction

GXXm
reSGXEi ij Pm

This is equal to P; X P;, where X is the external product

S(G x %) Xs(a) S(G x Ej) — S(G x ¥; X Ej)
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as there is a commutative diagram

S(G1E;) ®s(e) S(G1E5) —= S(G x X;) ®5(e) S(G X X))

S(G x %) ®g(q) S(G x %)
ix
S(G1(Zi x %)) S(G X 2 x %),

in which both the top and bottom arrow are induced by the diagonal maps. O

Corollary 7.4 implies the following;:

Corollary 9.4. If S is a global power functor, then restriction along the diagonal induces a
map of partition power functors

S o (GZE(_)) — So (G X E(_)).

Example 9.5. Let K be a commutative ring and let C'x be the constant partition ring. There
is a canonical partition power functor structure on Cx given by P, (k) = k™ € Cx(m) = K.

Example 9.6. Let S be a global power functor. The axioms for the power operations imply
that 1resgXEm P, = (=)™, the mth power map on S(G). Let K = S(G). The map of partition
rings S o (G x ¥(-)) = Ck of Example 7.6 is a map of partition power functors.

10. UNIVERSAL EXPONENTIAL RELATIONS

In this section we introduce a completed version of the commutative ring R[¥], called R[X].
We prove that every exponential element in R[X] admits a canonical logarithm in PD(R)[X].
Given a lax symmetric monoidal partition functor R, let

R[] = [] R(m)
m>0
and let
R(X) =PD(R)[X] and R({X) = PD(R)[X].
The commutative ring R[X] can be obtained from R[¥] by completing at the system of

irrelevant ideals
& Rr(m) € R[S

m>n

for n > 0. That is, R[X] is the image of R[¥] under a “completion” functor from com-
mutative N-graded rings to commutative rings and (—)[X] is a functor from lax symmetric
monoidal partition functors to commutative rings. Because we are interested in power series,
commutative rings of the form R[X] will play a more important role in our story than R[X].

Now assume that R is a partition ring. Then the homogeneous factors R(m) of R[X] also
have a ring structure. For r,s € R(m) C R[X], we will write r % s for the product of r
and s using the commutative ring structure on R(m). Extending this, for z € R(m) and
y € PD(R)(m), we will write

xxy =nm(z) *y € PD(R)(m).

We will reserve x for the multiplication internal to R(A), when R is a partition ring and A is
a partition.
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For r € R(i) and s € R(j), we will reserve ordinary multiplication notation for the transfer
multiplication in R[X], so that

rs=R,(1Uj <i+j)(mi;(r®s)).

Given a partition A < Q, let 1y<q € R(A) be the multiplicative identity. Using the
notation of Eq. (5.1), we will write Iy<q for the element of PD(R)(2) given by ¥Xqla<q.
When (2 is clear from context, we will just write 1. Note that 1p<q is an idempotent for
the multiplication * on PD(R)(). Also, note that if 1y<qg = 0 in R(A), which occurs only
when R(A) is the zero ring, then ITx<q = 0 in PD(R)(1).

Recall that the orbits for the 3, action on the set of subpartitions of m are in bijective
correspondence with integer partitions of m. As in Section 8, we will often use lower case
Greek letters to denote integer partitions. Recall that an integer partition A is a sequence of
natural numbers (A1, Az, ...) with all but finitely many \; equal to zero and that we say that
A is an integer partition of m, written A F m, if

m = 7. >\z
i>1
Let m,n > 0 and let A - m and v F n be two integer partitions. The sum A\ + ~ is the
integer partition of m 4 n with
A+7)i =X + 7%

Thus, for k € N, kA = km is the partition with (kX); = kX;. We will also make use of the
factorial of a partition
A =TT,

i>1
the length of a partition
(A =N,
i>1
the size of a partition
A=) i A =m,
i>1

and the extension of the choose function to partitions

m) _m!
A A

We will write 1y, or just 1y for m = ||A||, for the element 15<,, € PD(R)(m), where A
is any choice of set partition of m with underlying integer partition A. This does not depend
on the choice of A as

(Smlazm)s = { Ru(B)lasm = lo<m for B € Ty, with SA = @,

0 otherwise,

making use of the fact that R,(f3) is a ring map. Further, it follows from Proposition 5.5 that
(10.1) > lym =1€PD(R)(m),
A-m

the multiplicative identity for the product denoted *. Following Notation 4.1, we have 1,, =

Lin<m = Linkm-
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Proposition 10.1. Let R be a partition ring and let A = n and v = m be two integer partitions
so that 1, € PD(R)(n) and 1, € PD(R)(m). Then

(A+)!

I\, = Al D

Proof. Choose set partitions
AF [n] and 't [m]
with underlying integer partitions A and +, respectively, and put
=AUl <nuUm.

By inspecting the coordinates in the definition of the lax symmetric monoidal structure on
PD(R), we have
PD(m)n,m(]lA ® Hw) = Llo<nim-
Thus
11, = PD(R)s(nUm < n+m) (Lo<nim) -

Let 8 = A 4+ v. We evaluate this transfer at a partition ® < n + m. The ®-coordinate is
zero unless the underlying partition of ® is . Indeed, a nonzero summand in the transfer
formula is indexed by a permutation [¢] such that o~1® lies in the ¥,, x ¥,,-orbit of ©. This
forces ® to have 6; = \; 4+ ~; blocks of size i for ¢ > 1.

Assume now that the underlying partition of ® is 6. The double cosets contributing to the
®-coordinate are in bijection with choices, for each 7 > 1 of \; blocks from the 6; blocks of
® of size . The chosen blocks are sent to the n-component and the remaining ~y; blocks are
sent to the m-component.

Thus the number of contributing terms is
H <)\i + ’Yi)

A )

i>1

Each contributing term is the multiplicative identity in R(®), since it is obtained from the
multiplicative identity by an isomorphism of partitions. Therefore

Ai + i
(Ix1y)g = (H < s ! >) Lo<ntm.-
i>1 v

Since this holds for every partition ® whose underlying integer partition is 8, we obtain
Ai i
1,1, = Tagn-
= () e
i>1

It follows that
if n # kX)!
1,1 { HQUmSn-I—m if n m, d (]1 )k ( )

2L um<n+m ifn=m, A (ADF Lpx.

From now on, we will denote an element of R[X] as a power series ) - 7mt™, where
rm € R(m) and t is a dummy variable tracking the grading.

Definition 10.2. For R a lax symmetric monoidal partition functor, we say that >, ~,rmt™ €
R[X] is exponential if 7o = 1 and, whenever m = i + j, we have

R* (iU j <m)(rm) = mj(ri @ 1j).
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Note that if R — R’ is a map of lax symmetric monoidal partition functors then the
induced map of commutative rings R[X] — R'[X] sends exponential elements to exponential
elements. Definition 9.1 ensures that if R has the structure of a partition power functor, then
for 7 € R(1), we have )~ Py (r)t™ is an exponential element in R[>].

Theorem 10.3. If R is a partition ring and ), <, rmt™ € R(X)) = PD(R)[X] is exponen-
tial, then we have the identity -

Z rmt™ = exp (Z(rl * ﬂi)t’).
m2>0 i>1

Proof. The exponential is interpreted coefficientwise using the usual power series for exp;
Proposition 10.1 will show that the factorials arising from products of the elements 1; cancel
the denominators, so the right hand side is defined integrally in R({(X)).

First notice that

(ri* 13)(rj x 1) = PD(R). (iU j < i+ ) (PD(m)i;((ri * Li) ® (r; * 1;)))
=PD(R)«(iUj <i+j)(PD(m);(ri ®r;)* Liy)
= ripg * PD(R) (iU J < i+ J)(Lay)
=1k 1;15.
The second equality follows from the fact that PD(m); ; is a ring map for the * product. The
third equality follows from Frobenius reciprocity, making use of the fact that Zmzo Tyt™ 1S

exponential.
This implies that if £(\) = m, then

i\ i i\
(10.2) H ((rl * 1)t ) = H(Ti)\i * Ai!lkijgﬁ)t M= (’r‘”)\” * )\!ﬂ)\)t”)‘H,
i>1 i>1

where \;i is the A\;-fold coproduct of i with itself.
We calculate that

exp (Z(rl * Ili)ti) = Z %(Z(n * ]]-i)ti>m

i>1 m>0 >l
S 2 (e
m>0 {Alﬁ i>1
m>0 {,\|z

= 2T bt” ]
A
= Z Tt

m>0

The second equality is the multinomial expansion. The third equality makes use of (10.2).
The fourth equality indexes the sum over the set of all integer partitions. The final equality
makes use of (10.1). O

Remark 10.4. Theorem 10.3 will primarily be applied to exponential elements in R[X],
viewing them in R((¥)) through 7.
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Remark 10.5. Theorem 10.3 applies somewhat more generally. It is only required that
PD(R) is a partition ring, not R itself. This more general situation actually does sometimes
appear in practice as seen in Example 10.8 below.

Remark 10.6. When R is a symmetric monoidal partition ring, Corollary 8.8 applies. In this
case, exponential elements correspond to the group-like elements in the completed component
Hopf ring R[X], using the completed tensor product for the structure maps. The elements
Tm % 1, satisfy

PD(R)*(iUj < m)(rm * Lm) =0
for i+j = m and i,5 > 0. Thus these elements are primitive whenever PD(R) is a symmetric

monoidal partition functor (e.g., under the conditions of Proposition 8.5).

The following proposition provides a sense in which the exponential relation associated to
an exponential element over R((X)) is universal:

Proposition 10.7. Assume that R is a partition ring and R — R is a map of lax symmetric
monoidal partition functors in which R’ is a PD-algebra. If Y~ - rmt™ is an exponential
element in R[X], then the exponential relation

Z rmt™ = exp (Z(rl * Ili)ti)
m>0 i>1
in R{(X)) gives rise to an exponential relation in R'[X].

Proof. Since PD(R) is the free PD-algebra on R and R’ is a PD-algebra, we obtain a universal
map PD(R) — R'. This further induces a map of commutative rings R({(X)) — R/[X] which
we may apply to the exponential relation to obtain an exponential relation in R/[X]. ([l

Example 10.8. Let K be a commutative ring and let £ € K. Consider ), - k*"t" €
Ck[%]. This is an exponential element as restriction maps are the identity and the multipli-
cation for Ck is given by multiplication in K. Under the isomorphism of commutative rings
(see Example 8.9)

Cr[X] = K(t),

the exponential element ) -, k™™™ is sent to >~ kML
Since Cx = PD(CX), Theorem 10.3 guarantees that

Z E*™"™ = exp (Z:(k:*Z * ]li)ti)
m>0 i>1

= exp (k * 111t>

in Ck[Y], where the second equality follows from the fact that 1; = 0 € PD(C¥)(i) for all
i > 1. Applying the isomorphism to K ((t)), we just have

tm
Z E™M— = exp(kt).
m/!
m>0
Example 10.9. Assume that R is a partition power functor and let Py /I be the composite

R(1) — R(k) — R(k) C PD(R)(k),
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as opposed to Py, which lands in R(k). Since Y m>0 Pmt™ takes values in exponential elements,
Theorem 10.3 provides us with an exponential relation

3" Put™ = exp (Z P, /Iktk)

m>0 k>1

between the total multiplicative and total additive power operations. Applying Proposi-
tion 9.3, if S is a global power functor, then the family of power operations on the partition
power functors R = So (Gi¥_)) or R = So (G x X_)) satisfy this exponential relation over
PD(R). This provides us with an exponential relation between additive and multiplicative
power operations that applies very generally.

We find it interesting that the third axiom in the definition of a partition power functor is
not needed for this exponential relation and thus we could drop the requirement that P is
additive.

Example 10.10. Assume S is a global power functor, G is a fixed finite group, K = S(G),
and R = So (G x %(_)) is the associated partition power functor. By Example 9.6, restriction
along G — G x ¥\ gives a map of partition power functors R — Ck and the induced map

R[¥] — Cx[¥] = K (&)

sends Zmzo P,t™ to zmzo(—)*mtm > ZmEO(_)m%‘
Since Ck is a PD-algebra, we have an induced map PD(R) — Ck. Example 10.8 implies

that the exponential relation
3" Pt™ = exp ( 3 B /Iktk>
m>0 E>1

is sent to the exponential relation

in K ((t).

11. THE DIVIDED POWER ENVELOPE

In this section we consider the relationship between PD(R)[X] and the algebra of symmetric
invariant tensors in the case that R is a symmetric monoidal partition functor.

We begin with a review of the algebra of symmetric invariant tensors. Let K be a commu-
tative ring and let M be a K-module and let

TS(M) = @ (M®m)2m
m>0

and
T(M) = P M=,
m>0
where the tensor products are over K. Then T'S(M) is a submodule of T'(M), but more is
true. There is a graded K-algebra structure on 7'(M) with multiplication given by the shuffle
product. If € M®" and y € M®J are simple tensors, then the shuffle product of z and y is

w= ) ooy

[o4,5]€254; /(X xEj)
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where the o; ;’s are the (4, j)-shuffles. This multiplication induces a K-algebra structure on
TS(M) as well and we call the resulting algebra the symmetric invariant tensor algebra. This
applies to M = M,, an N-graded K-module, as well. Note that the degree 1 part of T'S(M,)
is My, the degree 2 part is M & ((Mp)®?)*2, and so on.

In [Rob63, Chapter IIT and Chapter IV] (see also [Car55, Section 4]), it was shown that if
M, is an N-graded free K-module, then T'S(M,) is canonically isomorphic to the free graded
divided polynomial algebra on a choice of homogeneous basis for M,. This has consequences
for partition functors for the following reason:

Proposition 11.1. Assume that R is a symmetric monoidal partition functor taking values in
K -modules and let M, be the N-graded K -module with M; = R(i+1). There is an isomorphism
of commutative graded K -algebras

TS(M,) = PD(R)[3).

Proof. Let A = m be an integer partition and choose a partition A < m with underlying
integer partition A. Since R is symmetric monoidal, Lemma 8.4 gives an isomorphism

R(A) = Q) R,

where the tensor product is over K. Under this isomorphism, Fq. (8.2) identifies the action
of the Weyl group Wy, (3a) = []; ¥, with the action that permutes the tensor factors of
equal degree. Thus Proposition 5.5 gives an isomorphism

PD(R)(m) = D ( X R(i)@i) e

AFm 7

Consequently,

_ Hz EAi
P @ B (@R
m>0Am i
as graded K-modules. B
We compare this with T'S(M,). Recall that M;_; = R(i). For r > 0, the contribution of
ME" to degree m is
B RG)®-- @ RG).
i1++ip=m
;>0
The group ¥, acts by permuting these summands and the tensor factors. The orbits of the
summands are indexed by the integer partitions A = m of length ¢(A\) = r. For the orbit
associated to A, choose the summand
®R(Z)®>\Z
i

Its stabilizer in ¥, is [[, 3),. An invariant element in the direct sum over the orbit is uniquely
determined by its component in this chosen summand, and this component must be fixed by
[L, £,,. It follows that

( a5 R(i1)®~-®R(z’T))Er§ P (@R(i)%)m%.

14t =m A-m
i]'>0 f(/\)zr
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Summing over r gives an isomorphism of graded K-modules
TS(M,) =2 PD(R)[X].

It remains to identify the multiplication under this isomorphism. Let A - k and w F ¢, and
choose partitions A < k and 2 < £ with underlying integer partitions A and w, respectively.

Let
_ Hz Z)\i
s € (@ R(i)@w)
i
and
_ IL; Zo;
te (®R(z’)®wi) .
%
Using the notation preceding Proposition 5.5, these determine elements
Yrs € PD(R)(k) and Yt € PD(R)(?).
The lax symmetric monoidal multiplication gives
M ¢ (Eks (%9 Egt) = Eﬁug(s & t) € PD(R)(E U ﬁ)

This element is supported on the orbit of the partition A LI €).

Let m = k + £. The product of ¥js and ¥,t in PD(R)[X] is obtained by applying the
transfer along k£ U £ < m. Fix a partition I' < m having A; + w; blocks of cardinality ¢. The
I'-component of the product is

> Ri(0) (Srue(s ®@t)g-1r) -
[0]€Xr\Em /i
o IT<kLIL
A summand is nonzero precisely when ¢~ !T" has \; blocks of cardinality ¢ in k and w; blocks
of cardinality 7 in £, for every i. Thus the double cosets which contribute are in bijection with

HZ)\i“l‘wi/(E)\i X sz)
i
Indeed, such a double coset records, for every 4, which \; of the A; + w; blocks of cardinality
1 are sent to k.
For each contributing double coset we may choose a representative o for which

Zgug(s X t)o.—lp =sXt.

By Eq. (8.2), the map R.(c) simply permutes the corresponding tensor factors. It follows
that the I'-component of the product is

Z o(s®t).
(o€l ]; Bx 4w, /(Bx; X Xw;)
Under the module isomorphism above, this is exactly the component of the shuffle product
of s and t in T'S(M,).
Since an invariant element is determined by its component at the chosen representative of
each orbit, the multiplication on PD(R)[X] agrees with the shuffle multiplication on T'S(M,).
Thus the isomorphism above is an isomorphism of commutative graded K-algebras. (|

Corollary 11.2. In the contest of the previous proposition, if R(i) is a free R(0)-module for
each i, then PD(R)[Y] is the free graded divided polynomial algebra on a homogeneous basis

for @, R(7).
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With this in hand, we can give a universal property of PD(R)[¥] as an R[¥]-algebra when
R is a symmetric monoidal partition functor with R(i) free as an R(0)-module.

Theorem 11.3. Assume that R is a symmetric monoidal partition functor such that R(m)
is a free R(0)-module for all m > 0. The divided power algebra PD(R)[X] is the divided power
envelope of R[X] with respect to the irrelevant ideal @py>1R(m).

Proof. Let f: R[¥] — D be aring map to a divided power algebra (D, J) with f(®,,>1R(m)) C
J. We wish to show that f extends uniquely to a map of divided power algebras PD(R)[¥] —
D. Note that D is not assumed to be graded.

Let R[X]=™ be the subalgebra of R[Y] generated by R[X]<,, the elements of degree less
than or equal to m. We will use induction along the subalgebras R[X]<™ to extend f in a
unique way to a divided power algebra map from PD(R)[X] to D.

Let f,: R[X]S™ — D be the restriction of f to R[X]=™. Let PD(R)[X]=™ be the divided
power subalgebra of PD(R)[X] generated by PD(R)[X]<,.

Since PD(R)(0) = R(0), PD(R)(1) = R(1), and PD(R)[X]=! = T'S(R(1)) is the free graded
divided power algebra on a basis of R(1), there is a unique way to extend f; to PD(R)[X]<!
using the divided power algebra structure of the target (D, J).

Now assume that we have constructed a unique extension of f,,,—; to PD(R)[X]

Note that the inclusion PD(R)[X]<™ — PD(R)[X]=™ is an isomorphism in degrees less
than m. In degree m, we have

(PD(R) = B Q)(R(i)**)™ C PD(R)(m),
P

using the fact that PD(R)[X]<™ is the divided power subalgebra of PD(R)[X] generated by
PD(R)[X]<m. It follows that there is a short exact sequence of R(0)-modules

(PD(R)[S]<™)m — (PD(R)[Z]=™)m — R(m).
On the other hand, since R is symmetric monoidal, we have
(RX]™)m = I, € R(m).

Further, note that the commutative square of R(0)-modules

<m

I,“— R(m)

| |

(PD(R)[E]="™)m—— PD(R)(m)

is a pushout square as the horizontal arrows are injections and the induced map of cokernels
is an isomorphism (they are isomorphic to R(m)). It follows that the restriction of f,, to
R[X]<y, extends in a unique way to PD(R)[X]<p.-

Finally, we have a commutative diagram

RIS]<m RIS]<m

| -

PD(R)[S]<™ @ R(m) — PD(R)[S

In the lower left corner, R(m) should be viewed as a graded R( )-module concentrated in
degree m. We have already extended (fy)|gr[z).,, to PD(R)[X]<" @ R(m), the restriction to
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PD(R)[X]<™ is the extension of f,,—1 from our induction hypothesis. This extension extends
further to PD(R)[X]=™ using the fact that PD(R)[X]=™ is the free divided polynomial algebra
over PD(R)[X]<"™ on a basis of R(m) by Corollary 11.2. Since f,,, agrees with this extension on

a set of generators of R[X]<™, we obtain a unique extension of f,, to PD(R)[X]=™ compatible
with the map R[X]S™ — PD(R)[X]=™.
Finally taking the colimit along m gives the desired result. (|

Example 11.4. Let K be a commutative ring and let M be a K-module. We describe a
symmetric monoidal partition functor generalizing C whose associated ring is the symmetric
algebra on M.
For a finite set X, let
M = Q) M,
zeX

where the tensor product is taken over K. If A = (X, ~,) is a partition, then 3, acts on
M®X by permuting the tensor factors. Define

SM(A) = (M®X)ZA’

where the subscript denotes coinvariants.
We describe restriction and transfer maps making Sy, into a partition functor. First sup-
pose that I' < A. The transfer

(Sa0)+(L < A): (ME %) — (M*¥)s,
is the canonical quotient map. The restriction
SXJ(F < A): (M®X)EA — <M®X>ZF
is the norm map
2] — > [oa].
[o]€Xr\X)
This is independent of the choice of representatives for the left cosets and is well-defined
on Y p-coinvariants. For an isomorphism of partitions, the restriction and transfer maps are
induced by the corresponding permutation of the tensor factors. The maps associated to
arbitrary maps of partitions are obtained using the factorization of Lemma 2.2. The usual
double coset decomposition shows that these restriction and transfer maps satisfy the double
coset formula. Thus Sy is a partition functor. Note that, if M is free of rank > 1, then Sy,
is not restricted from a global functor as the values of Sy; on the discrete partitions have
distinct ranks. In the case that M = K, we will see below that Sy; = C¥.

In fact, Syps is a symmetric monoidal partition functor with values in K-modules. The
symmetric monoidal structure is given by the canonical isomorphism

SM(A) RK SM(Q) — SM(A (] Q)
sending
[z] @ [y] — [z @y].
This is an isomorphism since
by ALIQ =2y A X ZQ.
The associated graded ring has a familiar description:

SulZ] = P ME™)s,, = Syme(M).

m>0
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Under this isomorphism, the transfer product is the usual multiplication in the symmetric
algebra.

The effect of PD on this partition functor is particularly simple. If A is not discrete,
then there is a proper refinement I' < A, and the transfer Sy, (I') — Sps(A) is surjective.
It follows that Sy;(A) = 0 unless A is discrete. If X denotes the discrete partition of X,
then Sy(X) = M®X. Consequently, for any partition A of X, PD(Sy/)(A) = (M®X)*s, In
particular,

PD(Sy)[5] = D (MP™)* = TS(M),
m>0
where the multiplication on the right is the shuffle product described above.
Under these identifications, the unit
n: S M — PD(S M)
is the norm from coinvariants to invariants. At the indiscrete partition m, it is the map
(M®m)2m N (M®m)2m

given by

Thus after applying (—)[X], the unit of the PD monad is the canonical symmetrization map
Symy (M) — TS(M).
When M = K, the symmetric groups act trivially on M®X = K. The transfer maps are
the identity and the restriction along I" < A is multiplication by |¥,/3r|. Thus
Sk = CK,
so this construction generalizes the dual constant partition functor and discussion of Exam-

ple 4.11.
Finally, if M is a free K-module, then Theorem 11.3 identifies

TS(M) = PD(Sy)[X]
as the divided power envelope of
Symy¢ (M) = Sy (%]
with respect to its ideal generated by elements of positive degree.

Example 11.5. The functor PD does not preserve symmetric monoidal partition functors
in general. We use a counterexample of Lundkvist [Lun08, Example 5.3].
Let k be a field of characteristic 2, let
K = k[s, ], M = K?%/(se; + tey),
and let
K' = Kl[z]/(2(s + 1)).
Lundkvist shows that the base change map
TSo(M) @k K' — (M @ K')®x'?)>2

is not injective.
Set N = M @& K', viewed as a K-module, and consider the symmetric monoidal partition
functor Sn of Example 11.4. The lax symmetric monoidal structure gives a map

PD(Sx)(2) @x PD(Sx)(1) — PD(Sx)(2 L 1).
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Under the identification above, this is
TSy(N) @k N — (N®3)>2,

Using the decomposition N = M @ K’, this map contains Lundkvist’s base change map as
a direct summand. It is therefore not an isomorphism. Thus Sy is a symmetric monoidal
partition functor for which PD(Sy) is not symmetric monoidal.

12. THE INITIAL PARTITION RING

Recall that the initial global Green functor is the Burnside ring global Green functor. In
this section we will show that the initial partition ring is the representation ring functor. This
has some concrete advantages: the representation ring partition functor is much smaller than
the Burnside ring partition functor and it is a symmetric monoidal partition functor — unlike
the Burnside ring partition functor.

Let A(A) C A(S4) be the subgroup of the Burnside ring of X5 on the basis elements of the
form [, /Xr], for I' < A. Note that X5 /3 & X5 /3 as Yp-sets if and only if there exists
o € X such that oI = I". The subgroup A(A) is a subring of A(3,) as Young subgroups
are closed under conjugation and intersection.

This construction extends to a partition ring. It admits restriction maps as, again, the
collection of Young subgroups is closed under conjugation and intersection. It admits transfer
maps as, given A < Q, we have an isomorphism of Xq-sets X Xy, Xp/Er = Yo /Y. We see
that the transfer sends basis elements to basis elements. The transfer maps satisfy Frobenius
reciprocity because they are compatible with the transfer maps in the Burnside ring — which
satisfy Frobenius reciprocity.

Further, Aisa symmetric monoidal partition ring. This follows from the fact that A(A) ®
A(Q) and A(ALIR) are free of the same rank and the canonical map A(A)®A(2) — A(ALUQ)

is surjective.
Proposition 12.1. The partition ring A is the initial partition ring.

Proof. Let R be a partition ring. Our goal is to produce a unique map of partition rings
1:A— R Let A= (X, ~a) be a partition. We will first use induction to produce a unique
map of abelian groups A(A) — R(A) natural in transfer maps.

Let X be the discrete partition on X. Note that A(X) = Z is the integers so there is a
unique ring map A(X) — R(X).

Now assume that we have constructed a unique map of abelian groups A(@) — R(©) for
all © < A compatible with transfers along inclusions. Since ¢ must commute with transfer
maps, the value of every basis element except for [ /X 4] is determined by the transfer maps.
Since [X5/X4] is the multiplicative unit in A(A), it must go to 1 in R(A).

To see that these maps commute with restrictions along inclusions we make use of the
double coset formula. Assume that ¢ commutes with restrictions for all proper subpartitions
of A. Let  be a basis element in A(A) and let T < A. If 2 # 1, then 2 = A,(© < A)(y)
for some © and y a basis element in A(©). Now A*(I' < A)(z) can be expressed in terms
of transfers of restrictions of y. Thus the restriction of z is determined by our induction
hypothesis. Now if # = 1 in A(A) then the restriction of 1 is 1 and +(A)(1) = 1, taking care
of that case. We conclude that ¢ commutes with restrictions.

To see that ¢(A) is a ring map, assume that ¢(T") is a ring map for all ' < A. The base case
is 1(X), which is a ring map. It suffices to prove that ¢(A) is multiplicative on basis elements.
Given basis elements x,y € /Ol(A), we may assume without loss of generality that z # 1. Then
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z = A,(0 < A)(z') for some © < A and #’ a basis element in A(©). If y = A*(© < A)(y),
then Frobenius reciprocity implies that

A(O < N (yz) = yA.(© < A)(2) = yz.

Now «(A) is multiplicative since R also satisfies Frobenius reciprocity and ¢(©) is a ring map.
We leave any additional details to the reader. ([l

Let RU (X)) be the complex representation ring of 4. It is classical (see [Ful97, Sections
7.2 and 7.3], for instance) that the composite

A(A) = A(ZA) = RU(ZY)

is an isomorphism of commutative rings. Since both of these maps extend to maps of partition
rings, the composite is an isomorphism of partition rings. Thus we may conclude that the
initial partition ring is the representation ring partition ring sending a partition A to RU (X, ).
Since RU (Z(_)) is symmetric monoidal, Corollary 8.8 implies that the component Hopf ring of
symmetric functions €, ~, RU(2,,) is the initial component Hopf ring. Two other categories
in which symmetric functions are initial arise in the work of Hazewinkel [[Taz09, Theorem
11.15] on Hopf algebras equipped with a divided power sequence and the work of Baez,
Moeller, and Trimble [BMT24] on 2-plethories.

The power operations on Burnside rings Pp,: A(e) — A(Z,,) land inside A(m). This is
due to the fact that, if X is a set, then the stabilizers of elements in X" equipped with the
permutation action by 3, are Young subgroups. This fact and equivariant generalizations of
this fact are thoroughly explored in [CDM™24]. Tt follows that A is a partition power functor.

Corollary 12.2. The partition power functor A is the initial partition power functor.

Proof. For any partition power functor R, the power operations applied to the image of the
ring map Z — R(1) are completely determined by transfers for the non-negative integers
and determined inductively by expanding the right hand side of the formula 0 = P,,(0) =
P, (k+ (—k)) to find the value on negative integers. This follows from the third axiom in the
definition of a partition power functor, which reduces the calculation of P, (k) for k € N to
transfers and the value of power operations on 1. ]

Since every basis element except for 1 in A(A) is in the image of a transfer map from a
proper subpartition of A, we have

ANy 2 7.
By construction, the quotient map

A(A) = A(A)/In

takes a Yp-set X representing a class in A(A) to | X¥4|. Since we have a canonical isomorphism
of partition rings A = RU(X(_)) and the PD monad is natural, it follows that

o

PD(A)(A) = CI(S,, 2)
and the unit map A(A) — PD(A)(A) is the character map
RU(Xp) — Cl(2p, Z).

Further, Proposition 11.1 and Theorem 11.3 imply that CI(Z(_),Z)[E] is a graded divided
power polynomial algebra with one generator in each degree and also the divided power
envelope of the ring of symmetric functions RU(X(_y)[¥] with respect to the ideal generated
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by positively graded elements. The divided power structure on integer-valued class functions
was already observed in [UD82].

Note that, if R is a PD-algebra in partition rings, then there exists a canonical map of
partition rings C1(¥_),Z) — R.

13. THE UNIVERSAL EXPONENTIAL ELEMENT

In this section we describe a symmetric monoidal partition ring £ that carries the universal
exponential element. It follows that PD(E) carries the universal exponential relation in the
category of PD-algebras in partition rings. We also describe two automorphisms of &£.

We will make use of Oda and Yoshida’s construction of crossed Burnside rings [OYO01,
OY04], but applied to infinite (rather than finite) commutative monoids equipped with an
action of G. Let A = (X, ~,) be a partition and let M, be the commutative monoid N¥
equipped with the canonical Yj-action. A Yp-set over My with Young stabilizers is a pair
(W,ae: W — My), where W is a finite ¥ 5-set with stabilizers all Young subgroups of ¥
and « is a Yp-equivariant function. Two pairs (W, ) and (V, ) are isomorphic if there is
an isomorphism of ¥z-sets o: W — V such that a = fo. The disjoint union of (W, «a)
and (V,5) is (W][V,a]]B). The product of (W,«) and (V,p) is (W x V,a + ), where
(a + B)(w,v) = a(w) + B(v). Let [W,a] be the isomorphism class of (W, «). The disjoint
union and product induce a well-defined sum and product of isomorphism classes. Let £(A)
be the Grothendieck ring of isomorphism classes of Yz-set over My with Young stabilizers.
Also note that £(0) 2 Z as NI% = «. Note that A(A) is the subring of £(A) on isomorphism
classes of the form [W, cp], where ¢ is the constant function at 0 € N,

Next we will describe restriction and transfer maps giving £ the structure of a partition
ring. For [W,a] € £(A) and I' < A, the restriction £*(I" < A)([W, a]) is given by restricting
all of the actions to X (i.e., restricting W to ¥r and viewing « as Yp-equivariant). For
[V,B] € EI') and I < A, the transfer £ (I' < A)([V, f]) is given by [Ex xx. V, [0, v] — oB(v)].
Now assume that = (Y, ~gq). Given an isomorphism of partitions f: € — A and a pair
(W, a) as above, we may restrict W along the induced map g — ¥ to obtain a Yo-set and

the underlying bijection Y 5 X gives an isomorphism My =N Mgq. These maps induce an
isomorphism £(A) — £(€2). Restriction and transfer along arbitrary maps of partitions are
obtained using the factorization of Lemma 2.2.

We define a symmetric monoidal structure on £ generalizing the symmetric monoidal
structure on A. Given [W,a] € E(A), where A = (X, ~,) and [V,] € £(2), where Q =
(Y, ~q), we set

W, o] R[V,8] = [W x V,ax B: WxV — N x N = NYHY],
where W x V is viewed as a Xp X Yq-set.

Proposition 13.1. With the structure maps described above, £ has the structure of a sym-
metric monoidal partition ring.

Proof. The partition ring structure follows from [OY04, Sections 2 and 3]. Their proofs apply
unchanged in this setting. Indeed, restriction and transfer preserve the condition on stabilizers
since conjugates and intersections of Young subgroups are Young subgroups, and none of the
constructions uses finiteness of the monoid.

It remains to consider the symmetric monoidal structure. Every refinement of A LI € is
uniquely of the form ' ©, with I' < A and © <, and

MAL,Q = MA X MQ.
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It follows, by decomposing crossed sets into transitive crossed sets, that the external product
induces an isomorphism

EN)®EQ) = EALN).
The compatibility of this product with restrictions and transfers is immediate from the cor-
responding properties for Cartesian product and transfer. g

Let ep = [2A/34,c1: Ba/2a — NX] € £(A), where ¢; is the constant function at 1 on X.
Following Notation 4.1, let e,, = e,,. We set eg = 1. Note that

ea Xeq = ealn.
For T' < A, consider the pair (X5 /Yr,a). The function a(eXr) € N¥ is constant on blocks.
Let ap = a(eXr)(B) for B € X/~r.

Lemma 13.2. Assume A = (X,~y), I <A, and [Zp/3r, o] € E(A), then
(Sa/Sr,a] = &(T < A)(&BeX/NF eg).
Proof. The element
IZBEX/NFBE € E(F)
is represented by the one-point Yp-set * and function a € NX with value ap on the block B.
The transfer of this crossed set from X to X gives ¥ /Y with function
oXr — oa.

Since « is equivariant and is determined by its value at eXr, this is precisely a. ]

Now consider the commutative ring £[3]. For i + j = m, we have
E(iUj <m)(em) = e; Ke;
SO D >0 emt™ is an exponential element in E[X]. In fact, this is the universal exponential

element:

Theorem 13.3. Let R be a partition ring. There is a natural bijection between the set of
maps of partition rings from £ to R and the set of exponential elements in R[X] given by
sending a map of partition rings

f:€E—R
to the exponential element Y, o fm(em)t™
Proof. A map of partition rings f: £ — R sends the elements e, to elements r,, = fi(em)
satisfying 7o = 1 and
R(iUj <i+j)(rits) =mXr;.
Thus > ,,~omt™ is exponential.

Conversely, suppose that >, -, rmt™ € R[X] is exponential. For a nonempty finite set B,
let rp € R(B) correspond to r g under the canonical identification of Lemma 3.3. If " is a
partition of X and a € N¥ is constant on its blocks, write

zr(a) = &BGX/NFTQEB and aq(9Xr) = ga.
By Lemma 13.2, a map sending e,, to r,, must satisfy

fA([ZA/Zr, aq]) = Ru(I' < A)zr(a).

We use this formula to define fp on the transitive crossed sets and extend additively.
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The construction of zr(a) is compatible with relabelling: for an isomorphism o: I' — oI,

we have
R.(0)zr(a) = zor(ca).

Changing the representative of a transitive crossed set conjugates I' and transports a by an
element of ¥,. Since such an element induces the identity on R(A), the formula for fy is
independent of this choice. It also shows that the maps fp commute with isomorphisms.

The identities satisfied by the r,,’s describe what happens when a block is refined. If A < T,
repeated application of these identities, using that restrictions preserve internal and external
multiplication, gives

R*(A <T)zr(a) = za(a).

Here each block of A inherits the label of the block of I' containing it. Together with the double
coset formula, this identity shows that f commutes with restrictions. Compatibility with
transfers follows from transitivity of transfers, and compatibility with the external product
follows from the definition of zp(a) and the compatibility of transfers with external products.

It remains to check that fa is multiplicative. We will use % for the multiplication in £(A)
and R(A). Let

ZE:[EA/ZF,O&a], y:[EA/ZQ,ab].

Choose representatives o for Yp\Xj /X and set A, = T'NoQ. The orbit of (X, 0Xq) in the
product of the two coset spaces has stabilizer XA, and label a 4+ ob. Thus

rxy =Y [SA/Sa,, atob]-
(o]
Frobenius reciprocity and the double coset formula express fa(x) * fa(y) as a sum over the
same double cosets, by restricting the two factors to A, and transferring their product to
A. The restriction and relabelling identities above identify these two factors with za_ (a) and
za, (ob). Since external multiplication is a ring map, their product is za_(a + ob). Conse-
quently,

fal@)* fa(y) =D Ru(Ay < A)(za,(a) * 24, (D))
[o]
=Y " Ru(A; < A)za,(a+ ob)
[o]
= fa(z xy).
The multiplicative identity is [2a /XA, ap], whose image is zp(0) = 1. Hence f: £ — R is a
map of partition rings.
By construction, fp(em) = Tm, and Lemma 13.2 shows that these values determine f
uniquely. The two constructions are therefore inverse and natural in R. ([l

It follows that PD(E) carries the universal exponential relation in the category of PD-
algebras in partition rings. That is, if the partition ring R is a PD-algebra with structure
map ¢: PD(R) — R and ), -,7mt™ is an exponential element in R[] with exponential

relation
Z rmt" = exp <Zbk(’l“k * Ilk)tk>

m>0 k>1

then there exists a unique map of PD-algebras PD(£) — R sending the exponential relation
carried by PD(E)[X] to the exponential relation over R.
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We can also describe the universal exponential relation. Note that E(m) = Zlwy,) for
m > 0, where Ty, = gm(em) = @m([Zm/Xm, c1]). Viewing £(m) C PD(E)(m), the universal

exponential relation in £((X)) is
Z emt™ = exp (Zxktk)
m>0 k>1

The partition ring £ admits nontrivial automorphisms. We will describe two of them here
and explore the full automorphism group as well as further algebraic structure possessed by
the partition ring £ and the commutative ring £[¥] in future work. Let u(t) =), < emt"™ be
the universal exponential element in E[X]. Note that u(—t) is also an exponentﬁl element.
Since u(t) is a group-like element of £[X] (see Remark 10.6), so is u(t)~! (defined in the
expected way) and this implies that u(¢)~! is exponential as well. The exponential elements
u(—t) and u(t)~! correspond to involutions of &.

There is a useful description of the composite of these two involutions. By the preceding
section, RU(Z‘(_)) is the initial partition ring. Thus, for every partition ring R, there are
canonical elements

sm € R(m)
given by the images of the sign representations [sgn,,] € RU(%,,) under the unique map of
partition rings RU(X(_y) — R. We refer to s, as the sign element in degree m.

Proposition 13.4. Let R be a partition ring and let v(t) = > ormt™ € R[X] be an
exponential element. Then

r(—t)"1 = Z (S * T )™

m>0

Proof. Let 1,, € RU(X,,) and 1X € R(m) be the multiplicative identities. We have the
classical relation (see [Ful97, Section 6.1])

( Z(—l)mlmtm> < > [Sgnm]tm> =1

m>0 m>0

in the completed ring of symmetric functions RU (X (_)[¥]. Applying the unique map RU (X% _)) —

R gives

(D mlRtm> ( 3 smtm> —1
m>0 m>0
The degree m coefficient of

r(=t) ( > (s Tj)tj)
Jj=0
is zero for m > 0 and is 1 for m = 0. Indeed, the degree m coefficient is
D> (C)'R(iuj <m) (mw (ri ® (55 * Tj)))-
i+j=m
Since m; ; is multiplicative and 7(t) is exponential, we have
mi g (ri @ (s %715)) = R (U J < m)(rm) * mij (1 @ s).

Thus Frobenius reciprocity gives

> (-1)'Ru(iuj < m) (R*(z Uj < m)(rm)*mi (1 ® Sj))

1+j=m
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:rm*< Z (—l)iR*(Lul<m)mi,j(1ﬁ®5j>)'

i+j=m

The final sum is the degree m coefficient of

(g (5%)

i>0 §>0

By the preceding identity, this coefficient is 0 for m > 0 and 1 for m = 0. g

Example 13.5. Assume that R is a partition power functor. In this case, the sign elements
have an intrinsic description in terms of the power operations. Indeed, the canonical map
from the initial partition power functor to R preserves power operations, while in the initial
partition power functor

S P07 = (X Pam) = 3 (1) e )

m>0 m>0 m>0
Consequently,
sm = (=1)"Ppn(-1),
and multiplicativity of P, gives
Sm * Py (z) = (—=1)" Py (—2x).
Thus

(13.1) > (s * Pul))t™ = ( Z(—nmpm(x)tmy

m>0 m=>0

14. OBTAINING CLASSICAL EXPONENTIAL RELATIONS

To obtain the exponential relations that we are interested in, we would liked weaker con-
ditions on the map R — R’ that allow us to push exponential relations from R to R’. In
this section, we provide weaker conditions on a collection of maps R(A) — CK(A) = K
that allow us to construct a map of commutative N-graded rings R(X) — K (t). Completion
then provides us with a map of commutative rings R{(3)) — K ((t)). Any exponential relation
holding in the source then gives a classical exponential relation in the target.

First we notice that the conditions involving restriction maps are not necessary on a map
between lax symmetric monoidal partition functors in order to get an induced map of com-
mutative N-graded rings.

Proposition 14.1. Assume R and R’ are lax symmetric monoidal partition functors and
that, for each partition A, we have a map of abelian groups fx: R(A) — R'(A) commuting
with transfer maps and the lax symmetric monoidal structure maps, then there is an induced
map of commutative N-graded rings

f[=]: R[%] - R[=].

We are particularly interested in obtaining classical exponential relations. Thus we are
interested in conditions on maps R(A) — CK(A) = K, for each partition A, that give rise to
a map of commutative N-graded rings

R(D) — K(1).
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Proposition 14.2. Let R be a lax symmetric monoidal partition functor and let K be a
commutative ring. Suppose that, for every partition A, there is a map of abelian groups

en: R(A) — CE(A) =K

such that the maps ex commute with transfers and with the lax symmetric monoidal structure
maps. In this case, we construct canonical maps of abelian groups

€r: PD(R)(A) — PD(CE)(A) =2 Cx(A) = K

compatible with transfer maps, the lax symmetric monoidal structure, and the unit for the
monad PD so that €exny = |Xalen.

Proof. We construct €5 out of maps ¢5: R(A) — K characterized by the identities

[Salea(@) =) fr (arR (I < A)(2))
<A
for x € R(A). The maps ¢4 will be built inductively over the poset of partitions.
If A is discrete, then R(A) = R(A) and we set

Ir = ep.

Suppose that fr has been constructed for every proper subpartition I' < A. For x € R(A),
set
Ia(@) = [Ealeala) = 3 br (ar R (0 < A)(a)).

I'<A
Note that £, is compatible with isomorphisms. This is immediate for the discrete partition
as ep is compatible with all transfers. Transporting the defining formula above along an
isomorphism sends proper subpartitions to proper subpartitions, so the naturality of ey again
gives that £ is compatible with isomorphisms.

We claim that £, vanishes on the transfer subgroup I5 and thus induces a map

EA: R(A) — K.
To check this, let 2 < A and y € R(2). As in the proof of Lemma 5.1, after applying the
double-coset formula to
R* (' < A)R.(2< A)(y)
and then applying gr, every term vanishes unless I' < o). Consequently,
(14.1) R C<MR(Q<M(y) = Y Ru0o)girR (07T <Q)(y).

[c]€eEr\Za/Eq
I'<o

Using this, we have the equalities explained below:

> ir <QFR*(F < MR.(Q < A)(y)> -y Er( Y. Ru0)g,rR (07T < Q)(y)>
o]

I'<A I'<A GEF\ZA/EQ
I'<o2

=Y Y lyrgerR(0T'T <Q)(y)

I'<A [O’]EEF\EA/EQ
I'<oQ

=Y Y g R T Q)

[o]eXpn /T <oQ
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=Y Y lewR (@ <))

[J}GEA/EQ <0

= |2a/Zal Y toqeR* (O < Q)(y).
6<0

The first equality follows from Eq. (14.1). The second equality follows from the compatibility
of ¢r with isomorphisms. The third equality follows from the fact that a double coset [o] €
Yr\Xa/Xq such that I' < o has the property that ¥r C X7 and thus YroXq = o0Xq,
providing a bijection with the set of cosets ¥ /Xq such that I' < ¢Q. The fourth equality
comes from setting © = ¢~ 'T". The fifth equality follows from the fact that the internal sum
is independent of [o].

The induction hypothesis identifies the right hand side with

X2/ Zal|Ealea(y) = [Ealea(y).

Since the maps €y, commute with transfers,

eARL(Q < A)(y) = ea(y).
It follows that
AR < A)(y) =0,

and hence £ descends to R(A).
Mobius inversion gives the explicit formula

a(gaz) = p(T, A)[Srler (R*(T < A)(x)),
<A

where p is the M&bius function of the lattice of subpartitions of A. Note that, if I' = ([m], ~r)
and n = |[m]/~r| and m > 0, then u(I',m) = (—=1)""(n — 1)\
Now define
en((zr)r<a) = D fr(ar).
<A
The compatibility of the maps ¢r with isomorphisms shows that this is well-defined on the
Y a-invariants. The same double-coset reindexing used above gives, for ) < A,

eAPD(R). (2 < A) = |X)7/Eqleq.

Thus € is compatible with the transfers in Ck.
Next we check the lax symmetric monoidal multiplication. We wish to show that

eaun PD(m)a a((ur)r<a ® (ve)o<a) = eal(ur)r<a)éa((ve)o<q)-

Recall that every subpartition of ALI€ is uniquely of the form 'O, with I' < A and © < Q.
Using that €5 ((ur)) = 3 <y fr(ur) (and similarly for 2 and (ve)), it suffices to show that

rue (mre(u®@wv)) = lr(u)le(v),

for u € R(I') and v € R(O).

Indeed, choose lifts © € R(I") and y € R(©) of u and v. Applying the defining identity for
lrue to mre(r ® y), and using the fact that every subpartition of I' U © is uniquely of the
form ® LI ¥, gives a sum indexed by ® < I' and ¥ < ©. On the other hand, multiplying the
defining identities for /p and fg gives a second sum indexed by the same pairs (®, V). The
two sums have the same value, using | X e| = |Xr||Xe| and the compatibility of e with the
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lax symmetric monoidal structure. By induction, the corresponding terms agree whenever
(®,V) # (T, 0), so the remaining terms agree as well. Hence

lrue (mr,e(u®v)) = fr(u)le(v).
Finally, for z € R(A), the defining identity gives
an(z) =Y fr (grR* (T < A)(2)) = [Zalea(@).
<A
By Example 5.7, the unit
CE(A) — PD(CF)(A) = Ck(A)
is multiplication by |X4[, so €5 is compatible with the monadic units. [l
It follows that, under the conditions of Proposition 14.2, we get a map of commutative
N-graded rings
€ R(Y) — Cg[X] =2 K(t)
under R[Y]. The isomorphism on the right is described in Example 8.9; it takes k € Cx(m) =
K to k%ﬂ, After completion, we get a map of commutative rings

& R(®) - K(1).
If >, >0 mt™ € R[X], then

tm

- | tm m
E emnmrm—' = g m.emrm—' = g EmTml
m! m

m>0 m>0 T om>0
in K((t).
Since the maps ex were not assumed to commute with restrictions, the map € need not
preserve exponential elements, however it will preserve exponential relations. That is, if
> m>0Tmt™ is an exponential element of R[X], then we get the exponential relation

ik
(14.2) Z EmTmt" = exp (Zﬁk(qkm)k!)

m>0 k>1

in K((t). Note that this holds assuming that R is just lax symmetric monoidal: the multi-

plicativity of ¢4 implies that
memrm = >, I lmasms
I'<m Be[m]/~r

and this is the coefficient of %n, on the right hand side of Eq. (14.2).

Example 14.3. Assume that R is a partition power functor. Example 10.9 furnishes us with

the exponential relation
S Pot™ = exp (Z P /Iktk>
m>0 E>1

in R((¥)). Now assume that the maps ex: R(A) — C¥(A) satisfy the hypothesis of Proposi-
tion 14.2. Since qp Py = Pg, we have lpqr Py = € Py /I;. Thus, in this case, Eq. (14.2) gives
the exponential relation

k
Z Gumtm = exp (ngpk/fk;>

m>0 k>1
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in K((t)).

15. PARTITION FUNCTORS AND AMBIDEXTERITY

In this section we apply Proposition 14.2 to partition rings restricted from global Green
functors that admit transfers along surjections of finite groups as well as injections.

We say that a global Green functor is ambidextrous if it admits transfer maps along
arbitrary maps of finite groups, rather than just injections. These transfers are required (as
usual) to satisfy a double coset formula and Frobenius reciprocity (see [Gan] for more details).

Assume that S is an ambidextrous global Green functor. Let R = So (G x X(_y) for a fixed
group G, then R is a partition ring with extra structure. In particular there are “transfer”
maps €5 : R(A) — R(2) and ep: R(A) — R(1) induced by the transfers in S along the map
G x ¥Xp — G x X9, induced by the sign homomorphism, and G x 35 — G x X1, the projection
onto G.

Since Y5 is an abelian group, the multiplication map

EQXEQ-)EQ

is a group homomorphism. This induces a group homomorphism G X Y5 X ¥ — G X Y.
Transfer along this homomorphism in turn induces a map

R(2) @p(o) R(2) = R(2)

giving R(2) an exotic ring structure that we will denote RY(2). We call the multiplication
on this ring the convolution product. This ring is an R(0)-algebra via the transfer map in S
along G — G x Y. Thus, the multiplicative unit in R (2) is the image of 1 € R(0) along
this transfer.

Remark 15.1. Note that the same construction does not work for G ¥y since the multipli-
cation map on Y5 does not induce a group homomorphism G ¥y x G132 — G 1 Xa.

Proposition 15.2. Assume S is an ambidextrous global Green functor and fix a group G.
Let R = So (G x %) and let CER" ) be the dual constant partition functor with value the
commutative ring R™(2). The maps

X R(A) — CR" ()
commute with transfers and the lax symmetric monoidal multiplication.

Proof. Let Q be a partition and let g — 3o be the sign map. Given a map of partitions
A — Q, the induced map X5 — g — X9 is the sign map for Xj. The maps 6?\ commute
with transfers because transfer maps compose to give transfer maps. That is, there is a
commutative diagram

S(G x X)) —= S(G x X9)

l l

S(G x Xg) — S(G x 39),

where all of the maps are transfer maps.
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To see that € respects the lax symmetric monoidal structure, note that we have a com-
mutative diagram

S(G x Xp) ®s(a) S(G x Xq) ——= S(G x X9) ®s(a) S(G x X9)

i |

S(G x Xp x Xgq) S(G x Xy x X9)
\S(G X %)

The top square commutes by the naturality of the lax symmetric monoidal structure in pairs
of transfer maps. The commutativity of the bottom triangle, which consists of transfer maps,
follows from the fact that the composite
YA X X = g X Mg — X,
where the second arrow is the multiplication map, is the sign map for 3z x Xq.
O

The compatibilities satisfied by €? in Proposition 15.2 allow us to apply Proposition 14.2
to obtain:

Proposition 15.3. Assume that S is an ambidextrous global Green functor and that R is
the partition ring R = S(G x X_)). Let ¢*: R[X] — R(2)[t] be as described above. The
composite

RIX] S R ()] » B (2)(t)
extends canonically to a map of commutative N-graded R(0)-algebras

&: R(X) — R™(2)(t).

Completing this map with respect to the system of irrelevant ideals, gives a map of com-
mutative R(0)-algebras

&: R(Z) — R (2)(1).
We will continue to call this map €2.
With the same setup, let

en: R(A) — R(1)
be induced by the transfer map S(G x X)) — S(G) induced by the map to the trivial group
YA — e. Since transfer maps compose to give transfer maps, ex = €9 0 e?\. It follows that the
maps €4 commute with transfers as a map R(A) — CED(A).

Corollary 15.4. Assume that S is an ambidextrous global Green functor and that R is the
partition ring R = S(G x X(_y). The composite

R[X] S R([t] — R(1)(t)
extends canonically to a map of commutative N-graded R(0)-algebras
€: R(X) — R(1)(t)
that induces a map of R(0)-algebras
& R(D) — RO)(D).
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Remark 15.5. There is no reason to expect the transfer maps e, to induce a map of partition
functors R — C(1), They do not interact appropriately with restriction maps. This already
goes wrong for RU(X(_y) and A = 2 as the transfer map

€2: RU(X9) = Z[z]/(2® — 1) = RU(e) = Z = C%(2)

sends x to 0, where x is the isomorphism class of the sign representation of Y. On the other
hand the restriction map RU(X2) — RU(X1) sends z to 1, so the required square, induced
by 1U1— 2,

€

RU* <1u1<2)l x2

N=—N

l———s
id

does not commute.

If S is an ambidextrous global power functor and R = S o (G x ¥_)), then we have the
exponential relation of Example 10.9

Z Pt =exp (ZPk/Iktk)

m>0 k>1

in R{X)). By Example 14.3, applying €2 to this relation gives the exponential relation

2 m ~2 tk
Z €x, Ppt™ = exp (ZekPk/IkH>

m>0 k>1

in R™(2)((t)). Recall that we are using the identity €21, P, = m!e2, Py, where the unit 7 is
suppressed in the exponential relation. Using the ring map R (2) — R(1) (induced by the
transfer), we obtain the exponential relation

k
(15.1) Z €mPrt™ = exp (ngpk/lk%>

m>0 k>1
in R(1)((t).
16. EXAMPLES

In this section we illustrate the preceding theory through several examples that exhibit
differing features of partition functors and the monad PD. Structured ring spectra provide a
large natural source of partition power functors: the power operations of an H-ring spectrum
satisfy the universal exponential relation between total power operations and their additive
quotients after applying PD, while in the K (n)-local setting ambidexterity supplies additional
transfers that turn this into a classical exponential relation over the coefficient ring. Repre-
sentation rings give the basic algebraic example, in which the transfer quotients are all rank
one and PD is a ring of integer-valued class functions; here the general construction recovers
the classical exponential relations relating symmetric and exterior powers to Adams opera-
tions. Morava E-theory provides a richer chromatic analogue: Strickland’s description of the
FE-cohomology of symmetric groups in terms of finite subgroup schemes of the universal de-
formation gives an algebro-geometric interpretation of PD, and the K (n)-local transfer maps
recover Ganter’s Hecke operators and their exponential relation with symmetric powers. For
mod 2 singular cohomology, the transfer quotients vanish away from powers of 2 and are Dick-
son algebras at powers of 2, so that PD organizes the cohomology of symmetric groups into
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coordinates indexed by dyadic partitions and makes its connection with elementary abelian
detection particularly explicit. Combinatorial species show that the same structures are not
peculiar to representation theory or cohomology: assembling connected structures along the
blocks of a partition produces a partition ring in which the exponential relation is precisely
the classical exponential formula expressing arbitrary structures in terms of their connected
components. Finally, we produce an example of an exponential element in the Burnside ring
partition ring that does not live inside the initial partition ring. This shows that the collection
of exponential elements in the Burnside ring partition ring is richer than one might think
and allows us to apply Proposition 14.2 to a lax symmetric monoidal partition functor.

16.1. Structured ring spectra. Let E be a spectrum and let X be a space. For a partition
A= (Z,~p), let X155 = (X?)5,, the homotopy orbits for the Y5-action on XZ. For each
X, we get two partition functors

E°(X1¥(y) and E°(X x BY(_y).

Of course, the second of these is simply (EX)°(BX_)). The restriction and transfer maps in
these partition functors are induced by the restriction and transfer maps for the cohomology
theory EY(—). Further, if E is a homotopy commutative ring spectrum then these partition
functors are both partition rings.

Now assume that E is an H-ring spectrum in the sense of [BMMS86]. Recall that every
F-ring spectrum has an underlying H.-ring spectrum. The H,,-ring structure on E gives
power operations

P,: E%X) = E°(X1%,)
and
Pn: E°(X) = E°(X x BE,,).

By [BMMS86, Section 1, Chapter VIII], these operations give the associated partition rings
the structure of partition power functors.

Let R = E°(X1%(_) or E°(X x BY_)) for an Hu-ring spectrum E and let P,: R(1) —
R(m) be the associated power operation. In most cases, PD(R) has not been previously
studied. Example 10.9 gives the relation

3 Put™ = exp ( 3 B /Iktk>

m>0 k>0

in PD(R)[X].

If F is a K(n)-local homotopy commutative ring spectrum, then the partition ring R =
E°(BX(_y) is restricted from an ambidextrous global Green functor. If E is a K (n)-local
FE-ring spectrum, then R is restricted from an ambidextrous global power functor. Thus
the results of Section 15 apply in these situations and the extra transfer maps can be used
to produce exponential relations in E%((t)).

The constructions generalize to global equivariant spectra in the sense of [Sch18] and G-
ring global spectra, which are the global analogues of H..-ring spectra.

16.2. Representation rings. Let RU be the representation ring functor, let G be a finite
group, and let Rg(A) = RU(G x Xj). Recall that RU(G x H) = RU(G) ® RU(H) for any
finite G and H. Since RU(G x X)) = RU(G) ® RU(X,), we have

Ra(A)/Ix = RU(G) ® Re(A)/Iy = RU(G).
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Thus Rg(A)/Ip is a free rank 1 Rg(0)-module so R is a symmetric monoidal partition
functor satisfying the hypotheses of Theorem 11.3. In this case we have

PD(Rg)(A) = CI(Sy, RU(G)) = CI(Sy, Z) © RU(G)
and
PD(Rg)[E] = @D CU(Sm, RU(G)) = RU(G) @ €D CU(Em, Z) = RU(G){x1, 2, .. .),

m2>0 m>0

where z; is in degree 1, is the free graded divided polynomial algebra over RU(G) on a count-
able number of variables with one in each positive degree. Further, Theorem 11.3 implies that
this is the divided power envelope of R[], the ring of symmetric functions with coefficients
in the representation ring RU(G).

The power operations

P, Ra(1) = RU(G) = Ra(m) = RU(G x S,)

are induced by the map sending a complex G-representation V' to the G x X,,-representation
V@M with G acting diagonally and ¥,,, permuting the tensor factors. In this case, P, = 9™
is the mth Adams operation. Thus the operation P,,/I,, is ¥™ concentrated in the summand
of PD(Rg)(m) = Cl(%,,, RU(G)) corresponding to the conjugacy class of the long cycle
(1...m).

Note that RU has transfers along arbitrary maps of finite groups. Given f: H — G
and an H-representation V, we set RU.(f)([V]) = [C[G] ®c(g) V]. This makes R¢ into
an ambidextrous global power functor. Let w: G x ¥,,;, — G be the projection. Since the
composite

RU(G) £ RU(G x £,,) 2= RU(G)
is the mth symmetric power 5™, the composite
Rg(1) = Rg[2] = Re(D)[t] = RU(G)[¢]

is > 2,,508™t™. Applying Corollary 15.4 and using the fact that RU(G) is torsion-free (so
logarithms are unique), this gives the well known exponential relation over RU(G)((t)):

k
(16.1) 3 BT = exp (Z %tk>
k>0

m>0

One could also apply the formula for €, in Proposition 14.2 to see that €, Py /I = (k — 1)l¢F
by following the proof in Proposition 16.3.1.

However, Proposition 15.2 implies that something more refined actually occurs. The convo-
lution product on RU(32) is induced by the transfer along the surjective multiplication map
Yo x ¥o — Yo. As in Section 15, we will write RU™(X5) for RU(X3) with the convolution
product, denoted . The multiplicative identity in RU'(X5) is the isomorphism class of the
regular representation [C{X2}|. There is an isomorphism of commutative rings

RU" (%) = Z[o]/(0® ~ o),

where the isomorphism class of the sign representation maps to ¢. This can be verified using
the formula for the convolution product on class functions:

(Fro@=5 3 F0)c)

b+c=a
for a,b,c € ¥y and f,g € Cl(X2,C).



PARTITION FUNCTORS AND UNIVERSAL EXPONENTIAL RELATIONS 67

The composite
t GX3g

RU(G) Ty RU(G % £) —S2my RU(G x 5)

sends [V] to [C[%s] ®¢(y,,] V¥™] and where trgigi is the transfer along the surjection G x
Yim — G X Yo induced by the sign homomorphism. In the notation of Proposition 15.2, this
is €2P,,. The exponential relation

(16.2) 3 P = exp (Z?Pk/lkfj).

m>0 k>1

holds in R (2)((t)).

There are two ring maps RUY™(3s) — Z given by o — 1 and o +— 0 and these induce ring

maps R (2) — R¢(1). Since the ring map given by o — 0 is transfer along Y5 — e, applying

this to Eq. (16.2) recovers the exponential relation of Eq. (16.1). The ring map given by

o — 1 gives rise to another classical exponential relation. The composite
o]

id®tr i o
RU(G) £ RU(GxS,) = RU(G)®RU(Sm) ——= RU(G)® RU'(X,) d8(or1),

RU(G)
is induced by the map sending a G-representation V' to sgn,, Qc[s,,] V®m where sgn,, is
the 1-dimensional sign representation of 3,,. This is the mth exterior power of V. Thus the
exponential relation that we recover with the ring map o — 1 is the classical relation between
exterior powers and Adams operations

_1)k+1¢k
e = e (3 1
> exp (Y
m>0 E>1
We see that if 1, denotes the multiplicative identity of RU'(X5), then the ordinary trivial
representation is 1, — o, and

EP([V]) = B"(VD(1e — o) + A™([V])o.

This is also a concrete realization of the composite involution of Proposition 13.4. Under
the canonical map of partition rings RU (Z(_)) — Rg, the sign element s,, is represented
by 1 X [sgn,,], where 14 is the trivial representation of G. Hence the composite involution
u(t) — u(—t)~! sends the total power operation to

S (5 % Pon(2)) 8" = < Z(—l)um(:v)tm) N

m>0 m>0

For x = [V], the coefficient of t™ is represented by sgn,,, ® V™. Transfer along G x 2, = G
therefore sends the original series to >, 8" (x)t™ and the transformed series to =A™ (x)t™,
recovering the classical identity

S Ay = < Z(—nmﬁm(x)tm) N

m>0 m=>0

16.3. Morava E-theory. Let x be a perfect field of characteristic p and let I' be a height n
formal group law over k. Let F = FE(I'/k) be the Morava E-theory associated to I'/x. This is
a K(n)-local E-ring spectrum. Recall that moE is the Lubin-Tate ring and that there is a
noncanonical isomorphism moE = Wy,(k)[u1, ..., un—1], where Wp(x) is the ring of p-typical
Witt vectors. Let G/ Spf(moFE) be the universal deformation of I'. See [Sta20] for more details.
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Let I, € EY(BX,,) be the transfer ideal. In [Str98], Strickland proves that E®(BX,,) /I
is a finitely generated free E°-module and that there is a canonical isomorphism of formal
schemes over Lubin—Tate space

Spf(EY(BXm) /1) = Sub,,(G),

where Sub,, (G) is the formal scheme classifying subgroup schemes of G of order m. Of course,
Sub,,,(G) = 0 unless m is a power of p.

It follows from [HKRO00, Theorem 7.3] that E°(BX,) is a free EY-module, thus the partition
ring EY(BY_)) is symmetric monoidal. Our first goal is to understand PD(E"(BX_)))(m).
Let A = m be an integer partition of m. Recall that the length ¢(X) = "2, A; is the number of
summands in the integer partition. Because an integer partition is an unordered list of positive
natural numbers, an integer partition A of length £ is an element of the kth symmetric power

((N>0)**)/Zp..

Let Sub(G) = [],,,~0 Sub,,(G). Applying the kth symmetric power functor to the map
Sub(G) — Nsg
gives
(Sub(G)**) /%), — ((Nsg)**) /2.
Let Sumy(G) be the fiber over A\. If A = m and \,, = 1 (i.e. £(A) = 1), then Sum,(G) =

Sub,, (G). The scheme Sum) (G) classifies “formal sums” of subgroups of G with \; summands
that are subgroups of size i. There is an isomorphism of formal schemes

Sum, (6) 2 Spf ((Q)((E(BE)/1)2%)™ ).
>0
Applying Eq. (8.1) and the proof of Proposition 8.5 (using Strickland’s freeness result), we
learn that

(16.3) Spf(PD(E°(BE(_))(m)) = [] Suma(G).
AFm
To better understand this object, the best discrete approximation to this formal scheme is
in terms of what we call height n integer partitions. Let T = (S1)*™ be the n-fold product of

the circle group and let T), = (Q,/Z,)*" = T[p*>°]. Let Sub(T) be the set of finite subgroups
of T. A height n integer partition of m is a function

7: Sub(T) - N

such that }_ 4 cqup(r) 74 - [A] = m. Note that this specializes to the definition of an ordinary
integer partition when n = 1. Similarly, a height n p-power integer partition of m is a height
n integer partition of m supported on Sub(T,) C Sub(T) (i.e. for which 74 = 0 whenever
A is not a p-group). A height n integer partition 7 of m has an underlying ordinary integer
partition u(7) of m given by the formula

u(r); = Z TA.

A€Sub(T)
|Al=i

Let C be the rationalization of the Drinfeld ring of infinite level structures on G and let
A be an integer partition of m, then

Spec(Co) Xgpec(roy Sumy(G)
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is canonically isomorphic to (the constant scheme associated to) the set of height n p-power
integer partitions 7 of m with underlying partition u(7) = A. Note that the base change
makes sense as written since the ring of functions on Sumy(G) is finitely generated and free
as an EY-module.

Next we turn our attention to exponential relations. Write Ex for the partition functor
with

Ex(A) = E°(X x BXy).

When X is a point, we will denote this by E. Since Morava E-theory is K (n)-local and an
F-ring spectrum, the partition functor Fx is restricted from the ambidextrous global power
functor with value at G given by E°(X x BG). Recall that E°(BX,) is a finitely generated
free EY-module. This implies that

E%X x BX)) = E°(X) ®@po E°(BX,),

which implies that Fx is a symmetric monoidal partition power functor.
Since E°(BY,,) /Iy, is a free E%-module, we have an isomorphism of EY-algebras
Ex(m)/I, = E%X) ®po EY(BX)/Im.
Thus Ex(m)/I,, is a free module over Ex(0) = E°(X) so Theorem 11.3 can be applied to
Ex.

It also follows that there are isomorphisms of graded E°(X)-algebras Ex[¥] = E%(X) ®po
E[Y] and Ex(X) = E%X) ®po E(X). Combining Proposition 11.1 and Eq. (16.3) tells us
that the EC-algebra E(X),, is the ring of functions on the “formal” scheme [[,.,, Sumy(G).
The base change of E[X] to Cp was studied by Strickland and Turner in [ST97].

In [Gan06], Ganter produced an exponential relation between symmetric powers and Hecke
operators on Morava E-theory. We describe these operations now. Let 8™ be the composite

id®trs
EO(X) T BOX x B) 2 EY(X) ®po EO(BE ) —22 EO(X) ®@pgo E°(Be) = E°(X),

where tr§; s the transfer along X, — e. We call 5™ the mth symmetric power.

Let Level((Z/p*)", G) be the formal scheme of (Z/p*)"-level structures on G and let Dy, be
the ring of functions on Level((Z/p*)", G) as described in [Dri74, Section 4]. For H C (Z/p*)"
of order p*, there is an E%-algebra map

ap: EY(BS,k)/Lr — Dy
classifying the subgroup of order p”* that is the image of H under the universal level structure.
Ando’s Adams operation [And95] associated to H is the ring map
P
Yrrt EYX) 5 EO(X) @po EO(BE,) /Ly 2™ EO(X) @ o Dy

The sum 3 ¢ /4y h i GL,,(Z/p")-invariant, and thus lands in (Dk)GL”(Z/pk) = EY. Thus
|H|=p"
the Hecke operator

Tpk: Z ?/JH—< Z id®OéH)OPpk

HC(Z/p" HC(@ /by
|H|= p |H|=p*

lands in EY(X) and therefore gives rise to an additive operation

Ty: E°(X) — E°(X).
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With this normalization of T)x (Ganter’s notation includes the factor #), [Gan06, Propo-

Z BTt™ = exp <Z :;}):tpk).

m>0 k>0

sition 9.1] gives

However, it is a bit unclear in [Gan06] where this relation holds, but it certainly holds in

(Q® E°(X))[].

Example 10.9 provides us with the exponential relation

3 Put™ = exp ( Y B /Iktk)

m>0 k>0

in Ex{X). Since E°(BY,,)/I,, = 0 when m is not a power of p, this simplifies to

(16.4) 3" Put™ = exp (Z P, /katp’“).

m>0 k>0

As in Section 15, the map €: Ex (X)) — Ex(1)((t)) can be applied to the exponential relation
to get an exponential relation over

Ex(1){(t) = E°(X){t)-
By definition, we have €y, P, = S™. To obtain Ganter’s exponential relation, Eq. (15.1)
implies that we must show that €, P /Ix = (p* — 1)1T,. Since £y Py = € Py /I and
Ty = (id ® Y5 o) © Py, it suffices to compare £, and (p* — 1)!(id ® Y5 ap). Since

e =1d @t EY(X) ®po E°(BS) — E°(X),

we have Cyx g k) = 1d@Lk ppry, where £k g (0 18 associated to the partition power functor
Ex and £ Bph) 18 associated to the partition power functor E. Thus it suffices to prove the
following:

Proposition 16.3.1. Let
e E°(BE,) /Iy — E°

be the map constructed in Proposition 1/.2. We have

O = (pF - 1)!( > aH>.
HC(Z/p*)™
|H|=p*

Proof. Since E° C Cy, it suffices to prove this viewing the target as Cy and this allows us to
use Hopkins—Kuhn-Ravenel character theory [HIKKR00].
Let m = p¥. We will make use of several sets: Let hom(Zy, ¥,) be the set of continuous

group homomorphisms from Z!" to ¥,,. Let hom"*"*(Z", ¥,,) denote the subset of continuous
homomorphisms with transitive image. Let hom(Z;,¥,)/conj denote the set of conjugacy
classes and homtranS(ZZ, Ym)/conj the set of conjugacy classes of transitive homomorphisms.
There is a canonical bijection of sets

O homtranS(ZZ, Ym)/conj = Sub,, ((Z/m)"),

where Suby,, denotes the set of subgroups of order m. A transitive map v: Z; — 3, deter-
mines a transitive Z;-set Zj /L of order m. Its Pontryagin dual determines a subgroup

H < (Qp/Zyp)"[m] = (Z/m)"
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of order m = p*. This is independent of choice of map in [y]. Also, note that the orbit-stabilizer
lemma and the fact that im(y) C 3, is abelian transitive, implies that the conjugacy class
of v has cardinality

|20 m!

Cs,, (im(7))] — m
The character map for E°(BY,,) has the form
x: E°(BSm) — Fun(hom(Zj, %,,)/conj, Co)

and, for a conjugacy class [y], we write X[, for the map to the factor corresponding to [v].
We will also write x-, = X[, for any v € hom(Zy, 3,,).

Let = € E°(BX,,)/I, and choose a lift = € E°(BY,,). The construction of the char-
acter map x implies that agq, = xe-14- For I' < m, we view hom(ZZ,Ep) as a subset
hom(Zy, ;). The character formula for the transfer along X — e [Gan06, Proposition 7.9
together with the formula for restriction of characters, imply that

Srler(ressr &) = > xy(@).
~€hom(Z3, 5r)

Note that the sum is over all maps (not conjugacy classes). Using the formula for 4, from
Proposition 14.2, we obtain

bn@) =Y pwmm) (Y @)
r<m y€hom(Z2 Xr)

Given : Zj — Xy, let Q, < m be the partition of [m] according to the orbits of v. The
image of v is contained in ¥ precisely when ), < I'. Reordering the sum above gives

@)= Y (X wrm)y@)
y€hom(Zy, %) 2y <I'<m
By the defining identity for the Mobius function,
1, Q.=
> - { o
0, <T<m 0, Q,<m.
Consequently,
b (z) = Z X~ (Z).
’thomtrans(Z;},Em)
Grouping the transitive homomorphisms by conjugacy classes and applying ® now gives
bn@) =m-D( > an@),
HeSuby, ((Z/m)™)

as desired.

We learn that
€Pyk /Ly B &
(P")! pr
Thus applying € to the exponential relation of Eq. (16.4) gives Ganter’s exponential relation.
Eq. (16.4) offers the possibility of finding more exponential relations related to Morava FE-
theory.



72 DAVID MEHRLE, MILLIE ROSE, AND NATHANIEL STAPLETON

At the prime 2 (i.e., if x has characteristic 2) there is a refinement of this formula due to
the fact that E9(BY3) is not isomorphic to E°. In the case of RU, described in Section 16.2,
this had to do with exterior powers. By Proposition 15.3, there is an EY(X)-algebra map

Ex () — Bx(2)(t)-

Let V' = hom((Z2)*™, X2), the set of continuous group homomorphisms from (Z3)*" to
Y9. Since Yo is abelian, V' is an abelian group isomorphic to (Z/2)*™. Recall that Cj is
the rationalized Drinfeld ring of infinite level structures. Hopkins—Kuhn—Ravenel character
theory [HKRO0, Theorem C] provides an isomorphism of E°-algebras

Co ®@po E°(BEs) = [ [ Co.
\%

Recall that there is an isomorphism of E’-algebras E°(BYs) = E°[z]/([2](z)) for a choice
of coordinate z on G and where [2](z) is the 2-series for the associated formal group law.
The convolution product on E%(BY5) has multiplicative unit [2](x)/z, which is the image of
1 € E° under the transfer map EY(Be) — E°(BY,).

By [Str00] (see also [Gan06]), the convolution product on [],, Cy is given by

(Fro)) =3 3 fluglw)
u+w=v
and the multiplicative unit is given by the function that is 2 on 0 € V' and 0 elsewhere. This
is isomorphic to the group algebra Cp[V] and this is isomorphic to ], Co, since Cjy is a
Q-algebra and where V'V is the dual. Thus, each v € V" determines a map of E°-algebras

E%(Q) — C(] Qgo Ex(l)

In fact, the image of each of these maps lands in D1 ® go Ex(1). These maps give rise to
exotic exponential relations over

(D1®po Ex (1) {(t) = (D1 @po E°(X))((t).

We will explore this further in future work.

16.4. Mod 2 singular cohomology. We now consider the example of singular cohomology
with coefficients in Fo. This example is slightly different in flavor from the previous one
because we want to retain the graded structure. Since we are working with Fa-coefficients,
we do not need to worry about graded commutativity. Thus we will ignore the grading and
set
H(A) = H*(BX);Fy),
viewing this as a commutative ring. The Kunneth isomorphism for mod 2 singular cohomology
gives
H*(BYp;Fy) @ H(BXq;Fa) = H*(B(XA X Xq);Fo) =2 H*(BXAq; Fa).

Thus H is a symmetric monoidal partition ring.

Let

In CH(A) = HY(BXj; )

be the transfer ideal and recall that H(A) = H(A)/Ix.

We will use the following classical calculation, in the form appearing in the work of Cohen—
Lada-May [CLMT76] and in the Hopf ring calculation of Giusti-Salvatore-Sinha [GSS12]. Let
Dy, denote the kth Dickson algebra over Fa:

Dy = H*(B(Z/2)"; Fo) ¥t F2) = Byldy o, dis,s - -, dpo 1],
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with cohomological degree |dj ;| = 2k _ 2t Note that Dy = Fy. Then

H(m) = 4 Pw m = 2,
m) =
0, m is not a power of 2.

For A = (X, ~,), we have

BeX/~p

and, from Lemma 8.4,
HA) = Q) H(B|).
BGX/NA

In particular, H(A) vanishes unless every block of A has cardinality a power of two. If A has
ay, blocks of cardinality 2%, then

H(A) = R DE.
k>0

Applying Eq. (8.1) and the proof of Proposition 8.5, using the fact that D; is a free Fs-
modules, we obtain the following description of PD(#)(m). Let Parte(m) denote the set of
2-power integer partitions of m. For A € Party(m), \; counts the number of times 2 appears
in the integer partition, so that we have m = .., A;2". Then PD(#)(0) = F5 and, for m > 0,

we have
PD(H)(m) = P <® (D;@Ai)z“>

Ae€Parta(m) >0
and, using the notation of Section 11,
H(X) = PD(H)[E] = @ PD(H)(m) = TS(EP D),
m>0 i>0
where @, D; is viewed as a graded Fa-module with D; in degree 2! — 1. Thus PD(H)(m) is
a form of class functions taking values in a dyadic Dickson algebra depending on the partition
and Theorem 11.3 implies that H(X) is the divided power envelope of H[X] with respect to

the ideal generated by positive-degree homogeneous elements.
The unit of the monad PD gives a ring map

Nm: H(m) = H*(BX,,; Fa) — PD(H)(m).

The A-coordinate of n,, is induced by the composite

Sm
H*(BE; Fa) —% H*(BEp;Fa) ™5 H(A) = Q) D,
i>0
for any choice of partition A - m with underlying integer partition A. This map lands in the
indicated fixed points as Wy, (Xa) = [ ;51 X,
Let B, C Yok be a transitive elementary abelian 2-subgroup of Yo« (unique up to conju-
gacy). The restriction map

resgzﬁ . H*(BYy; Fo) — H*(BEy;Fy)
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lands in Dy, the Aut(Eyr) = GLy(F2)-invariants, because each automorphism of Fyr extends
to an inner automorphism of ¥,x. There is a commutative diagram of commutative rings

9ok

H(2") H(2")

1 ok
ok
I‘eSE

H*(BYor; Fay) —2= Dy,

It follows that g, since it is a tensor product of quotient maps, admits a similar interpretation.
Returning to the ring homomorphism 7,,: H(m) — PD(H)(m), note that this map is not
generally an isomorphism. Already for m = 2,

H*(BZQ; FQ) = FQ[U],
where the cohomological degree of u is 1, whereas
PD(H)(2) & H(2) ® H(LU 1) = Falu] & Fo.

Under this identification,
n2(f(w)) = (f(u), £(0)).
However, work of [GLZ89] proves that the Quillen map

H*(BY,,;Fo) — lim  H*(BE;Fy)
EEC(Sm)

is an isomorphism. Here C'(¥,,) is the category with objects elementary abelian 2-subgroups of
Ym and morphisms generated by inclusions and conjugations in ¥,,. Since each elementary
abelian 2-subgroup of 3, is contained in the product of transitive elementary abelian 2-
subgroups of ¥ for some A < m, this implies that 7, is injective for all m. This also can
be used to give a description of the image of 7, — it consists of appropriately compatible
families of elements in PD(H)(m).

In [GSS12], Giusti, Salvatore, and Sinha describe the component Hopf ring structure on
H[X] in terms of classes

Yem € H"D(BY, ; Fy),
with ¢ > 0. Let m = n2¢. Tt is not hard to calculate

T (Ve.n)
in terms of the Dickson classes. For A € Parto(m), we have
Ay, Moo= =X =0,
(M(yen))a = § >¢
0, otherwise.

This follows from [GSS12, Corollary 7.6], which describes the restriction of classes of the form
Yo to the Dickson algebra, and [GSS12, proof of Theorem 8.3], which describes res%;\” (ven)
for A < m in terms of external tensor products of lower ~’s.

For X a space, let Hx(A) = H*(X x BX¥\;F3). Then Hx is also a symmetric monoidal
partition ring and we have an isomorphism of commutative rings

PD(Hx)(m) = H*(X;Fy) ® PD(H)(m).
These facts give rise to isomorphisms of commutative graded rings
Hx[X] 2 H*(X;F2) @ H[X] and Hx(Z) = H*(X;Fy) @ H(X).
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Theorem 11.3 implies that Hx(X) is the divided power envelope of Hx[X] with respect to
the irrelevant ideal. The unit Xy — PD(Hx) is H*(X;F2) ® 0, and H*(X;Fy) is a free
Fy-module, so the unit Hx(m) — PD(Hx)(m) and thus the map of commutative graded
rings Hx[X] — Hx(X) are injective for any space X.

16.5. Combinatorial species. A common source of exponential relations is the theory of
combinatorial species [BLL98]. In this section, we discuss the relation between combinatorial
species and partition functors. This provides us with examples of partition functors without
obvious connections to cohomology theories.
Let Setf™ be the category of finite sets and let Setfi™= be the groupoid of finite sets and
bijections. Let
F: Seti™= — Setfin

be a combinatorial species with F(()) = (). We will regard the elements of F'(X) as connected
structures on X and refer to the elements of F'(X) as F-structures.
For a finite set X, define the set of F-assemblies on X by

Asmp(X) =[] [] F®.

X BeX/~r

Thus an element of Asmp(X) is a partition I' of X, together with an F-structure on each
block of I'. The partition I'" will be called the component partition of the assembly.
More generally, if A is a partition of X, define

Asmp(A) = H Asmp(B).
BeX/~p
Equivalently,
AsmpM) = [T [ FB).
T<A BEX/~r

The group ¥ acts on Asmp(A) by transporting the component partition and the F-structures
on its blocks. That is, given o € 3j, the induced isomorphism of partitions o: I' — oI
restricts to an isomorphism o|p: B — oB for B € X/~p that gives an isomorphism
F(o|g): F(B) — F(oB).

Fix a commutative ring K. Define

Kp(A) = Map(Asmp(A), K)™A.

Thus Kr(A) is the ring of invariant K-valued functions on the set of F-assemblies compatible
with the partition A.

We describe a symmetric monoidal partition ring structure on K. Let £ < A be partitions
of the same finite set. There is a Yg-equivariant inclusion

38 Asmp(Q) < Asmp(A).
The restriction map
Kn(Q<A): Kp(A) — Kp(Q)
is restriction of functions along jé.

The transfer along Q < A is defined in the following way: If ¢ € Kp(Q), let ¢ be its
extension by zero to Asmp(A). Then

Er) Q<M= Y. b,

[O']GEA/EQ
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where (0v)(a) = ¢ (0c~'a). This is independent of coset representatives and lands in the
Y a-invariants.

These restriction and transfer maps make K into a symmetric monoidal partition ring.
The double coset formula essentially follows from the double coset formula for the Mackey
functor H — MY for H C G and M a G-module. Frobenius reciprocity follows from the
identity

o (X 0d)= X cKHQZM@)¢),
[0]€eXAr/Xq [0]€eXa/Zn
for a € Kp(A) and ¢ € Kp(Q2) and where extension by 0 is understood on the right.

The symmetric monoidal structure is induced by disjoint union of assemblies. Since modules
of functions on finite sets are free K-modules, and invariant functions on a finite G-set identify
with functions on its orbit set, the flatness argument of Proposition 8.5 shows that taking
invariants commutes with the tensor product in this case. Thus the canonical bijection

Asmp(A) x Asmp(A') =2 Asmp(A U A)
gives the symmetric monoidal multiplication
man: Kp(A) @k Kp(A) = Kp(AUA).
For ¢ > 1, set
M;_1 = Map(F([i]), K)™.
Consider the N-graded K-module M, = ®;>oM; in which M; is in degree i. Note that

Hi21 EAi
Ketm) = Map( [ [ Fori =@ (Quy)
I'+[m)

m| BEm/~r AFme N i>1

This induces an isomorphism of N-graded K-modules

Kp[X] =2 TS(M,).
Under this identification, the transfer product on Kr[¥] agrees with the shuffle product on
TS(M,). Hence

Kp[X] = TS(M,)
as N-graded commutative K-algebras.

For a partition A, let
EA: KF(A) — CK(A) =K
be the K-linear map
@)=Y, o)
CIEASIHF(A)

These maps are not compatible with restrictions in general, and they are not maps of rings
for the pointwise multiplication on Kr(A). They do, however, commute with transfers and

with the symmetric monoidal structure maps.
Indeed, if 2 < A, then

eA((Kp)«(Q < A)(9) = [Za/Zal ald),
which is exactly the transfer in the constant partition functor Cx. Moreover, the canonical
bijection

Asmp(A) x Asmp(A') 2 Asmp(AUA)
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implies that
eaun’ (maa (@ @) = ea(d)en ().

Proposition 14.1 therefore gives a map
e: Kp[¥] — Ck[X] = K(t).

After completion, this gives

e: Kp[[Z]] — K(t),
which sends x € Kp(m) to

tm
Let g, € Krp(m) be the constant function 1 on Asmpg(m), and let ¢,, € Kr(m) be the

characteristic function on

F([m]) € Asmp(m).
Thus €,,(gm) counts all F-assemblies of size m, while €y, (¢;,) counts the connected F-
structures of size m.

Proposition 16.5.1. In Kp[X], we have the exponential relation

Z gmt™ = exp (Z citi>.

m>0 i>1

Proof. We give two proof sketches. First, we can verify the relation directly. Let g\ € Kr(m)
denote the characteristic function of the assemblies whose component partition has type
A F m, and choose a partition A < m with underlying integer partition A. The external
product of \; copies of ¢;, over all ¢, is the characteristic function of the assemblies whose
component partition is exactly A. Transferring this function to Kz (m) gives

e = (I o

since, for a fixed component partition of type A, there are []; A\;! ways to match the blocks of
equal size with those of A. The same multinomial calculation as in the proof of Theorem 10.3

now shows that the coefficient of ¢ in exp <Zi21 citi) is

Zg/\ = 9m;

AFm
since every assembly has a unique component partition.

There is also a conceptual proof using PD. The construction of Example 11.4 extends to
graded K-modules. Apply it to the graded module M, above, with M;_; assigned weight i,
and denote the resulting symmetric coinvariant partition functor by K¥'. Its transfer quotient
in weight ¢ is M;_1, and the calculation of Example 11.4 gives

HiZI EM
PD(K")(m) = P | @ M2 = Kp(m).
AFm 1>1

These identifications are compatible with restrictions, transfers, and the symmetric monoidal
structure, so that
Kp = PD(KT).
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Under this isomorphism, the summand corresponding to the indiscrete partition in degree @
consists of functions supported on F(i) C Asmp(i), and the distinguished element 1; corre-
sponds to ¢;.

Finally, Y <, 9gmt™ is exponential: restriction of the constant function g;y; = 1i4; to
Asmp(i U j) = Asmp(i) x Asmp(j) is g; ® g;. Since PD(KT) & Kp is a partition ring,
we may use the more general form of Theorem 10.3 noted in Remark 10.5. As g; is the
multiplicative identity of K (i), we obtain

Z gmt™ = exp Z(Qz * Ili)ti = exp Z et

m>0 i>1 i>1

Applying the map
e: Kp[X] — K(t)
to the exponential relation of Proposition 16.5.1 gives

m

S | asmp(m)| o = exp (S IF (DG

m>0 i>1

Example 16.5.2. Let F' = Conn be the species of connected finite simple graphs so that
Conn(X) is the set of connected simple graphs with vertex set X. Let Graph(X) be the set
of simple graphs with vertex set X. Then

Asmeonn (X) = H H Conn(B)

I-X BEX/~r

is canonically identified with Graph(X): a simple graph determines its partition into con-
nected components, and conversely a partition together with a connected simple graph on
each block determines a simple graph. Thus

Kcom(m) = Map(Graph([m]), K)>™.

Under the notation above, g, is the constant function 1 on Graph([m]), and ¢, is the
characteristic function of

Conn([m]) C Graph([m]).

The exponential relation is

Z gmt™ = exp <Z citi>.

m>0 i>1
Applying € gives
tm ot
> | Graph(m))| — = exp (| Conn([i]) ;).
m>0 i>1

If K = Q, then K((t)) identifies with the ordinary power series ring Q[t], and this is the usual
labeled exponential formula for graphs.
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16.6. An exotic exponential element in Burnside rings. Let A, be the Burnside ring
partition power functor
Ae(A) = A(EA)

This partition ring is not symmetric monoidal (e.g., consider ¥y X ¥9). We construct an
exponential element in A,[%] which does not lie in A[%].

Recall that the marks homomorphism y: A(%,,) — Marks(3,,,Z) is an injective ring map
that sends an isomorphism class of ¥,,-sets [X] to the function x([X])([H]) = |X| on the
set of conjugacy classes of subgroups of ¥,,. Let

w=[Y2/e] — 1€ A(Z2).
The marks of w are
Xe(w) =1 and X3 (w> =-L

In particular, w is a nontrivial unit satisfying w? = 1.
Let

G = Ul W] =2 and N =16l = (1)

s0 Gy, is the set of edges in the complete graph on the set [m]. Note that ¥, acts on G,, via
its action on [m]. In fact, the action of X, on Gy,, together with its action on the two vertices
of each edge, determines a homomorphism, well-defined up to conjugacy,
Pm 't X — 22 ENm-

For m > 2, define

W, = 1€, Py, (w) € A(Zm),
and set wp = w; = 1. Here Py, : A(22) — A(X21Xy,,) is the total power operation.
Proposition 16.6.1. Let H C %,,, be a subgroup. For m > 2, let r,,(H) be the number of

H-orbits in G,, with the property that the setwise stabilizer of an edge contains an element
that interchanges its two vertices. Then

X (wpn) = (=1)" .,
Proof. This is an application of [CDM"24, Corollary 13.8]. By naturality of marks under
restriction,
Xt (Wm) = Xp,,, (1) (P, (W)
The character formula for the total power operation [CDM 24, Corollary 13.8] gives
Xpm(H) (]PNm (CU)) = H X(pm(H))UU ((/J),
O€eH\Gm

where U is a representative of the orbit O. Let Hy be the stabilizer of the edge U and let
ay: Hy — Yy be the action of Hy on the vertices of U. In the notation of [CDM™24,
Section 9], (pm(H))vu < X9 is the projection to the U-coordinate of the stabilizer of U. By
construction of p,,, this subgroup is precisely

(pm(H))vu = ay(Hy) C Xy = 3.

Consequently,

XH(wm) - H XocU(HU)(w) - (_1)rm(H)’
O€eH\Gm
since a7 (Hy ) = X precisely when the setwise stabilizer of U interchanges its two vertices. [
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We claim that

D wt™ € A[Y]

m>0

is exponential. By Proposition 16.6.1, xg(wm) = (=1)"H). Now consider i LI J < i+j.
There is a ¥; x ¥ -equivariant decomposition

Gitj =G U@EXxj)ug;.

The stabilizer of a mixed edge in i X j cannot interchange its vertices. It follows that, for
every H < 3; x X,

rivj(H) = ri(prs, H) +1j(prs; H).
Consequently,
XH <TGS§2§’5J. (wiJrj)) = X (Wi M wj) = Xpry, 1(wi) Xy, 1 (W))-
Since the marks homomorphism is injective, we have
resgz;’ij (witj) = w; Kwj.

Thus ), ~owmt™ is exponential.
This exponential element is not produced by the usual power operations on A(e) which
land in A(m) C A(%,,). The first terms are

wo = wy = 1, wy = [Yao/e] — 1, wy = [X3/C3] — 1,
and (3 C X3 is not a Young subgroup. For the last identity, the marks of wj3 are

H ‘ (& CQ 03 23
xa(ws) |1 -1 1 -1
Recall that the Burnside ring global functor A is an ambidextrous global power functor.
The transfer ep: A(Xp) — Z is given by ex([X]) = |X/Xa|. Thus Corollary 15.4 gives a
map

€ Ac(X) — Z(1)-

Burnside’s orbit-counting formula gives

€m (W) = % Z X(o)(wm)‘

’ O'GEm

If cev(0) denotes the number of even cycles of o, then

o) (m) = (=11,

Indeed, let U = {a,b} be an edge. An element of () can stabilize U setwise while inter-
changing a and b only if a and b lie in the same cycle of ¢. If that cycle has length d, this
occurs precisely when d is even and a and b are separated by d/2 steps around the cycle (are
“antipodal”). Thus each even cycle contributes exactly one orbit of such edges, namely the
orbit of the pairs of opposite points in that cycle.
The cycle-index identity for symmetric groups is the equation
m k
S (X )y =ew ().
E>1

m>0 oeX, k>1
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where ci (o) is the number of k-cycles in o. If we set

1, kodd

T =
—1, k even,

then [, xzk(a) = (—=1)%(9) and we find that

S entwat” =ow (5~ 3 F)

m>0 k>1 k>1
k odd k even
P
= o (3 (-1F1)
k>1

=1-++t.

Thus eg(wp) = €1(w1) = 1 and ey, (wy,) = 0 for m > 2. Since Z((t)) is torsion-free, the
logarithm is unique and we learn that £;(qx(wy)) = (—=1)*1(k — 1)
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