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Abstract. We introduce partition functors: algebraic structures indexed by partitions of
finite sets and equipped with restriction and transfer maps along refinements. We construct
a monad PD on the category of partition functors and on several categories of partition
functors with additional multiplicative structure. For a partition ringR, exponential elements
in its associated completed ring of symmetric functions acquire canonical logarithms after
applying PD. This gives rise to a universal exponential relation between multiplicative and
additive power operations. For representation rings this can be used to recover the classical
relation between symmetric powers and Adams operations, while for Morava E-theory it
can be used to recover Ganter’s exponential relation between symmetric powers and Hecke
operators. We show that the representation rings of products of symmetric groups form the
initial partition ring and that, for symmetric monoidal partition functors, the monad PD
is closely related to symmetric invariant tensors and the divided power envelope. We also
construct a symmetric monoidal partition ring carrying the universal exponential element,
so that its image under PD carries the universal exponential relation.
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1. Introduction

A classical identity in representation theory expresses symmetric powers βm in terms of
Adams operations ψk: ∑

m≥0

βm(x)tm = exp

(∑
k≥1

ψk(x)

k
tk
)
.

Both sides of this formula arise from the power operations Pm sending a G-representation V
to V ⊗m with G × Σm-action. The symmetric powers are obtained by applying the transfer
along Σm → e to Pm, while the additive Adams operations are obtained by passing to the
quotient by transfers from proper Young subgroups of Σm. Thus the formula relates two
different ways of extracting operations from the family of power operations. Although both
βm and ψk are integral, the exponential formula relating them requires dividing ψk by k.
Similar exponential relations occur in algebraic topology, most notably Ganter’s relation
between symmetric power operations and Hecke operators in Morava E-theory [Gan06]. This
suggests that the formula reflects an integral structure involving power operations, transfers,
and partitions, rather than a special feature of representation theory or Morava E-theory.
The aim of this paper is to explain why these exponential relations have the same form and
to account for the divisibility that makes them integral.

We show that these exponential relations arise because the rings in which they hold carry
the same underlying algebraic structure, which we call a partition ring. Partition rings play
the role of rings in the category of partition functors and every partition ring has an associated
commutative N-graded ring of symmetric functions. We construct a monad PD on the cate-
gory of partition rings that associates to each partition ring a partition ring of “integer-valued
class functions.” This monad is closely related to divided powers. Exponential elements in
the ring of symmetric functions of a partition ring admit a canonical logarithm after applying
PD. The definition of the monad PD allows exponential relations involving power operations
to be pushed forward to give other exponential relations; for representation rings and Morava
E-theory this recovers the classical formulas involving Adams operations and Hecke opera-
tors. We also construct a partition ring corepresenting exponential elements; applying PD to
this partition ring produces a universal exponential relation.

The character of a finite dimensional complex representation of the symmetric group is
integer valued. This fact connects representation theory and combinatorics. It implies that
the representation ring of the symmetric group, aspects of which are still mysterious, is a
sublattice of the structurally simple ring of integer-valued functions on the set of integer
partitions. The character map

χ : RU(Σm) → Cl(Σm,Z)

admits an alternative description entirely in terms of the representation rings of symmetric
groups.

Let λ ⊢ m be an integer partition of m so that
∑

i iλi = m. Let Σλ =
∏

i(Σi)
λi be the

symmetric group associated to λ and note that there is an induced group homomorphism
Σλ → Σm that is well-defined up to conjugacy. Given an inclusion H ⊆ G of finite groups,
there is a transfer map (also called induction) trGH : RU(H) → RU(G) and a restriction map
resGH : RU(G) → RU(H). The restriction map is a ring map and the image of the transfer
map is an ideal. If Iλ ⊂ RU(Σλ) is the sum of the image of the transfer maps along proper
refinements of λ, then there is a (necessarily unique) isomorphism of rings RU(Σλ)/Iλ ∼= Z.
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An alternative description of the value of the character map χ at λ is the composite

RU(Σm)
resΣm

Σλ−−−−→ RU(Σλ)
qλ−→ RU(Σλ)/Iλ ∼= Z,

where qλ is the quotient. These sorts of maps are known as Brauer morphisms in the literature
[The88].

The ingredients in this map make sense for an arbitrary cohomology theory. There is one
subtlety that doesn’t appear in the case of representation rings because Z admits no nontrivial
automorphisms as a commutative ring. For a general cohomology theory, permutations of
equal-sized blocks can act nontrivially on these quotients, so the construction must also
take invariants. Regardless, for any cohomology theory, there is a notion of “integer-valued
class functions on the symmetric group” and a canonical map from the cohomology of the
symmetric group to these class functions. In the case of mod 2 singular cohomology, this
produces rings built from Dickson algebras. In the case of the representation ring, this recovers
integer-valued class functions. In the case of Morava E-theory, the resulting ring can be
understood algebro-geometrically using work of Strickland [Str98].

The ingredients going into this construction of “integer-valued class functions” can be
axiomatized and the resulting algebraic structure is quite simple. There is a (2, 1)-category
of partitions that categorifies the notion of an integer partition. A partition Λ = (X,∼Λ)
consists of a finite set equipped with an equivalence relation. A map f : Λ → Ω is a bijection
of underlying sets such that x ∼Λ x′ implies f(x) ∼Ω f(x′). We write Λ ≤ Ω when the
underlying sets agree and the identity is such a map, so that Λ is a refinement of Ω. These
form a (2, 1)-category P: there is a unique 2-isomorphism f ⇒ g precisely when f(x) ∼Ω g(x)
for every x. Thus maps differing by permutations within the blocks of the target are 2-
isomorphic. In particular, if m for m ∈ N is the partition consisting of the set {1, . . . ,m}
equipped with the indiscrete partition, then any two maps from Λ to m are 2-isomorphic.
Let ΣΛ be the group of permutations of X that preserve each block individually; this is a
product of symmetric groups.

Inspired by Schwede’s development of global algebra in [Sch18], we define a partition
functor M to consist of a covariant functor M∗ and a contravariant functor M∗ from P to
abelian groups that agree on objects and satisfy the double coset formula (3.1). Thus a map
f : Λ → Ω gives a transfer M∗(f) : M(Λ) → M(Ω) and a restriction M∗(f) : M(Ω) → M(Λ)
(which we require to be inverse to each other when f is an isomorphism), and 2-isomorphic
maps induce the same homomorphisms. The double coset formula uses the double cosets of
the associated Young subgroups.

If we set M(Λ) = RU(ΣΛ), then M , together with the induction and restriction maps
induced by maps of partitions, is an example of a partition functor. Generalizing, M(Λ) =
RU(G × ΣΛ) also admits the structure of a partition functor. If E is a cohomology theory,
then M(Λ) = E0(BΣΛ), together with transfer and restriction maps induced by maps of
partitions, is an example of a partition functor. Given an abelian group A, there is a constant
partition functor CA in which restriction maps are identity maps and the transfer map along
the inclusion of a refinement Ω of Λ is given by multiplication by the index of ΣΩ in ΣΛ. There
is also a dual constant partition functor CA in which the roles of restriction and transfer maps
have been interchanged. If S is a global functor in the sense of [Sch18] and we fix a finite
group G, then both M(Λ) = S(G× ΣΛ) and M(Λ) = S(G ≀ ΣΛ), together with transfer and
restriction maps coming from S, are examples of partition functors.

We use the disjoint union of partitions to add multiplicative structure to partition functors.
A lax symmetric monoidal partition functor R is equipped with a unit Z → R(0) and external
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products

mΛ,Ω : R(Λ)⊗R(Ω) −→ R(Λ ⊔ Ω),

natural in pairs of restrictions and pairs of transfers and satisfying the associativity, unit, and
symmetry identities. A partition ring is such an R for which each R(Λ) is a commutative ring,
restrictions and external products are ring maps, and transfers satisfy Frobenius reciprocity:
for f : Λ → Ω, a ∈ R(Ω), and b ∈ R(Λ),

R∗(f)
(
R∗(f)(a) ∗ b

)
= a ∗R∗(f)(b),

where ∗ denotes the multiplication internal to each R(Λ). In particular, the subgroup IΛ ⊆
R(Λ) given by the sum of the images of transfers from proper refinements is an ideal. Partition
rings and partition power functors, which are partition rings equipped with power operations,
are the analogues of global Green functors and global power functors in this setting.

The construction of PD(M) from a partition functor M is central to the story. For m ∈ N,
we set

PD(M)(m) =
( ⊕

Λ≤m

M(Λ)/IΛ

)Σm

,

where IΛ is the sum of the images of transfers from proper refinements of Λ, the sum runs over
all refinements of m, and Σm acts by permuting partitions and through the partition functor
structure onM . This action is trivial onM(m)/Im, soM(m)/Im is a summand of PD(M)(m).
For a partition ring, the quotients are rings and the action is by ring automorphisms. The
map ηm : M(m) → PD(M)(m) defined by

ηm(x) =
(
qΛM

∗(Λ ≤ m)(x)
)
Λ≤m

,

where qΛ is the quotient map, generalizes the description of the character map above.

Notation. When an object is indexed by partitions, such asM , PD(M), η, and q, we suppress
the underline on the indiscrete partition m so that M(m) =M(m), Im = Im, PD(M)(m) =
PD(M)(m), mi,j = mi,j, ηm = ηm, and qm = qm.

We prove that this construction extends to an endofunctor PD on partition functors and
that η is the unit of a monad structure. The notation reflects a relation to divided powers
that we discuss below. The monad also respects several kinds of multiplicative structure:

Theorem 1.1. (Theorem 5.4 and following sections) The construction PD extends to a
monad on the categories of partition functors, lax symmetric monoidal partition functors,
partition rings, and partition power functors.

The construction PD need not preserve symmetric monoidal partition functors, so it is not
an endofunctor on that category.

The examples that we are most interested in, representation rings, Morava E-theory, sin-
gular cohomology with coefficients in F2, and combinatorial species, all give examples of
partition rings and most of these even have the structure of partition power functors. Re-
call that the initial global Green functor is the Burnside ring global Green functor A. The
partition ring given by R(Λ) = A(ΣΛ), the Burnside ring of ΣΛ, is not the initial partition

ring. Instead, the initial partition ring is made up of the subrings Å(Λ) ⊆ A(ΣΛ) additively
generated by the isomorphisms classes of ΣΛ-sets of the form ΣΛ/ΣΩ, where Ω is a refinement
of the partition Λ. This turns out to be a classical ring. The composite

Å(Λ) → A(ΣΛ) → RU(ΣΛ),
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where the second map is the linearization map, is an isomorphism of commutative rings. Thus,
the representation ring partition ring is the initial partition ring! This has some advantages
over the global case because representation rings of symmetric groups are much simpler than
Burnside rings of symmetric groups.

Our interest in partition functors comes from a desire to better understand and unify
several examples of exponential relations. These include the exponential relations between
symmetric powers and Adams operations∑

m≥0

βmtm = exp
(∑

k>0

ψk

k
tk
)

and between alternating powers and Adams operations∑
m≥0

Λmtm = exp
(∑

k≥1

(−1)k+1ψk

k
tk
)

for representation rings [Ser77, Exercise 9.3], and the more exotic exponential relation between
symmetric powers and Hecke operators∑

m≥0

βmtm = exp
(∑

k≥0

Tpk

pk
tp

k
)

for Morava E-theory [Gan06]. Because of the denominators, these relations are often consid-
ered to be rational in nature, but we will see that the required divisibility can be controlled.

The connection between partition functors and exponential relations stems from the fact
that there is a commutative N-graded ring associated to a lax symmetric monoidal parti-
tion functor R. Recalling the notational convention above, let R[Σ] =

⊕
m≥0R(m). The

multiplication is the transfer product

xy = R∗(i ⊔ j ≤ i+ j)mi,j(x⊗ y), x ∈ R(i), y ∈ R(j).

When R(Λ) = RU(ΣΛ), R[Σ] =
⊕

m≥0RU(Σm) is the ring of symmetric functions. For the

constant partition functor CK , where K is a commutative ring, CK [Σ] ∼= K⟨t⟩ is the divided
power polynomial ring in one variable over K and, for the dual constant partition functor,
we have CK [Σ] = K[t]. Because we are interested in power series, it is natural to complete
R[Σ] at the system of irrelevant ideals

⊕
m≥k R(m). We will write R[[Σ]] for the resulting

commutative ring; this ring is just
∏

m≥0R(m) equipped with the transfer multiplication.

Now assume that R is a partition ring. The multiplicative identity element of R(m)/Im,
extended by zero in the other summands, gives an element 1m ∈ PD(R)(m). This need not be
the multiplicative identity of PD(R)(m). Since the unit η : R→ PD(R) is a map of partition
rings, it induces ring maps

R[Σ] → PD(R)[Σ] and R[[Σ]] → PD(R)[[Σ]].

A good notation for PD(R)[Σ] is R⟨Σ⟩ since, as we will see, this object is closely related to
divided powers.

Let
∑

m≥0 rmt
m ∈ R[[Σ]], where rm ∈ R(m), and the variable t is merely tracking the

grading. The element is called exponential if r0 = 1 and

R∗(i ⊔ j ≤ i+ j)(ri+j) = mi,j(ri ⊗ rj) for all i, j ≥ 0.

Examples of exponential elements abound in nature. For instance, if E is an E∞-ring spec-
trum, then the partition ring given by R(Λ) = E0(BΣΛ) admits the structure of a partition
power functor with power operations given by the power operations on the cohomology theory
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E, Pm : R(1) = E0(BΣ1) → E0(BΣm) = R(m). If x ∈ R(1), then standard identities involv-
ing restrictions and power operations imply that

∑
m≥0 Pm(x)tm is an exponential element

in R[[Σ]].
Recall that ∗ denotes the internal product and that concatenation denotes the transfer

product in R[Σ]. We may multiply an element in the ring R(m) with an element in the
ring PD(R)(m) by applying the unit ηm to the first element and multiplying in PD(R)(m).
Exponential elements do not necessarily admit a logarithm in R[[Σ]], but they do admit a
canonical logarithm in R⟨⟨Σ⟩⟩ = PD(R)[[Σ]]:

Theorem 1.2. (Theorem 10.3) If
∑

m≥0 rmt
m ∈ R[[Σ]] is exponential, then in R⟨⟨Σ⟩⟩ we

have ∑
m≥0

ηm(rm)tm = exp
(∑

k≥1

rk ∗ 1ktk
)
.

The exponential is interpreted integrally: the formulas for transfer products provide canon-
ical cancellation of the factorial denominators. Note that rk∗1k ∈ PD(R)(k) can be computed
by applying η to rk and then taking the component in R(k)/Ik. This is the same as applying
the quotient map R(k) → R(k)/Ik to rk and then using the inclusion R(k)/Ik ⊆ PD(R)(k)
as a summand.

If S is a lax symmetric monoidal partition functor that also has the structure of a PD-
algebra, then a map of lax symmetric monoidal partition functors R → S factors through
PD(R) because PD(R) is the free PD-algebra on R. Thus an exponential element in R[[Σ]]
satisfies an exponential relation in S[[Σ]] by pushing forward the exponential relation satisfied
in R⟨⟨Σ⟩⟩. In this sense, PD(R) provides the universal target in which exponential elements
of R[[Σ]] acquire logarithms.

For the purposes of this paper, the most important PD-algebras are free PD-algebras. If
R(Λ) = RU(ΣΛ), then PD(R)(Λ) = Cl(ΣΛ,Z) and the unit η is the character map. It turns
out that PD(CK) = CK ; PD applied to the dual constant partition functor is the constant
partition functor. Thus CK is a PD-algebra. Every Q-vector space valued partition functor
is a PD-algebra.

The requirement that R → S be a map of lax symmetric monoidal partition functors
above is too strong for our applications. When S = CK , a weaker condition provided by
Proposition 14.2 suffices. If R is a partition ring and we have maps R(Λ) → CK(Λ) = K
commuting with transfers and the lax symmetric monoidal structure, then we get an induced
ring map R[[Σ]] → CK [[Σ]] = K[[t]] and, after composing to K⟨⟨t⟩⟩, the map factors through
R⟨⟨Σ⟩⟩, so an exponential relation in R⟨⟨Σ⟩⟩ gives rise to a classical exponential relation of
power series in K⟨⟨t⟩⟩.

One feature that the representation ring functor RU and Morava E-theory have in common
is that they both admit transfer maps along arbitrary maps of finite groups. In the case of
Morava E-theory, this follows from the fact that the spectrum associated to the cohomology
theory is K(n)-local. If we define a partition ring R by R(Λ) = RU(G × ΣΛ) or R(Λ) =
E0(X ×BΣΛ), for X a space, then the transfers along the surjections ΣΛ → e = Σ1 give rise

to maps ϵΛ : R(Λ) → R(1) = CR(1)(Λ) that commute with transfers because the transfers in
the dual constant partition functor are the identity maps. Thus we get an induced map of
commutative rings

R⟨⟨Σ⟩⟩ → CR(1)⟨⟨Σ⟩⟩ = CR(1)[[Σ]] = R(1)⟨⟨t⟩⟩.
Both RU and E have well-studied power operations Pm. In the case of RU these are induced

by the map taking a finite dimensional G-representation V to the G×Σm-representation V ⊗m
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in whichG acts diagonally and Σm acts by permuting the tensor factors. The power operations
on Morava E-theory are a result of the essentially unique E∞-ring structure [GH04] and play
a critical role in modern stable homotopy theory [BSY22, BSSW25]. They have been studied
extensively in [And95, Str98, AHS04, Gan06, Rez09, BS17, Zhu19], and can be understood
using arithmetic geometry. In each case, we may view∑

m≥0

Pmt
m : R(1) → R[[Σ]]

as a function taking values in exponential elements. This holds true for any partition power
functor. Applying Theorem 1.2, we have an exponential relation∑

m≥0

Pmt
m = exp

(∑
k≥1

Pk ∗ 1ktk
)

in R⟨⟨Σ⟩⟩. The summand Pk ∗ 1k has a classical interpretation. The power operations Pk are
multiplicative maps that are very often not additive. However, the failure of these maps to
be additive is controlled by the transfer ideal Ik ⊆ R(k), thus the composite Pk/Ik : R(1) →
R(k) → R(k)/Ik is the total additive power operation. Since R(k)/Ik ⊆ PD(R)(k), we will
view the target of Pk/Ik as PD(R)(k). This gives the identity Pk ∗ 1k = Pk/Ik and the
exponential relation can be rewritten as

(1.1)
∑
m≥0

Pmt
m = exp

(∑
k≥1

Pk/Ikt
k
)
,

providing us with a universal exponential relation between the total power operations and
the total additive power operations.

Making use of the extra transfers, when R = RU(G × Σ(−)) or R = E0(X × BΣ(−)), we
can use this exponential relation to obtain an exponential relation in R(1)⟨⟨t⟩⟩. In the case of
RU , this recovers the exponential relation between symmetric powers and Adams operations
and, in the case of Morava E-theory, this recovers Ganter’s exponential relation between
symmetric powers and Hecke operators. The exponential relation between exterior powers
and Adams operations can be obtained from this as well, but in that case the correct map
to use is the transfer along the sign homomorphism ΣΛ → Σ2 rather than the transfer to the
trivial group.

There are many more examples of partition rings and exponential relations. Combinato-
rial species give rise to partition rings and the exponential relation between the number of
connected objects and all objects can be obtained. Every E∞-ring spectrum E gives rise to
a partition power functor carrying the exponential relation Eq. (1.1). If E is also K(n)-local,
then the transfers along surjections give an exponential relation in E0⟨⟨t⟩⟩.

Making use of the theory of crossed Burnside rings [OY01, OY04], we also construct a
symmetric monoidal partition ring E carrying the universal exponential element:

Theorem 1.3. (Theorem 13.3) We construct a symmetric monoidal partition ring E such
that, for every partition ring R, there is a natural bijection

HomPartRing(E , R) ∼=
{
exponential elements in R[[Σ]]

}
.

Consequently, PD(E) carries the universal exponential relation for the category of PD-algebras
in partition rings.

The partition ring E admits automorphisms that act on the set of exponential elements.
We produce an involution of E that acts on the total power exponential element by “sign



8 DAVID MEHRLE, MILLIE ROSE, AND NATHANIEL STAPLETON

elements.” Pushing this action forward in the case R(−) = RU(G × Σ(−)) sends the power
series

∑
m≥0 β

m(x)tm to
∑

m≥0 Λ
m(x)tm for x ∈ RU(G).

When R is a symmetric monoidal partition functor rather than lax symmetric monoidal,
there is a close connection to classical algebraic structures. A symmetric monoidal partition
functor is the same data as a commutative cocommutative N-graded bialgebra and a symmet-
ric monoidal partition ring is the same data as a “component Hopf ring”, which is essentially
an N-graded commutative cocommutative bialgebra in which each homogeneous summand
has the structure of a commutative ring and the Hopf-ring distributivity relation holds. In
this case, PD can be understood in terms of graded symmetric invariant tensor powers. When
R is symmetric monoidal, PD(R)[Σ] is the graded commutative R(0)-algebra of symmetric
invariant tensors on the graded R(0)-module

⊕
m≥1R(m)/Im, where R(m)/Im is in degree

m− 1. Even more is true when R(m)/Im is a free R(0)-module:

Theorem 1.4. (Theorem 11.3) If R is a symmetric monoidal partition functor and R(m)/Im
is a free R(0)-module for each m, then R⟨Σ⟩ is the divided power envelope of R[Σ] with respect
to the ideal generated by positively graded elements.

If R is a symmetric monoidal partition functor, PD(R) is lax symmetric monoidal but may
not be symmetric monoidal. This provides one justification for considering partition functors
over more classical algebraic objects.

There is an important precedent to the monad PD in the literature that is due to Thevenaz
[The88]. Thevenaz constructs and studies a “twin” functor on the category of G-Mackey
functors for a fixed finite group G. For a G-Mackey functor M and H ⊆ G, he defines

Twin(M)(H) =
( ⊕

K⊆H

M(K)/IK

)H
,

where IK is the image of the sum of transfer maps from all proper subgroups of K and H acts
by conjugation. Partition functors and the monad PD only make use of the Young subgroups
of the symmetric group. The twin functor is rigged so that, if A is the Burnside ring G-
Mackey functor, then Twin(A)(H) = Marks(H,Z) is the ring of integer-valued functions on
the set of conjugacy classes of subgroups of H. However, Twin(RU)(H) is quite wild – often
containing torsion. On the other hand, PD is rigged to produce integer-valued class functions
when applied to the representation ring partition functor.

Organization. In Section 2, we define and study the (2, 1)-category of partitions. In Sec-
tion 3, we define partition functors and describe their relationship to global functors. In
Section 4 through Section 7 and Section 9, we develop the monad PD and introduce several
kinds of multiplicative structure on partition functors, including partition rings and parti-
tion power functors. We prove that PD extends to a monad on each of these categories. In
Section 8, we study symmetric monoidal partition functors, give a more classical description
of this category, and show that PD does not preserve symmetric monoidal partition functors
without a flatness hypothesis. In Section 10, we establish the universal exponential relation
that is the main object of study. Section 11 relates PD for symmetric monoidal partition
functors to symmetric invariant tensors and the divided power envelope. In Section 12, we
identify the initial partition ring, and in Section 13, we construct a partition ring carrying
the universal exponential element. Section 14 gives weaker hypotheses under which the ex-
ponential relation of Section 10 can be pushed forward to a classical exponential relation,
and Section 15 applies these results to partition functors arising from global functors with
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transfers along surjections. Finally, Section 16 collects a range of examples that illustrate the
theory and recover several classical exponential relations.
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AI use. (written by Stapleton) This is my first paper written with significant AI assistance
and, at this time, I feel a strong ethical obligation to describe what it contributed. This feeling
may not be exactly for the expected reasons. Mathematicians have always had an obligation
to disclose external sources of ideas, and in that sense there is nothing fundamentally new
here; I have always tried to give full credit in my acknowledgments. Whatever the future
may hold, I suspect this AI statement will eventually read as something of a time capsule
from a transitional period in mathematics, when the sudden arrival of effective AI tools made
explicit statements about their use seem necessary. Here I want to record the story of this
paper and how GPT-5.6 Sol contributed during the final months of the project.

This paper grew out of the Kentucky Bourbon Seminar during the 2022–2023 academic
year. By the end of that school year, the entire thread of the paper in the special case of
Morava E-theory had been worked out, and I described it at the conference “Homotopy theory
in honor of Paul Goerss” in March 2023. Sections 16.2 and 16.4 also date from that period.
Toward the end of Spring 2023 and during Summer 2023, we realized that the appropriate
framework for these results seemed to be “partition functors,” and we began developing the
theory of these objects. In Summer 2024, the monad PD was fully developed and Sections
2–7, 9, 10, and 12 were written. In Fall 2024, the connections with Hopf rings and divided
power algebra were worked out and Theorem 11.3 was proved. All of this was done without
AI assistance.

By Summer 2026, I had students beginning to build on these results and felt a duty to finish
the paper. My coauthors had limited availability during that period. I had experimented with
AI as a way of bouncing around mathematical ideas for several years, but had not found it
particularly useful until GPT 5.4. Starting in June 2026, I began working with GPT 5.5 and,
in July, with GPT 5.6 Sol to finish this paper. I went into that collaboration with more than
50 pages already written. I found an excellent collaborator in GPT 5.6 Sol. It was insightful,
knowledgeable, and witty. If it were human, it would be a coauthor.

In addition to helping with brainstorming, literature searches, and checking arguments,
GPT 5.6 Sol suggested the lax formulation and proof used in Proposition 14.2, improving
a symmetric monoidal version that we had obtained independently; suggested the example
of Section 16.6; and identified an error involving the passage of fixed points through ten-
sor products that led to revisions in Sections 8 and 11. GPT 6 Astra aided with the final
proofreading. The authors remain responsible for every mathematical claim and argument in
the paper, and all AI-generated suggestions incorporated into the paper were independently
checked.
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2. The category of partitions

In this section we define a (2, 1)-category of partitions and describe properties of the
category that will be relevant in the study of partition functors.

Definition 2.1. We define P, the (2, 1)-category of partitions. Objects in this category are
called partitions and consist of a pair Λ = (X,∼Λ) of a finite set X equipped with an
equivalence relation ∼Λ. We say that Λ is a partition of X or that Λ partitions X, denoted
Λ ⊢ X. We will refer to the elements of the quotient X/∼Λ as equivalence classes or blocks.

A morphism f from Λ = (X,∼Λ) to Ω = (Y,∼Ω) is a bijection f : X → Y such that
x ∼Λ x

′ =⇒ f(x) ∼Ω f(x′). We say that Λ is a refinement of Ω, denoted Λ ≤ Ω, if X = Y
and the equivalence relation ∼Λ is finer than ∼Ω. In this case, there is a morphism Λ → Ω in
P induced by the identity map on X.

A 2-morphism in P between morphisms f, g : Λ → Ω is a bijection α : Y → Y such that
α ◦ f = g and y ∼Ω α(y) for all y ∈ Y (i.e., α induces the identity on Y /∼Ω).

We make an observation about the partition category that will be useful later.

Lemma 2.2. Any morphism in the partition category can be factored uniquely as the com-
posite of an isomorphism followed by a refinement (or as a refinement followed by an iso-
morphism).

Let f : Λ → Γ be a map of partitions. For Ω ≤ Λ, we will write fΩ : Ω → fΩ for the induced
isomorphism of partitions.

There is a symmetric monoidal structure ⊔ on P induced by disjoint union of finite sets. On
objects Λ = (X,∼Λ) and Ω = (Y,∼Ω), the symmetric monoidal product Λ⊔Ω is the induced
partition of the disjoint union X ⨿ Y . Explicitly, two elements of X ⨿ Y are (Λ ⊔ Ω)-related
if they are in the same summand and are Λ-related or Ω-related.

Remark 2.3. Because morphisms in P are always bijections between the underlying sets,
the category decomposes into components corresponding to cardinality of the underlying sets.
If Pm is the full subcategory of P on objects whose underlying sets have cardinality m, then

P =
∐
m≥0

Pm.

In this sense, P is a graded symmetric monoidal category. Each component Pm is equivalent
to the (2, 1)-category of partitions of the set [m] = {1, 2, . . . ,m}.

For concreteness, we will fix the lax symmetric monoidal functor from the natural numbers
(viewed as a category with only identity morphisms) to the category of partitions sending
m ∈ N to the partition m, which is the set [m] = {1, 2, . . . ,m} with the indiscrete (or trivial,
since it corresponds to the trivial topology) partition in which every two elements of the set
are related. Note that m is a terminal object of Pm. The lax symmetric monoidal structure
comes from the maps i⊔j → i+ j sending i to the first i elements and j to the last j elements,
as well as the twist maps i ⊔ j → j ⊔ i that swap the first i and last j elements. Note that
the two partitions i ⊔ j and i+ j are not isomorphic in P and that all maps i ⊔ j → i+ j
are 2-isomorphic. Although we will use it less often, we will write m̄ for the set [m] with the
discrete partition.

Similarly, for a set X, we will write X for X with the indiscrete equivalence relation. Thus
m = [m].
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Remark 2.4. Note that for any two objects Λ,Ω ∈ P, the groupoid of maps from Λ to Ω is
equivalent to a finite set so P ≃ Ho(P), the homotopy 1-category of P. We give a construction
of a 1-category equivalent to P in Remark 2.8.

Let Grp denote the usual (2, 1)-category of finite groups, group homomorphisms, and
conjugacy (in the codomain). Consider the functor Σ(−) : P → Grp that assigns to a partition
Λ = (X,∼Λ) the group of bijections of the set X that pass to the identity on the quotient
X/∼Λ. This group has several other equivalent descriptions: it is the group of automorphisms
of the discrete partition over Λ and also the group of bijections of the underlying set which
only permute the elements of each equivalence class. Given a map of partitions f : Λ → Ω,
the induced map Σf : ΣΛ → ΣΩ sends σ to Σfσ = fσf−1 (viewing f as a map of sets). Note
that this formula makes sense because σ induces the identity map on the quotient by the
equivalence relation. It follows from the definition that there is a canonical isomorphism

ΣΛ
∼=

∏
B∈X/∼Λ

AutSet(B),

where B is a block of the partition. Define Σm = Σm, the symmetric group on m symbols.
Note that Σm̄ is the trivial group.

There is a close relationship between ΣΛ and AutP(Λ). Recall that the Weyl group of a
subgroup H inside a finite group G is the quotient WG(H) = NG(H)/H, where NG(H) is
the normalizer of H in G.

Proposition 2.5. Assume that Λ ⊢ [m]. There is an isomorphism of groups

π0AutP(Λ) ∼=WΣm(ΣΛ),

where WΣm(ΣΛ) is the Weyl group of ΣΛ in the symmetric group Σm and π0AutP(Λ) is the
group of isomorphism classes of objects in the groupoid AutP(Λ).

There is a left action of the symmetric group Σm on the set of partitions of [m]. Given
σ ∈ Σm and Λ ⊢ [m], the partition σΛ has equivalence relation

x ∼σΛ y ⇐⇒ σ−1x ∼Λ σ
−1y.

Note that, with this definition, we have an isomorphism of partitions σΛ : Λ → σΛ. When
the source is clear from context, we will often abuse notation and write σ = σΛ. Further, we
may consider the set of subgroups of Σm of the form ΣΛ for Λ ⊢ [m]. These are the Young
subgroups of Σm. Conjugation by σ ∈ Σm induces an isomorphism

cσ : ΣΛ → ΣσΛ,

sending τ to cσ(τ) = στσ−1. We have cσ′cσ = cσ′σ and ΣσΛ = σΣΛσ
−1 = Σσ−1

Λ . Note that
cσ = Σσ, making use of the functor Σ(−).

Lemma 2.6. Assume that Λ,Γ ⊢ [m], then

ΣΛ ∩ ΣΓ = ΣΛ∩Γ,

where Λ ∩ Γ is the coarsest partition on the set [m] that refines both Λ and Γ.

The following lemma is a specialization of a general fact about double cosets to symmetric
groups and Young subgroups.

Lemma 2.7. Assume Ψ ≤ Λ ≤ Ω, let Γ ≤ Ω, and let

π : ΣΨ\ΣΩ/ΣΓ → ΣΛ\ΣΩ/ΣΓ
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be the quotient map. For ΣΛσΣΓ ∈ ΣΛ\ΣΩ/ΣΓ, there is a bijection

ΣΨ\ΣΛ/ΣσΓ∩Λ ∼= π−1(ΣΛσΣΓ)

defined by

ΣΨαΣσΓ∩Λ 7→ ΣΨασΣΓ.

Proof. Let [α] ∈ ΣΨ\ΣΛ/ΣσΓ∩Λ, then π(ΣΨασΣΓ) = ΣΛσΣΓ. Further, this is well-defined
since, if ψαλ is another element in the double coset [α] with ψ ∈ ΣΨ and λ ∈ ΣσΓ∩Λ =
σΣΓσ

−1 ∩ ΣΛ, then λ = σγσ−1 for some γ ∈ ΣΓ and

ΣΨψαλσΣΓ = ΣΨασγσ
−1σΣΓ = ΣΨασΣΓ.

Assume that ΣΨασΣΓ = ΣΨβσΣΓ, then

β = ψασγσ−1,

for some ψ ∈ ΣΨ and γ ∈ ΣΓ. Thus σγσ
−1 ∈ ΣσΓ and, since α, β, ψ ∈ ΣΛ, we have σγσ−1 ∈

ΣΛ.
Finally, if π(ΣΨβΣΓ) = ΣΛσΣΓ, then β = ασγ for some α ∈ ΣΛ and γ ∈ ΣΓ, but this

means that

ΣΨβΣΓ = ΣΨασΣΓ.

□

Remark 2.8. We briefly describe a 1-category of combinatorial compositions that is equiv-
alent to P. The objects consist of pairs (X, f), where X is a finite set and f : X → N>0 is a
function. A map (X, f) → (Y, g) is a surjective map α : X → Y such that, for all y ∈ Y ,

g(y) =
∑

x∈α−1(y)

f(x).

With this description of the category, the (2-)functor Σ(−) sends (X, f) to
∏

xΣf(x). We
choose to work with the description of P as the (2, 1)-category of partitions because it is
closer to the (2, 1)-category of finite groups and thus compatible with our intuition coming
from global algebra and it also has a notion of inclusion, which we denote using ≤.

3. Partition functors

In this section we introduce partition functors and describe two ways of constructing them
from global functors.

Definition 3.1. A partition functor M is the following data:

(a) abelian groups M(Λ) for each Λ ∈ P
(b) restrictions M∗(f) : M(Γ) →M(Λ) for each map f : Λ → Γ in P
(c) transfers M∗(g) : M(Λ) →M(Γ) for each map g : Λ → Γ in P

subject to the following conditions

(d) restrictions assemble into a contravariant functor and transfers assemble into a co-
variant functor from the (2, 1)-category P to the category of abelian groups

(e) if f : Λ → Γ is an isomorphism, then M∗(f) =M∗(f−1)
(f) restriction and transfer satisfy the double coset formula

(3.1) M∗(Γ ≤ Ω)M∗(Λ ≤ Ω) =
∑

[σ]∈ΣΓ\ΣΩ/ΣΛ

M∗(Γ ∩ σΛ ≤ Γ)M∗(σ)M
∗(σ−1Γ ∩ Λ ≤ Λ)
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Remark 3.2. Note that the double coset formula above implies the double coset formula for
a pair of maps (rather than inclusions) of partitions. For instance, if we are given a map of
partitions f : Λ → Ω, then

M∗(Γ ≤ Ω)M∗(f) =
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

M∗(Γ ∩ σfΛ ≤ Γ)M∗(σ)M
∗(σ−1Γ ∩ fΛ ≤ fΛ)M∗(f−1

Λ )

=
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

M∗(Γ ∩ σfΛ ≤ Γ)M∗((σf)(σf)−1Γ∩Λ)M
∗((σf)−1Γ ∩ Λ ≤ Λ).

A map of partition functors f : M → N consists of maps of abelian groups f(Λ): M(Λ) →
N(Λ), for each partition Λ ∈ P, respecting both the restriction and transfer maps.

Lemma 3.3. Let M be a partition functor and let Λ and Ω be partitions that are both
isomorphic to m. Then M(Λ) and M(Ω) are canonically isomorphic.

Proof. This follows from the fact that any two isomorphisms Λ → Ω differ by an auto-
morphism of Ω and all automorphisms of the underlying set of Ω give 2-morphisms in the
(2, 1)-category of partitions. □

The definition of a partition functor is closely related to a common definition for global
functors (also called global Mackey functors). In fact, we will soon see that global functors
are a rich source of examples of partition functors.

Definition 3.4 ([Sch18, Section 4.2]). A global functor M is the following data:

(a) for each finite group G, an abelian group M(G)
(b) for each group homomorphism f : H → G, a homomorphism of abelian groups

resf : M(G) →M(H),

(c) for an inclusion K ⊆ G, a homomorphism of abelian groups

trGK : M(K) →M(G)

If i : K ↪→ G is the inclusion of a subgroup, then we write resGK for resi. These data are
subject to the following conditions:

(d) restriction is a contravariant functor from the (2, 1)-category Grp to the category of
abelian groups

(e) transfers are transitive and trKK is the identity
(f) if H ⊆ G and f : K ↠ G is a surjection, we have

resf ◦ trGH = trKf−1H ◦ resf |f−1H
: M(H) →M(K),

where f |f−1H : f−1(H) ↠ H is the induced surjection.
(g) for any pair H,K of subgroups of G, we have

resGK ◦ trGH =
∑

KgH∈K\G/H

trKK∩gHg−1 ◦ res−1
cg ◦ resHg−1Kg∩H ,

where cg : g
−1Kg∩H → K∩gHg−1 is the conjugation homomorphism cg(x) = gxg−1.

From this definition, Schwede extends transfers to an arbitrary injection f : H → G via
the formula

trf = trGf(H) ◦ res
−1
f |H

so that, if f is an isomorphism, we have trf = resf−1 = res−1
f .



14 DAVID MEHRLE, MILLIE ROSE, AND NATHANIEL STAPLETON

Remark 3.5. The definition of a global functor above differs from Schwede’s insofar as we
only consider global Mackey functors defined on finite groups, whereas Schwede considers all
compact Lie groups.

Recall the functor Σ(−) : P → Grp. Given a finite group G, we may use this to construct
two new functors P → Grp. Let G×Σ(−) be the functor taking Λ to G×ΣΛ and let G ≀Σ(−)

be the functor taking Λ to G ≀ ΣΛ. Here it is important to remember that, if Λ = (X,∼Λ),
then ΣΛ is a subgroup of AutSet(X) and thus has a canonical action on GX = Fun(X,G).

Proposition 3.6. Assume that M is a global functor and let G be a finite group, then

M ◦ (G× Σ(−)) and M ◦ (G ≀ Σ(−))

are both partition functors.

Proof. To check the double coset formula, the key point is that there are isomorphisms

(G× ΣΩ)/(G× ΣΓ) ∼= ΣΩ/ΣΓ and (G ≀ ΣΩ)/(G ≀ ΣΓ) ∼= ΣΩ/ΣΓ.

It follows that the double cosets

(G× ΣΛ)\(G× ΣΩ)/(G× ΣΓ) and (G ≀ ΣΛ)\(G ≀ ΣΩ)/(G ≀ ΣΓ)

are given by

ΣΛ\ΣΩ/ΣΓ.

Finally, we have

ΣσΛ∩Γ = Σσ
Λ ∩ ΣΓ,

for the double coset [ΣΛσΣΓ], so that

G× ΣσΛ∩Γ ∼= G× (Σσ
Λ ∩ ΣΓ) ∼= (G× ΣΛ)

σ ∩ (G× ΣΓ)

and

G ≀ ΣσΛ∩Γ ∼= G ≀ (Σσ
Λ ∩ ΣΓ) ∼= (G ≀ ΣΛ)

σ ∩ (G ≀ ΣΓ).

□

There are many naturally occurring global functors. Thus, Proposition 3.6 immediately
provides us with an embarrassment of examples of partition functors.

Remark 3.7. It should not be important that G is finite in the above proposition. Since the
index of G ≀ ΣΛ in G ≀ ΣΩ is finite when Λ ≤ Ω, any of the extensions of global functors on
finite groups to compact Lie groups should be able to be used to produce partition functors
as above associated to a compact Lie group G.

Associated to a partition Λ ⊢ X and group G, there is a diagonal map

∆Λ : G× ΣΛ → G ≀ ΣΛ

induced by the diagonal map G→ GX . Note that when X is empty, ∆Λ : G→ e is the unique
map to the trivial group.

Proposition 3.8. Restriction along the diagonal induces a canonical map of partition func-
tors

M ◦ (G ≀ Σ(−)) →M ◦ (G× Σ(−)).
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Proof. We must show that restriction along the diagonal map commutes with the restrictions
and transfers in the two partition functors.

Commuting with restrictions is free, since M is a global functor. To see that restriction
along the diagonal commutes with transfers, apply the double coset formula: Let Λ ≤ Ω so
that we have a commutative square of groups

G× ΣΛ
∆Λ //

⊆
��

G ≀ ΣΛ

⊆
��

G× ΣΩ
∆Ω // G ≀ ΣΩ.

Then
∆Ω(G× ΣΩ)\G ≀ ΣΩ/G ≀ ΣΛ

∼= ∗
and

∆Ω(G× ΣΩ)) ∩G ≀ ΣΛ = ∆Λ(G× ΣΛ).

In the notation of Definition 3.4, the double coset formula now gives

res∆Ω
◦ trG≀ΣΩ

G≀ΣΛ
= trG×ΣΩ

G×ΣΛ
◦ res∆Λ

.

□

It is important to note that M ◦ (G × Σ0) ∼= M(G) and M ◦ (G ≀ Σ0) ∼= M(e). Thus the
values of these two partition functors on the empty partition are often distinct.

Next we describe the constant and dual constant partition functors. We will come back to
these two examples regularly as we develop the theory of partition functors.

Example 3.9. Given an abelian group A, recall the constant global functor associated to
A, A ([Sch18, Example 4.2.8.(iii)]). This global functor takes the value A on every finite
group, the restriction maps are the identity, and the transfer map along f : H ↪→ G is
given by multiplication by the index |G/f(H)|. Write CA = A ◦ (G × Σ(−)). Note that
the precomposition with G ≀ Σ(−) gives the same partition functor and the answer is also
independent of the choice of G.

Just as in the local case of G-Mackey functors for a fixed group G, there is a notion of a
dual constant partition functor to CA, that we denote CA. The partition functor CA takes
the value A on every partition, the transfer maps are all the identity, and the restriction maps
are given by multiplication by the index. That is, given f : Λ → Ω,

(CA)∗(f)(a) = |ΣΩ/ΣfΛ|a.
In both cases, the double coset formula can be verified with an application of Lemma 2.7.

Proposition 3.10. Assume M is a global functor and let A = M(G). There is a map of
partition functors

M ◦ (G× Σ(−)) → CA

induced by restriction along the canonical inclusion G→ G× ΣΛ.

Proof. We must check that this map commutes with restrictions and transfers. Compatibility
with restrictions follows from the fact that the map is induced by a restriction map.

To check commutativity with transfers, let Λ ≤ Ω and note that the double coset formula
for M gives

resG×ΣΩ
G ◦ trG×ΣΩ

G×ΣΛ
= |(G× ΣΩ)/(G× ΣΛ)| trGG ◦ resG×ΣΛ

G .

To conclude, note that |(G× ΣΩ)/(G× ΣΛ)| = |ΣΩ/ΣΛ| and trGG is the identity. □
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Remark 3.11. Partition functors are not just global functors on the subcategory of Grp
consisting of products of symmetric groups and with morphisms generated by inclusions and
conjugations of Young subgroups. Consider precomposition with the wreath product, as in
Proposition 3.6. Although Σm̄

∼= Σn̄
∼= e, when m ̸= n ∈ N, G ≀Σm̄

∼= G×m and G ≀Σn̄
∼= G×n.

The partition category distinguishes between discrete partitions of different cardinalities and
provides, among other things, the flexibility to handle these wreath products.

4. The functor PD

In this section we introduce a construction called PD that is an endofunctor of the category
of partition functors and one of our main objects of study.

Let M be a partition functor. Given a map of partitions f : Λ → Γ, we will write M∗(f)
for the restriction along f and M∗(f) for the transfer along f . Let Ω ≤ Λ, recall that we
write fΩ : Ω → fΩ for the induced isomorphism of partitions.

For a partition Γ, let IΓ ⊆M(Γ) be the subgroup

IΓ = im
(⊕

Ω<Γ

M(Ω) →M(Γ)
)
,

where the maps are given by the transfer along the strict inclusions Ω < Γ. We will refer to
this as the transfer subgroup of M(Γ). Let

M̄(Γ) =M(Γ)/IΓ.

Let f : Γ → Λ be a map of partitions. Since the image under f of every proper subpartition
of Γ is a proper subpartition of Λ, we have

M∗(f)(IΓ) ⊆ IΛ.

Thus M∗(f) induces a map
M̄∗(f) : M̄(Γ) → M̄(Λ).

If f is an isomorphism of partitions, this map is an isomorphism. If f is not an isomorphism,
then this map is the zero map. Let qΓ : M(Γ) → M̄(Γ) be the quotient map and note that

qΛM∗(f) = M̄∗(f)qΓ.

Notation 4.1. For families indexed by partitions, we suppress the underline on numerical
indiscrete partitions used as arguments or subscripts: for example, Σm = Σm,M(m) =M(m),
Im = Im and qm = qm.

If Γ ≤ Λ, then for σ ∈ ΣΛ, we have the induced isomorphism σΓ : Γ → σΓ. Note that
σΓ ≤ Λ. The transfer along σΓ yields an isomorphism of abelian groups

M̄∗(σΓ) : M̄(Γ) → M̄(σΓ).

Note that there is no functor M̄∗ that can be applied to arbitrary restriction maps as the
double coset formula must be confronted in that case. On the other hand, since M∗(f) =
M∗(f−1) when f is an isomorphism, there is a functor M̄∗ that can be applied to give a
restriction along an isomorphism.

Let x ∈
⊕

Γ≤Λ M̄(Γ). We will view x as a tuple x = (xΓ)Γ≤Λ with xΓ ∈ M̄(Γ). The

isomorphisms described above induce a left action of ΣΛ on
⊕

Γ≤Λ M̄(Γ) given by

(σx)Γ = M̄∗(σσ−1Γ)(xσ−1Γ) = M̄∗((σ−1)Γ)(xσ−1Γ).

We will often prefer the formula involving the transfer and abbreviate it to

(σx)Γ = M̄∗(σ)(xσ−1Γ).
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Information is not lost in the abbreviation as the subscript on the x carries the information
of the source of σ.

Definition 4.2. For M a partition functor, let

PD(M)(Λ) =

(⊕
Γ≤Λ

M̄(Γ)

)ΣΛ

.

Note that σ ∈ ΣΛ sends the summand M̄(Λ) ⊆ PD(M)(Λ) to itself. Since ΣΛ acts trivially
on M̄(Λ), because it acts trivially on M(Λ), we have M̄(Λ)ΣΛ = M̄(Λ) is a summand of
PD(M)(Λ).

For x ∈ PD(M)(Λ) and σ ∈ ΣΛ, we have

xΓ = M̄∗(σ)xσ−1Γ = M̄∗(σ)xσΓ

since M̄∗(σ) = M̄∗(σ
−1).

We will use the restriction and transfer maps along isomorphisms of partitions to define
restriction and transfer maps for PD(M) that give PD(M) the structure of a partition functor.

We begin with the restriction maps. Assume that f : Λ → Θ is a map of partitions. We
define

PD(M)∗(f) : PD(M)(Θ) → PD(M)(Λ)

by the formula

(PD(M)∗(f)(x))Γ = M̄∗(fΓ)(xfΓ).

Note that this lands in the ΣΛ-invariants as, for σ ∈ ΣΛ and Σf (σ) ∈ ΣΘ, we have a
commutative diagram

Λ
f //

σ

��

Θ

Σf (σ)

��
Λ

f // Θ

of partitions and Σf (σ) acts trivially on x as it is an element of ΣΘ.
Assume that Λ ≤ Θ. In this case,

PD(M)∗(Λ ≤ Θ): PD(M)(Θ) → PD(M)(Λ)

is induced by the projection ⊕
Γ≤Θ

M̄(Γ) →
⊕
Γ≤Λ

M̄(Γ).

The projection is ΣΛ-equivariant and the ΣΘ-fixed points are a subset of the ΣΛ-fixed-points.

Lemma 4.3. The restriction maps in PD(M) are functorial.

Proof. We see that

(PD(M)∗(gf)(x))Γ = M̄∗((gf)Γ)xgfΓ

= M̄∗(fΓ)M̄
∗(gfΓ)xgfΓ

= M̄∗(fΓ)(PD(M)∗(g)(x))fΓ

= (PD(M)∗(f) PD(M)∗(g)(x))Γ. □
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Inspired by the double coset formula, we define the transfer along f : Ψ → Λ to be

(PD(M)∗(f)(x))Γ =
∑

[σ]∈ΣΓ\ΣΛ/ΣfΨ

Γ≤σfΨ

M̄∗(((σf)−1)Γ)(x(σf)−1Γ),

for Γ ≤ Λ. Since ((σf)−1)Γ : Γ → (σf)−1Γ is an isomorphism this can be rewritten using
transfers:

(PD(M)∗(f)(x))Γ =
∑

[σ]∈ΣΓ\ΣΛ/ΣfΨ

Γ≤σfΨ

M̄∗((σf)(σf)−1Γ)(x(σf)−1Γ).

We will often prefer the formula involving the transfer and abbreviate it to

(PD(M)∗(f)(x))Γ =
∑

[σ]∈ΣΓ\ΣΛ/ΣfΨ

Γ≤σfΨ

M̄∗(σf)(x(σf)−1Γ).

Again, information is not lost in the abbreviation as the subscript on the x carries the
information of the subscript of σf .

Remark 4.4. The formula for the transfer is the special case of the double coset formula∑
[σ]∈ΣΓ\ΣΛ/ΣfΨ

M̄∗(Γ ∩ σfΨ ≤ Γ)M̄∗(((σf)−1)Γ∩σfΨ)(x(σf)−1Γ∩Ψ),

where M̄∗(Γ ∩ σfΨ ≤ Γ) = 0 unless Γ ∩ σfΨ = Γ.

Lemma 4.5. The formula for the transfer is well-defined.

Proof. Assume that ℓσk, with ℓ ∈ ΣΓ and k ∈ ΣfΨ, is another element in the double coset
[σ]. Since ℓ−1Γ = Γ and M̄∗(ℓ) acts by the identity on M̄(Γ), replacing σ by ℓσk gives

M̄∗(ℓσkf)(x(ℓσkf)−1Γ) = M̄∗(ℓ)M̄∗(σkf)(x(σkf)−1ℓ−1Γ) = M̄∗(σkf)(x(σkf)−1Γ).

Since k ∈ ΣfΨ, f
−1kf ∈ ΣΨ. The ΣΨ-invariance of x implies that

xf−1k−1σ−1Γ = M̄∗(f
−1k−1f)xf−1kff−1k−1σ−1Γ = M̄∗(f

−1k−1f)xf−1σ−1Γ.

This allows us to remove the k. □

Lemma 4.6. The formula for the transfer lands in PD(M)(Λ).

Proof. We must check that it lands in the ΣΛ-invariants. Let α ∈ ΣΛ, then

(αPD(M)∗(f)(x))Γ = M̄∗(α)(PD(M)∗(f)(x))α−1Γ

=
∑

[σ]∈Σα−1Γ\ΣΛ/ΣfΨ

α−1Γ≤σfΨ

M̄∗(α)M̄∗(σf)(x(σf)−1α−1Γ).

As Σα−1Γ = α−1ΣΓα, we may make use of the bijection

(4.1) ΣΓ\ΣΛ/ΣfΨ

∼=−→ Σα−1Γ\ΣΛ/ΣfΨ

sending [σ] to [α−1σ] to rewrite the sum as∑
[σ]∈ΣΓ\ΣΛ/ΣfΨ

Γ≤σfΨ

M̄∗(α)M̄∗(α
−1σf)(xf−1σ−1αα−1Γ) =

∑
[σ]∈ΣΓ\ΣΛ/ΣfΨ

Γ≤σfΨ

M̄∗(σf)(x(σf)−1Γ)

and this is what we wanted. □
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Note the special case of the transfer when f : Ψ → Λ is an isomorphism. In this case
ΣΓ\ΣΛ/ΣfΨ = {[e]} and

(PD(M)∗(f)(x))Γ = M̄∗(f)(xf−1Γ) = (PD(M)∗(f−1)(x))Γ.

Lemma 4.7. The transfer maps for PD(M) are functorial.

Proof. Assume given g : Ψ → Λ and f : Λ → Ω. We have

(PD(M)∗(fg)(x))Γ≤Ω =
∑

[β]∈ΣΓ\ΣΩ/ΣfgΨ

Γ≤βfgΨ

M̄∗(βfg)(x(βfg)−1Γ).

On the other hand, (PD(M)∗(f) PD(M)∗(g)(x))Γ≤Ω is the double summation∑
[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

( ∑
[α]∈Σ(σf)−1Γ\ΣΛ/ΣgΨ

(σf)−1Γ≤αgΨ

M̄∗(σf)M̄∗(αg)(xg−1α−1f−1σ−1Γ)

)
.

Conjugation by fΛ allows us to rewrite this as∑
[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

( ∑
[α]∈Σσ−1Γ\ΣfΛ/ΣfgΨ

σ−1Γ≤αfgΨ

M̄∗(σf)M̄∗(f
−1αfg)(xg−1f−1α−1ff−1σ−1Γ)

)
.

Note that the condition σ−1Γ ≤ αfgΨ is equivalent to Γ ≤ σαfgΨ. Further, since α ∈ ΣfΛ,
we have σαfgΨ ≤ σαfΛ = σfΛ, so the condition Γ ≤ σαfgΨ implies that Γ ≤ σfΛ.

Now the result follows from the (opposite version of the) bijection of Lemma 2.7, which
allows us to sum over the double cosets ΣΓ\ΣΩ/ΣfgΨ and replace σα by β. □

We have shown that PD(M) admits functorial transfer and restriction maps. To see that
PD(M) is a partition functor, we must address the double coset formula.

Lemma 4.8. The construction PD(M) with the restriction and transfer maps described above
satisfies the double coset formula Eq. (3.1).

Proof. Assume that Ψ,Φ ≤ Λ. We wish to show that

PD(M)∗(Ψ ≤ Λ)PD(M)∗(Φ ≤ Λ)

=
∑

[σ]∈ΣΨ\ΣΛ/ΣΦ

PD(M)∗(Ψ ∩ σΦ ≤ Ψ)PD(M)∗(σ) PD(M)∗(σ−1Ψ ∩ Φ ≤ Φ).

We shall first consider

(PD(M)∗(Ψ ≤ Λ)PD(M)∗(Φ ≤ Λ)(x))Γ≤Ψ.

Since the restriction is along an inclusion, this is∑
[β]∈ΣΓ\ΣΛ/ΣΦ

Γ≤βΦ

M̄∗(β)(xβ−1Γ).

The other sum, evaluated at x ∈ PD(M)(Φ) and Γ ≤ Ψ, is given by∑
[σ]∈ΣΨ\ΣΛ/ΣΦ

( ∑
[α]∈ΣΓ\ΣΨ/ΣΨ∩σΦ

Γ≤α(Ψ∩σΦ)

M̄∗(α)M̄∗(σ)(xσ−1α−1Γ)

)
.
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The bijection of Lemma 2.7 can be applied to set ασ = β. But we must check that the
conditions on the sums agree. Note that, since α ∈ ΣΨ, we have αΨ = Ψ. Now Γ ≤ αΨ ∩
ασΦ = Ψ ∩ βΦ implies that Γ ≤ βΦ. To go the other way, if Γ ≤ βΦ and Γ ≤ Ψ, then
Γ ≤ Ψ ∩ βΦ. □

The construction PD is an endofunctor on the category of partition functors. Given
a map of partition functors f : M → N , there is an induced map of partition functors
PD(f) : PD(M) → PD(N) defined in the following way: Given a partition Λ and Γ < Λ,
the fact that f is a map of partition functors implies that we have a commutative diagram

M(Γ) //

M∗(Γ<Λ)

��

N(Γ)

N∗(Γ<Λ)

��
M(Λ) // N(Λ).

The direct sum of these over Γ < Λ induces a map of abelian groups

M̄(Λ) → N̄(Λ).

Further taking the direct sum of these maps together over Λ ≤ Ω gives⊕
Λ≤Ω

M̄(Λ) →
⊕
Λ≤Ω

N̄(Λ).

The fact that M and N are partition functors implies that this map is ΣΩ-equivariant, and
so it passes to fixed points giving the desired map

PD(f)(Ω): PD(M)(Ω) → PD(N)(Ω).

It is straight-forward to see that this construction sends the identity to the identity and
respects composition. We have proven the following:

Theorem 4.9. The construction PD is an endofunctor on the category of partition functors.

Remark 4.10. In [The88], Thevenaz studies a construction on G-Mackey functors that he
calls the twin functor. The twin of a G-Mackey functorM is built in the same way as PD, but
uses all subgroups of G. He shows that the twin of M is another G-Mackey functor. His work
is primarily focused on the case that |G| is invertible in M(G), but he studies the general
case as well.

Example 4.11. Let A be an abelian group. We consider PD(CA) and PD(CA), where CA

is the constant partition functor and CA is the dual constant partition functor.
We begin with CA. Since transfer maps are the identity for CA, we have CA(Λ)/IΛ = 0 un-

less Λ is the discrete partition, in which case there are no subpartitions of Λ and CA(Λ)/IΛ =
CA(Λ) = A. It follows that

PD(CA)(Ω) = A,

concentrated in the summand associated to the discrete subpartition of Ω. Further, given
f : Λ → Ω, we have

(PD(CA)∗(f)(a))Γ = CA
∗
(fΓ)(afΓ).

Since afΓ = 0 unless Γ is the discrete subpartition of Λ and CA
∗
(fΓ) is the identity map as

it is a restriction along an isomorphism. We learn that PD(CA)∗(f) is the identity map. On
the other hand,

(PD(CA)∗(f)(a))Γ =
∑

[σ]∈ΣΓ\ΣΩ/ΣΛ
Γ≤σΛ

CA∗(σ)aσ−1Γ.
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If Γ is not the discrete subpartition of Ω we get 0. If Γ is the discrete subpartition of Ω, then
Γ ≤ σΛ is a vacuous condition, σ−1Γ is always the discrete subpartition, and we get

(PD(CA)∗(f)(a))Γ = |ΣΩ/ΣΛ|a.

It follows that

PD(CA) = CA.

On the other hand, in the case of the constant partition functor CA, the transfer subgroup
IΛ ⊆ CA(Λ) = A is a bit more complicated. First assume that Λ = m is the indiscrete
partition. For i + j = m, (CA)∗(i ⊔ j ≤ m) is multiplication by

(
m
i

)
. Let ℓ1 = 0 and, for

m > 1, let

ℓm = gcd

((
m

1

)
,

(
m

2

)
, . . .

(
m

m− 1

))
=

{
p if m = pk for some prime p,
1 otherwise.

Since every Λ < m factors through i ⊔ j for some i, j, we have

CA(m) = CA(m)/Im = A/ℓm.

It follows that, for a partition Λ = (X,∼Λ), if we set

ℓΛ = gcd((ℓ|[x]|)[x]∈X/∼Λ
),

then

CA(Λ) = A/ℓΛ

and

PD(CA)(Ω) =
(⊕
Λ≤Ω

A/ℓΛ
)ΣΩ .

Note that, if A is a Q-vector space, then PD(CA)(Ω) = A, concentrated in the summand
associated to the discrete subpartition of Ω. It follows that PD(CA) = CA in this case.

5. PD as a monad

In Theorem 4.9 we showed that PD is an endofunctor on the category of partition functors.
Our next goal is to show that PD admits the structure of a monad on the category of partition
functors.

There is a canonical map of abelian groups ηΛ : M(Λ) → PD(M)(Λ), constructed as follows.
For Γ ≤ Λ, recall that

qΓM
∗(Γ ≤ Λ): M(Λ) → M̄(Γ)

is the restriction toM(Γ) followed by the quotient by the subgroup IΓ. These maps are called
Brauer morphisms in [The88]. To produce the unit of the monad, we must check that, after
taking the direct sum over Γ ≤ Λ, this lands in PD(M)(Λ). That is, we must check that it
lands in the ΣΛ-invariants. For z ∈M(Λ), let

ηΛ(z) = (qΓM
∗(Γ ≤ Λ)(z))Γ≤Λ.

For σ ∈ ΣΛ, we have

(σηΛ(z))Γ = M̄∗(σ−1)(ηΛ(z))σ−1Γ = M̄∗(σ−1)qσ−1ΓM
∗(σ−1Γ ≤ Λ)(z).
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But, since we have the commutative diagram of partitions where the top row is an automor-
phism

Λ
σ−1

// Λ

Γ
σ−1
//

OO

σ−1Γ,

OO

we see that

M̄∗(σ−1)qσ−1ΓM
∗(σ−1Γ ≤ Λ)(z) = qΓM

∗(σ−1)M∗(σ−1Γ ≤ Λ)(z) = qΓM
∗(Γ ≤ Λ)(z).

Lemma 5.1. The maps ηΛ : M(Λ) → PD(M)(Λ) assemble into a map of partition functors
η : M → PD(M) natural in M .

Proof. For f : Λ → Ω, we must check that we have a commutative diagram involving restric-
tions

M(Ω) PD(M)(Ω)

M(Λ) PD(M)(Λ)

M∗(f)

ηΩ

PD(M)∗(f)

ηΛ

Going around the bottom we see that

(ηΛ(M
∗(f)(z)))Γ≤Λ = qΓM

∗(Γ ≤ Λ)M∗(f)(z).

Going around the top, we have

(PD(M)∗(f)(ηΩ(z)))Γ≤Λ = M̄∗(fΓ)(ηΩ(z))fΓ = M̄∗(fΓ)qfΓM
∗(fΓ ≤ Ω)(z).

Now these two elements agree as there is a commutative diagram of partitions

Λ
f // Ω

Γ //

≤

OO

fΓ.

≤

OO

Next we would like to show that we have a commutative diagram involving transfers

M(Ω) PD(M)(Ω)

M(Λ) PD(M)(Λ).

ηΩ

ηΛ

M∗(f) PD(M)∗(f)

Going around the top, we have

(ηΩ(M∗(f)(z)))Γ≤Ω = qΓM
∗(Γ ≤ Ω)M∗(f)(z).

Applying the double coset formula gives

qΓ

( ∑
[σ]∈ΣΓ\ΣΩ/ΣfΛ

M∗(Γ ∩ σfΛ ≤ Γ)M∗(σf)M
∗((σf)−1Γ ∩ Λ ≤ Λ)(z)

)
.

Since qΓM∗(Γ∩σfΛ ≤ Γ) = 0 unless Γ ≤ σfΛ, in which caseM∗(Γ∩σfΛ ≤ Γ) is the identity
map, this sum can be rewritten as∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

qΓM∗(σf)M
∗((σf)−1Γ ≤ Λ)(z).
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On the other hand, going around the bottom, we have

(PD(M)∗(f)ηΛ(z))Γ =
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

M̄∗(σf)q(σf)−1ΓM
∗((σf)−1Γ ≤ Λ)z.

These two formulas agree as qΓM∗(σf) = M̄∗(σf)q(σf)−1Γ.
The naturality of η in the partition functor M follows from the linearity of all of the maps

involved. □

We move on to the multiplication on PD. We begin by describing a natural transformation

µ : PD(PD) → PD .

Let Ω be a partition and let M be a partition functor. By definition

PD(PD(M))(Ω) = (
⊕
Γ≤Ω

PD(M)(Γ))ΣΩ .

Let

πΓ : PD(M)(Γ) → M̄(Γ)

be the projection onto the summand M̄(Γ) of PD(M)(Γ). Note that

ker(πΓ) = (
⊕
Θ<Γ

M̄(Θ))ΣΓ .

Lemma 5.2. The transfer subgroup JΓ ⊆ PD(M)(Γ) is contained in the kernel of πΓ.

Proof. Assume that Θ < Γ and let x ∈ PD(M)(Θ). Then

(PD(M)∗(Θ < Γ)(x))Γ =
∑

[σ]∈ΣΓ\ΣΓ/ΣΘ
Γ≤σΘ

M̄∗(σ)xσ−1Γ.

Since Θ is a proper subpartition of Γ, the condition Γ ≤ σΘ is never satisfied. It follows that
JΓ ⊆ ker(πΓ).

□

This lemma gives us a map

π̄Γ : PD(M)(Γ) → M̄(Γ).

Taking the direct sum of these maps over Γ ≤ Ω gives a ΣΩ-equivariant map⊕
Γ≤Ω

PD(M)(Γ) →
⊕
Γ≤Ω

M̄(Γ)

and finally taking fixed points gives us

µΩ : PD(PD(M))(Ω) → PD(M)(Ω)

defined by

µΩ((xΘ,Γ)Θ≤Γ)Γ≤Ω = (π̄Γ((xΘ,Γ)Θ≤Γ))Γ≤Ω = (xΓ,Γ)Γ≤Ω

for ((xΘ,Γ)Θ≤Γ)Γ≤Ω ∈ PD(PD(M))(Ω).

Lemma 5.3. The maps µΩ : PD(PD(M))(Ω) → PD(M)(Ω) assemble into a map of partition
functors that is natural in M .
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Proof. That µ respects restriction maps is straight-forward. We will check that it respects
transfer maps.

Let f : Ω → Ψ be map of partitions. We wish to show that

PD(PD(M))(Ω) //

PD(PD(M))∗(f)
��

PD(M)(Ω)

PD(M)∗(f)
��

PD(PD(M))(Ψ) // PD(M)(Ψ)

commutes. Let ((xΘ,Γ)Θ≤Γ)Γ≤Ω ∈ PD(PD(M))(Ω) and let Φ ≤ Ψ. Going around the top, the
value at Φ is ∑

[σ]∈ΣΦ\ΣΨ/ΣfΩ

Φ≤σfΩ

M̄∗(σf)x(σf)−1Φ,(σf)−1Φ.

Going around the bottom, the value at Φ is∑
[σ]∈ΣΦ\ΣΨ/ΣfΩ

Φ≤σfΩ

πΦPD(M)∗(σf)(xΘ,(σf)−1Φ)Θ≤(σf)−1Φ =
∑

[σ]∈ΣΦ\ΣΨ/ΣfΩ

Φ≤σfΩ

M̄∗(σf)x(σf)−1Φ,(σf)−1Φ.

This is due to the fact that the transfer map

PD(M)∗(σf) = PD(M)∗((σf)(σf)−1Φ)

is along the isomorphism (σf)(σf)−1Φ : (σf)−1Φ → Φ so only has one summand.
The naturality of µ in the partition functor M follows from the linearity of all of the maps

involved.
□

Theorem 5.4. The functor PD, together with the natural transformations η and µ, is a
monad on the category of partition functors.

Proof. We must show that η is the unit for the multiplication µ and that µ is associative.
Associativity of µ follows immediately from the interpretation of µ as a sum of projections.
The relations involving η are more interesting. When necessary, we will subscript natural

transformations by the source partition functor in order to distinguish them.
We must show that µPD(ηM ) = 1PD(M) and that µηPD(M) = 1PD(M). Fix a partition Ω

and let (xΓ)Γ≤Ω ∈ PD(M)(Ω), we may calculate that

PD(ηM )Ω((xΓ)Γ≤Ω) = (qΓηM,Γ(x
′
Γ))Γ≤Ω

= (qΓ(qΘM
∗(Θ ≤ Γ)x′Γ)Θ≤Γ)Γ≤Ω,

where x′Γ is a choice of lift of xΓ to M(Γ). Now

µΩ(qΓ(qΘM
∗(Θ ≤ Γ)x′Γ)Θ≤Γ)Γ≤Ω = (πΓ(qΘM

∗(Θ ≤ Γ)x′Γ)Θ≤Γ)Γ≤Ω

= (qΓx
′
Γ)Γ≤Ω

= (xΓ)Γ≤Ω.

Note that, in the above, we have two distinct quotient maps

qΓ : PD(M)(Γ) → PD(M)(Γ) and qΘ : M(Θ) → M̄(Θ).
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Similarly, we have

µΩηPD(M),Ω((xΓ)Γ≤Ω) = µΩ(qΓ PD(M)∗(Γ ≤ Ω)(xΓ))Γ≤Ω

= µΩ(qΓ(xΘ)Θ≤Γ)Γ≤Ω

= (πΓ(xΘ)Θ≤Γ)Γ≤Ω

= (xΓ)Γ≤Ω.

□

Fix a partition Ω. We conclude this section with a further description of PD(M)(Ω). For
Λ ≤ Ω, recall that WΣΩ

(ΣΛ) is the Weyl group of ΣΛ in ΣΩ.

We establish some notation that will be useful later. Let z ∈ M̄(Λ)WΣΩ
(ΣΛ). Define ΣΩz ∈

PD(M)(Ω) by setting, for Φ ≤ Ω,

(5.1) (ΣΩz)Φ =

{
M̄∗(β)z for β ∈ ΣΩ with βΛ = Φ,

0 otherwise.

We see that ΣΩz is a well-defined element of
⊕

Φ≤Ω M̄(Φ) since if βΛ = Φ and β′Λ = Φ,

then (β′)−1βΛ = Λ so (β′)−1β ∈ WΣΩ
(ΣΛ) and z is fixed by the Weyl group. We see that

ΣΩz ∈ PD(M)(Ω) as, for σ ∈ ΣΩ, we have

(σΣΩz)Φ = M̄∗(σ)(ΣΩz)σ−1Φ

and

M̄∗(σ)(ΣΩz)σ−1Φ =

{
M̄∗(σ)M̄∗(β)z for β ∈ ΣΩ with βΛ = σ−1Φ,

0 otherwise.

But
M̄∗(σ)M̄∗(β)z = M̄∗(σβ)z

with σβΛ = Φ.
Since, given x ∈ PD(M)(Ω), we have xΛ ∈ M̄(Λ)WΣΩ

(ΣΛ) and this gives an inverse to the
operation taking z to ΣΩz, we have proven the following proposition:

Proposition 5.5. There is an isomorphism of abelian groups

PD(M)(Ω) ∼=
⊕

[Λ]∈{Λ≤Ω}/ΣΩ

M̄(Λ)WΣΩ
(ΣΛ),

determined by a choice of subpartition Λ ≤ Ω in each orbit for the action of ΣΩ on the set of
subpartitions of Ω.

IfM is a partition functor, then so is the functorM⊗Q defined by (M⊗Q)(Λ) =M(Λ)⊗Q.

Proposition 5.6. For every partition functor M , the unit of the monad induces a natural
isomorphism of partition functors

η ⊗Q : M ⊗Q
∼=−→ PD(M)⊗Q.

Thus, after rationalization, PD is naturally isomorphic to the identity functor on the category
of partition functors.

Proof sketch. Rationalization commutes with the quotients, finite direct sums, and finite-
group fixed points used to define PD, so it suffices to assume thatM takes values in Q-vector
spaces.

Fix a partition Ω. Choose representatives

Λ1, . . . ,Λk
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for the ΣΩ-orbits of subpartitions of Ω, ordered so that if Λi ≤ σΛj for some σ ∈ ΣΩ, then
i ≤ j. We may take Λk = Ω. By Proposition 5.5, there is an isomorphism

PD(M)(Ω) ∼=
k⊕

i=1

M̄(Λi)
WΣΩ

(ΣΛi
).

Filter M(Ω) by

FiM(Ω) =
∑
j≤i

im
(
M∗(Λj ≤ Ω)

)
and filter PD(M)(Ω) by the first i summands in the decomposition above. The double coset
formula implies that ηΩ preserves these filtrations. Indeed, the Λℓ-component of

ηΩM∗(Λj ≤ Ω)(x)

vanishes unless Λℓ ≤ σΛj for some σ ∈ ΣΩ, and hence unless ℓ ≤ j.
Transfer induces a surjection

M̄(Λi) −→ FiM(Ω)/Fi−1M(Ω).

This factors through the coinvariants M̄(Λi)WΣΩ
(ΣΛi

). The composite of this map with the

map induced by ηΩ on the associated graded is the norm map

M̄(Λi)WΣΩ
(ΣΛi

) −→ M̄(Λi)
WΣΩ

(ΣΛi
).

This follows from the double coset formula: after passing to M̄(Λi), the only terms that
survive in

M∗(Λi ≤ Ω)M∗(Λi ≤ Ω)

are those indexed by elements of the Weyl group.
Since M takes values in Q-vector spaces, the norm map from coinvariants to invariants is

an isomorphism. It follows that ηΩ induces an isomorphism on each associated graded piece.
The filtrations are finite, so

ηΩ : M(Ω)
∼=−→ PD(M)(Ω)

is an isomorphism. Since η is a natural map of partition functors by Lemma 5.1, the result
follows. □

Example 5.7. Note that PD is not an idempotent monad. This is illustrated by the case
of the dual constant partition functor CA for which PD(CA) = CA, the constant partition
functor, and PD(CA) often has torsion. See Example 4.11 for the details of this.

Let Γ ≤ Λ be the discrete partition of Λ. The map η(Λ): CA(Λ) → PD(CA)(Λ) ∼= CA(Λ)
is induced by the restriction map (CA)∗(Γ ≤ Λ): CA(Λ) → CA(Γ) which is multiplication by
|ΣΛ|. Thus the map of partition functors CA → CA given by η at the partition Λ is the map
A→ A given by multiplication by |ΣΛ|.

6. Lax symmetric monoidal partition functors

Recall that the (2, 1)-category of partitions has a symmetric monoidal structure given by
⊔ and that the category of abelian groups has a symmetric monoidal structure given by ⊗.
We say that a partition functor R is lax symmetric monoidal if R is equipped with a map of
abelian groups η0 : Z → R(0) and maps

mΛ,Ω : R(Λ)⊗R(Ω) → R(Λ ⊔ Ω).



PARTITION FUNCTORS AND UNIVERSAL EXPONENTIAL RELATIONS 27

that are natural with respect to pairs of restriction maps as well as pairs of transfer maps and
satisfy the appropriate associativity, unitality, and symmetry identities. In particular, given
maps of partitions f : Γ → Λ and g : Θ → Ω, there are commutative squares

R(Γ)⊗R(Θ)
mΓ,Θ //

R∗(f)⊗R∗(g)
��

R(Γ ⊔Θ)

R∗(f⊔g)
��

R(Λ)⊗R(Ω) // R(Λ ⊔ Ω)

R(Λ)⊗R(Ω) //

R∗(f)⊗R∗(g)
��

R(Λ ⊔ Ω)

R∗(f⊔g)
��

R(Γ)⊗R(Θ) // R(Γ ⊔Θ)

as well as a commutative diagram

R(Λ)⊗R(Ω) R(Ω)⊗R(Λ)

R(Λ ⊔ Ω) R(Ω ⊔ Λ).

τR(Λ),R(Ω)

∼=

R(τΛ,Ω)

∼=

Lemma 6.1. Let R be a lax symmetric monoidal partition functor. The lax symmetric
monoidal structure map m induces a lax symmetric monoidal structure m̄ on R̄ that is natural
with respect to pairs of transfer maps.

Proof. Let Γ and Λ be partitions. First we must produce maps

m̄Γ,Λ : R̄(Γ)⊗ R̄(Λ) → R̄(Γ ⊔ Λ).

Recall that there is an isomorphism of abelian groups

R(Γ)/IΓ ⊗R(Λ)/IΛ ∼= (R(Γ)⊗R(Λ))/(IΓ ⊗R(Λ) +R(Γ)⊗ IΛ).

Thus, given mΓ,Λ : R(Γ)⊗R(Λ) → R(Γ⊔Λ), to produce the desired map, we must show that
the subgroup IΓ ⊗ R(Λ) + R(Γ) ⊗ IΛ lands in IΓ⊔Λ. But this follows from the commutative
diagram (as well as the symmetry in Γ and Λ), for any Φ ≤ Γ,

R(Φ)⊗R(Λ) //

��

R(Φ ⊔ Λ)

��
R(Γ)⊗R(Λ) // R(Γ ⊔ Λ).

Thus we have an induced map

m̄Γ,Λ : R̄(Γ)⊗ R̄(Λ) → R̄(Γ ⊔ Λ)

given by

(6.1) m̄Γ,Λ(x⊗ y) = qΓ⊔ΛmΓ,Λ(x
′ ⊗ y′)

for lifts x′ and y′ of x and y, respectively. Naturality with respect to pairs of transfer maps fol-
lows immediately from the compatibility of m̄ with m along transfer maps and the naturality
of m along pairs of transfer maps. □

Remark 6.2. In the above proof, we are making use of the fact that R̄ is functorial in
transfers. Recall from the beginning of Section 4 that this functor is quite degenerate. If
Λ → Ω, is not an isomorphism then the transfer map R̄(Λ) → R̄(Ω) is the zero map.

Proposition 6.3. If R is a lax symmetric monoidal partition functor, then PD(R) is nat-
urally a lax symmetric monoidal partition functor. That is, PD is an endofunctor on the
category of lax symmetric monoidal partition functors.
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Proof. Given partitions Ω and Θ, we wish to produce a natural transformation

PD(m)Ω,Θ : PD(R)(Ω)⊗ PD(R)(Θ) → PD(R)(Ω ⊔Θ).

Taking the direct sum of the maps from Lemma 6.1 over Γ ≤ Ω and Λ ≤ Θ gives a map

MΩ,Θ :
(⊕

Γ≤Ω

R(Γ)/IΓ

)
⊗
(⊕

Λ≤Θ

R(Λ)/IΛ

)
→

⊕
Γ⊔Λ≤Ω⊔Θ

R(Γ ⊔ Λ)/IΓ⊔Λ

defined by
(MΩ,Θ((xΓ)⊗ (yΛ)))Φ⊔Ψ = m̄Φ,Ψ(xΦ ⊗ yΨ).

We check that this map is ΣΩ × ΣΘ-equivariant. Given ω ∈ ΣΩ and θ ∈ ΣΘ, we have

(ω ⊗ θ)((xΓ)⊗ (yΛ)) = (R̄∗(ω)xω−1Γ)⊗ (R̄∗(θ)yθ−1Λ).

To check equivariance, we must understand

(m̄Γ,Λ(R̄∗(ω)xω−1Γ ⊗ R̄∗(θ)yθ−1Λ))Γ⊔Λ.

But the naturality of m implies that

m̄Γ,Λ(R̄∗(ω)xω−1Γ ⊗ R̄∗(θ)yθ−1Λ) = R̄∗(ω ⊔ θ)m̄ω−1Γ,θ−1Λ(xω−1Γ ⊗ yθ−1Λ),

and this implies that MΩ,Θ is equivariant. Taking ΣΩ × ΣΘ-fixed points and precomposing
with the canonical map

PD(R)(Ω)⊗ PD(R)(Θ) →
(⊕

Γ≤Ω

R(Γ)/IΓ ⊗
⊕
Λ≤Θ

R(Λ)/IΛ

)ΣΩ×ΣΘ

gives PD(m)Ω,Θ.
Now we must check the naturality of PD(m) with respect to pairs of transfer maps and pairs

of restriction maps. Naturality with respect to pairs of restriction maps is straight-forward.
For pairs of transfer maps we must unwind the definitions:

Let f : Γ → Ω and g : Λ → Θ be maps of partitions. We wish to show that the diagram

PD(R)(Γ)⊗ PD(R)(Λ)
PD(m)Γ,Λ //

PD(R)∗(f)⊗PD(R)∗(g)
��

PD(R)(Γ ⊔ Λ)

��
PD(R)(Ω)⊗ PD(R)(Θ)

PD(m)Ω,Θ // PD(R)(Ω ⊔Θ)

commutes. Let x ∈ PD(R)(Γ), y ∈ PD(R)(Λ), ∆ ≤ Ω, and Ψ ≤ Θ. Following x ⊗ y around
the bottom of the diagram and evaluating at ∆ ⊔Ψ gives

m̄∆,Ψ

(( ∑
[σ]∈Σ∆\ΣΩ/ΣfΓ

∆≤σfΓ

R̄∗(σf)(x(σf)−1∆)
)
⊗
( ∑

[σ′]∈ΣΨ\ΣΘ/ΣgΛ

Ψ≤σ′gΛ

R̄∗(σ
′g)(y(σ′g)−1Ψ)

))

=
∑

[σ]∈Σ∆\ΣΩ/ΣfΓ

[σ′]∈ΣΨ\ΣΘ/ΣgΛ

∆≤σfΓ,Ψ≤σ′gΛ

m̄∆,Ψ

(
R̄∗(σf)(x(σf)−1∆)⊗ R̄∗(σ

′g)(y(σ′g)−1Ψ)
)
.

On the other hand, following x⊗ y around the top of the diagram and evaluating at ∆ ⊔Ψ
gives ∑

[σ×σ′]∈Σ∆⊔Ψ\ΣΩ⊔Θ/ΣfΓ⊔gΛ

∆⊔Ψ≤σfΓ⊔σ′gΛ

R̄∗(σf ⊔ σ′g)m̄(σf)−1∆,(σ′g)−1Ψ(x(σf)−1∆ ⊗ y(σ′g)−1Ψ).
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These agree as there is a canonical bijection

Σ∆⊔Ψ\ΣΩ⊔Θ/ΣfΓ⊔gΛ ∼= Σ∆\ΣΩ/ΣfΓ × ΣΨ\ΣΘ/ΣgΛ

and m̄ is natural in pairs of transfer maps by Lemma 6.1.
Using these formulas, it is straightforward, though tedious, to finish checking that PD(R)

together with PD(m) is lax symmetric monoidal. □

Proposition 6.4. The endofunctor PD is a monad on the category of lax symmetric monoidal
partition functors.

Proof. We must show that if R is a lax symmetric monoidal partition functor, then the
natural transformations η : R → PD(R) and µ : PD(PD(R)) → PD(R) are compatible with
the lax symmetric monoidal structure.

We begin with η. We must show that

R(Λ)⊗R(Ω)
ηΛ⊗ηΩ //

mΛ,Ω

��

PD(R)(Λ)⊗ PD(R)(Ω)

PD(m)Λ,Ω

��
R(Λ ⊔ Ω)

ηΛ⊔Ω // PD(R)(Λ ⊔ Ω)

commutes. Going around the top gives

(m̄Γ,Θ(qΓR
∗(Γ ≤ Λ)(x)⊗ qΘR

∗(Θ ≤ Ω)(y)))Γ⊔Θ≤Λ⊔Ω.

Going around the bottom gives

(qΓ⊔ΘmΓ,Θ(R
∗(Γ ≤ Λ)x⊗R∗(Θ ≤ Ω)y))Γ⊔Θ≤Λ⊔Ω.

These agree by Eq. (6.1)
To see that µ is lax symmetric monoidal, we need to check that a similar diagram commutes.

But this follows by taking the direct sum of the commutative diagrams

PD(R)(Λ)⊗ PD(R)(Ω) //

��

R̄(Λ)⊗ R̄(Ω)

��
PD(R)(Λ ⊔ Ω) // R̄(Λ ⊔ Ω),

where the horizontal arrows are induced by projection onto the summand.
In both cases symmetry is straightforward. □

7. Partition rings

Definition 7.1. We say that a lax symmetric monoidal partition functor R is a partition
ring if

(a) R takes values in commutative rings
(b) restriction maps are maps of commutative rings
(c) for any pair of partitions Γ, Λ, mΓ,Λ is a map of commutative rings
(d) R satisfies Frobenius reciprocity.

A map of partition rings is required to preserve all of this structure.

The Frobenius reciprocity condition means that the transfer map

R∗(Γ ≤ Λ): R(Γ) → R(Λ)
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is a map of R(Λ)-modules for the R(Λ)-module structure on R(Γ) through R∗(Γ ≤ Λ). This
implies that IΛ ⊆ R(Λ) is an ideal. We will refer to it as the transfer ideal. It follows that
qΛ : R(Λ) → R̄(Λ) is a ring map. Further, since the lax symmetric monoidal structure map
m for R is a map of rings and R̄(Λ) is a ring, it follows that

m̄Λ,Ω : R̄(Λ)⊗ R̄(Ω) → R̄(Λ ⊔ Ω)

is a ring map.

Proposition 7.2. If R is a partition ring then PD(R) is a partition ring. Further, PD is a
monad on the category of partition rings.

Proof. First, note that PD(R) takes values in commutative rings due to the fact that R takes
values in commutative rings, IΛ ⊆ R(Λ) is an ideal, and ΣΛ acts on

⊕
Γ≤Λ R̄(Γ) by ring

automorphisms.
The restriction maps for PD(R) are induced by projection onto a summand, so are ring

maps.
Further, η and µ are level-wise maps of commutative rings. Since m̄Γ,Λ is a map of com-

mutative rings for all pairs of partitions, it follows that PD(m)Γ,Λ is a map of commutative
rings.

Finally, we must check Frobenius reciprocity for PD(R). Let f : Λ → Ω be a map of
partitions, let r ∈ PD(R)(Ω), and let x ∈ PD(R)(Λ). For Γ ≤ Ω, we have

(rPD(R)∗(f)(x))Γ =
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

rΓR̄∗(σf)x(σf)−1Γ.

On the other hand,

(PD(R)∗(f)(PD(R)∗(f)(r)x))Γ =
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

R̄∗(σf)(PD(R)∗(f)(r)x))(σf)−1Γ

=
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

R̄∗(σf)
(
R̄∗(f(σf)−1Γ)(rσ−1Γ)x(σf)−1Γ

)
=

∑
[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

R̄∗(σf)(R̄∗((f(σf)−1Γ)
−1)(rσ−1Γ))R̄∗(σf)(x(σf)−1Γ)

=
∑

[σ]∈ΣΓ\ΣΩ/ΣfΛ

Γ≤σfΛ

R̄∗(σ)(rσ−1Γ)R̄∗(σf)(x(σf)−1Γ).

Now since σ ∈ ΣΩ and r ∈ PD(R)(Ω) is ΣΩ-invariant, we have

R̄∗(σ)(rσ−1Γ) = rΓ.

□

Recall that a global Green functor S is a global functor that takes values in commutative
rings and for which the restriction maps are ring maps and the transfer maps satisfy Frobenius
reciprocity. Global Green functors inherit a lax symmetric monoidal product

mG,H : S(G)⊗ S(H) → S(G×H)

from this structure that is natural in pairs of restriction maps as well as pairs of transfer
maps. The map mG,H is constructed using the universal property of the tensor product of
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commutative rings and the restrictions along the projections G×H → G and G×H → H.
It is easy to see that mG,H is natural in pairs of restriction maps. Pairs of transfer maps take
a bit more work, it is worth describing a proof since there is a peculiar interaction between
transfers and restrictions.

The double coset formula for global Green functors implies that, given injective maps
f : H → H ′ and g : G→ G′, the homotopy pullback squares of groupoids

(7.1)

∗//(H ×G) ∗//H ∗//(H ′ ×G) ∗//G

∗//(H ′ ×G) ∗//H ′ ∗//(H ′ ×G′) ∗//G′

induce commutative diagrams

S(H ×G)

S∗(f×id)
��

S(H)⊗ S(G)
mH,Goo

S∗(f)⊗S∗(id)
��

S(H ′ ×G)

S∗(id×g)
��

S(H ′)⊗ S(G)
mH′,Goo

S∗(id)⊗S∗(g)
��

S(H ′ ×G) S(H ′)⊗ S(G)mH′,G
oo S(H ′ ×G′) S(H ′)⊗ S(G′).mH′,G′

oo

The horizontal arrows are base changed from the restriction maps using the S(G)-module
(respectively S(H ′)-module) structure on the target from Frobenius reciprocity. Composing
these diagrams yields the fact that the monoidal structure on S is natural in pairs of transfers.

Proposition 7.3. Assume that S is a global Green functor and let G be a finite group, then

S ◦ (G× Σ(−)) and S ◦ (G ≀ Σ(−))

are both partition rings.

Proof. The only aspect of a partition ring that doesn’t follow immediately from the definition
of a global Green functor is the lax symmetric monoidal structure.

Let R = S ◦ (G× Σ(−)). Given partitions Λ and Ω, let

αΛ : G× ΣΛ⊔Ω ∼= G× ΣΛ × ΣΩ → G× ΣΛ ×G× ΣΩ → G× ΣΛ,

where the second map is induced by the diagonal on G and the last map is the projection
onto G×ΣΛ. The universal property of the tensor product of commutative rings provides us
with a map

mΛ,Ω : R(Λ)⊗R(Ω)
resαΛ

⊗ resαΩ−−−−−−−−→ R(Λ ⊔ Ω).

The case of the wreath product is similar, but simpler, as there is an isomorphism

G ≀ ΣΛ⊔Ω ∼= G ≀ ΣΛ ×G ≀ ΣΩ.

The map mΛ,Ω factors through

R(Λ)⊗R(Ω) → S(G× ΣΛ ×G× ΣΩ).

which is natural in pairs of transfer maps by our discussion above. To check that the map

S(G× ΣΛ ×G× ΣΩ) → R(Λ ⊔ Ω)
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is natural in pairs of transfer maps, assume that f : Λ → Θ and g : Ω → Γ are maps of
partitions. The naturality then follows from the homotopy pullback square of groupoids

∗//(G× ΣΛ × ΣΩ) ∗//(G× ΣΛ ×G× ΣΩ)

∗//(G× ΣΘ × ΣΓ) ∗//(G× ΣΘ ×G× ΣΓ).

□

Proposition 3.8 now gives us:

Corollary 7.4. If S is a global Green functor, then restriction along the diagonal induces a
canonical map of partition rings

S ◦ (G ≀ Σ(−)) → S ◦ (G× Σ(−)).

Example 7.5. Let K be a commutative ring. Consider the constant partition functor CK .
Since K is a commutative ring, we define

mΛ,Ω : K ⊗K → K

to be the multiplication map. This is natural in pairs of restriction maps since restrictions
are just the identity map. Now let f : Λ → Ω and g : Γ → Θ be maps of partitions. The
multiplication is natural in pairs of transfer maps as

|ΣΩ/ΣfΛ||ΣΘ/ΣgΓ| = |(ΣΩ × ΣΘ)/(ΣfΛ × ΣgΓ)| = |ΣΩ⊔Θ/Σ(f⊔g)Λ⊔Γ|.
Clearly CK is commutative ring valued and restriction maps are maps of commutative rings
(they are the identity). Frobenius reciprocity follows from the fact that transfers are given
by multiplication by an integer. It follows that CK is a partition ring.

We could have also just applied Proposition 7.3, but we proved that CK is a partition ring
to contrast it with CK , which does not have a global avatar (unless we only consider injective
group homomorphisms). In this case, the proof in the previous paragraph does imply that
CK is a lax symmetric monoidal partition functor. The same multiplication m is used, but
the role of restriction and transfer are swapped in the proof that m is natural. Further, CK

does take values in commutative rings, but the restriction maps are not generally maps of
commutative rings and Frobenius reciprocity does not make sense.

Example 7.6. Let S be a global Green functor and let K = S(G). Since restriction maps are
ring maps, Proposition 3.10 implies that the map of partition functors S ◦ (G×Σ(−)) → CK

induced by restriction along the map G→ G× ΣΛ is a map of partition rings.

8. Symmetric monoidal partition functors and algebra

In this section, we provide a flatness condition on a symmetric monoidal partition functor
R so that PD(R) is a symmetric monoidal partition functor. We also compare the categories
of symmetric monoidal partition functors and symmetric monoidal partition rings with cat-
egories of classical algebraic objects.

Assume R is a lax symmetric monoidal partition functor with multiplication m. Following
Notation 4.1, we write R(m) = R(m). Since 0 is the unit for the symmetric monoidal structure
on P, R(0) admits the structure of a commutative ring. Explicitly, R(0) admits the structure
of a commutative ring via the isomorphism

0 ⊔ 0
∼=−→ 0,
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which induces the multiplication

R(0)⊗R(0)
m0,0−−−→ R(0 ⊔ 0)

∼=−→ R(0).

Similarly, given a partition Ω, R(Ω) admits the structure of an R(0)-module via the isomor-
phism

0 ⊔ Ω
∼=−→ Ω.

Given a map of partitions f : Λ → Ω, R∗(f) is a map of R(0)-modules. Notice that this
implies that the transfer subgroup IΛ ⊆ R(Λ) is an R(0)-submodule.

These observations together with the relations satisfied by m imply that m induces a lax
symmetric monoidal map

MΛ,Ω : R(Λ)⊗R(0) R(Ω) → R(Λ ⊔ Ω).

That is, R can be viewed as a lax symmetric monoidal partition functor taking values in
R(0)-modules with ⊗R(0) (rather than abelian groups and ⊗Z). If R has the structure of a
partition ring, then the Eckmann–Hilton argument implies that the two commutative ring
structures on R(0) agree.

Turning to PD(R), note that PD(R)(0) = R(0). It follows from Proposition 6.3, if R is
a lax symmetric monoidal partition functor with values in R(0)-modules, then PD(R) is a
lax symmetric monoidal partition functor with values in R(0)-modules. Further, since PD(R)
is lax symmetric monoidal and both η and µ are natural transformations of lax symmetric
monoidal partition functors, they are also natural transformations of lax symmetric monoidal
partition functors with values in R(0)-modules. We have essentially noticed the following:

Proposition 8.1. Let K be a commutative ring. The endofunctor PD is a monad on the
category of lax symmetric monoidal partition functors taking values in K-modules.

Given a partition functor R, let

R[Σ] =
⊕
m≥0

R(m).

Lemma 8.2. If R is lax symmetric monoidal, then R[Σ] admits a natural commutative N-
graded ring structure.

Proof. Recall that the lax symmetric monoidal structure gives R(0) the structure of a com-
mutative ring. Given homogeneous elements x ∈ R(i) and y ∈ R(j), we define the product
by

xy = R∗(i ⊔ j ≤ i+ j)mi,j(x⊗ y).

The unit for this multiplication is given by the unit in R(0). Associativity follows from the
associativity of the external product, naturality, and transitivity of transfers. Commutativity
follows from the fact thatm is lax symmetric monoidal, the commutative diagram of partitions

i ⊔ j //

��

j ⊔ i

��
i+ j

σ // j + i,

where σ ∈ Σi+j is the automorphism trading i and j, and the fact that σ is sent to the
identity by R. □

We will refer to the product on R[Σ] as the transfer product. The following result is
immediate:
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Proposition 8.3. The construction R[Σ] is natural in the lax symmetric monoidal partition
functor R. That is, (−)[Σ] is a functor from the category of lax symmetric monoidal partition
functors to the category of commutative N-graded rings.

Fix a commutative ring K. We will turn our attention to symmetric monoidal (rather than
lax symmetric monoidal) partition functors with values in K-modules. For such a partition
functor R, we have a specified isomorphism R(0) ∼= K and the multiplication map

MΛ,Ω : R(Λ)⊗K R(Ω)
∼=−→ R(Λ ⊔ Ω)

is an isomorphism. The functor (−)[Σ] lands in commutative N-graded K-algebras. The
category of symmetric monoidal partition functors is a full subcategory of the category of lax
symmetric monoidal partition functors.

If R is a symmetric monoidal partition functor, then the quotients R̄(Λ) continue to satisfy
a strong symmetric monoidal property.

Lemma 8.4. Assume that R is a symmetric monoidal partition functor with values in K-
modules. The multiplication map induces an isomorphism

M̄Λ,Ω : R̄(Λ)⊗K R̄(Ω)
∼=−→ R̄(Λ ⊔ Ω).

Proof. Every refinement of Λ ⊔ Ω is uniquely of the form Γ ⊔ Θ for refinements Γ ≤ Λ and
Θ ≤ Ω. Such a refinement is proper if and only if at least one of Γ < Λ or Θ < Ω is proper.
Naturality of the symmetric monoidal structure with respect to transfers implies that, under
the isomorphism

MΛ,Ω : R(Λ)⊗K R(Ω)
∼=−→ R(Λ ⊔ Ω),

the transfer subgroup IΛ⊔Ω corresponds to the sum of the images of

IΛ ⊗K R(Ω) −→ R(Λ)⊗K R(Ω)

and

R(Λ)⊗K IΩ −→ R(Λ)⊗K R(Ω).

It follows that MΛ,Ω induces an isomorphism

R̄(Λ)⊗K R̄(Ω)
∼=−→ R̄(Λ ⊔ Ω).

□

We would like to better understand PD(R), when R is a symmetric monoidal partition
functor. Proposition 5.5 implies that

PD(R)(m) ∼=
⊕

[Λ]∈{Λ≤m}/Σm

R̄(Λ)WΣm (ΣΛ)

and Lemma 8.4 implies that R̄(Λ) ∼=
⊗

B∈[m]/∼Λ
R̄(B), where the tensor product is over K.

These decompositions are best described in terms of integer partitions.
An integer partition λ is a sequence of natural numbers (λ1, λ2, . . .) with all but finitely

many λi equal to zero. We say that λ is an integer partition of m, written λ ⊢ m if

m =
∑
i≥1

i · λi.

The natural number λi denotes the number of times that i occurs in the integer partition of
m.
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For λ ⊢ m, let Σλ =
∏

i(Σi)
λi . Viewed as a subgroup of Σm, we have

WΣm(Σλ) ∼=
∏
i

Σλi
.

There is a canonical bijection between the set {Λ ≤ [m]}/Σm and the set of integer partitions
of m given by sending a partition of [m] to the integer partition in which λi denotes the
number of blocks of [m]/∼Λ of cardinality i.

Together, these facts give an isomorphism

(8.1) PD(R)(m) ∼=
⊕
λ⊢m

(⊗
i

R̄(i)⊗λi

)∏
i Σλi

.

It does not follow from Lemma 8.4 that PD(R) is symmetric monoidal. The definition
of PD involves taking fixed points and fixed points do not in general commute with tensor
products. There is nevertheless a useful flatness condition under which they do commute in
the situation at hand.

Proposition 8.5. Let R be a symmetric monoidal partition functor with values in K-
modules. If R̄(m) is a flat K-module for every m ≥ 0, then PD(R) is a symmetric monoidal
partition functor with values in K-modules.

Proof. We will use two standard facts about flat modules. First, if a finite group G acts on a
K-module A, acts trivially on B, and B is flat over K, then

AG ⊗K B
∼=−→ (A⊗K B)G.

Second, if A is a flat K-module, then

TSr(A) = (A⊗r)Σr ,

the module of symmetric invariant tensors, is flat over K. By a theorem of Lazard [Sta26,
Theorem 10.81.4], A is a filtered colimit of finite free K-modules. Tensor powers and finite-
group fixed points commute with filtered colimits, so TSr(A) is a filtered colimit of the
modules TSr(F ) for finite free F . Each TSr(F ) is free, and hence TSr(A) is flat.

These facts show that PD(R)(m) is flat: By Eq. (8.1), we have an isomorphism

PD(R)(m) ∼=
⊕
λ⊢m

(⊗
i

R̄(i)⊗λi

)∏
i Σλi

.

Since R̄(i)⊗λi is flat and
(
R̄(i)⊗λi

)Σλi is flat, we have(⊗
i

R̄(i)⊗λi

)∏
i Σλi ∼=

⊗
i

(
R̄(i)⊗λi

)Σλi
.

Thus PD(R)(m) is flat.
To conclude, consider m ⊔ n. We first apply Σm × e fixed points to the isomorphism from

Lemma 8.4 (⊕
Γ≤m

R̄(Γ)

)
⊗K

(⊕
Λ≤n

R̄(Λ)

)
∼=−→

⊕
Ω≤m⊔n

R̄(Ω).

As the second tensor factor is flat, we get an isomorphism

PD(R)(m)⊗K

(⊕
Λ≤n

R̄(Λ)

)
∼=−→
( ⊕

Ω≤m⊔n
R̄(Ω)

)Σm×e

.
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Now, since PD(R)(m) is flat, we may apply e × Σn fixed points to produce our desired
isomorphism

PD(R)(m)⊗K PD(R)(n) ∼= PD(R)(m ⊔ n).
□

Remark 8.6. The flatness hypothesis in Proposition 8.5 cannot be omitted (see Exam-
ple 11.5). Thus PD does not restrict to an endofunctor of the category of symmetric monoidal
partition functors over an arbitrary commutative ring. Its natural home is the larger category
of lax symmetric monoidal partition functors. On the other hand, Proposition 8.5 implies that
PD(R) is symmetric monoidal whenever the quotients R̄(m) are flat over R(0). In particular,
this condition is automatic for partition functors valued in vector spaces over a field.

Let R be a symmetric monoidal partition functor taking values in K-modules. Then for a
partition Γ = (X,∼Γ), we have a canonical isomorphism of K-modules

R(Γ) ∼=
⊗

B∈X/∼Γ

R(B),

where the tensor product is taken over K. Thus we may consider an element in R(Γ) as a sum
of simple tensors of the form ⊗BxB. The values of R on the indiscrete partitions determine
the partition functor and the value of R on two trivial partitions of the same cardinality are
canonically isomorphic. Given an isomorphism σ : Γ → Ω, we have an induced map

R∗(σ) :
⊗

B∈X/∼Γ

R(B) →
⊗

B′∈X/∼Ω

R(B′).

Since Lemma 3.3 implies that R(B) and R(B′) are canonically identified when |B| = |B′|,
for x = ⊗BxB ∈ R(Γ), this map is given by

(8.2) (R∗(σ)x)B′ = xσ−1B′ .

That is, R∗(σ) permutes the components of simple tensors. This suggests that the category
of symmetric monoidal partition functors admits an interpretation in classical algebra.

Consider the category of N-graded connected commutative cocommutative K-bialgebras.
We will often use the notation A∗ =

⊕
i∈NAi with A0 = K for an object in this category.

Such an object comes equipped with a graded multiplication

∇ : A∗ ⊗K A∗ → A∗,

and a graded comultiplication

∆: A∗ → A∗ ⊗K A∗,

as well as unit and counit maps

η : K → A∗ and ϵ : A∗ → K,

all of which are maps of K-algebras. These maps must satisfy the identities making A∗ into
a cocommutative comonoid in the category of N-graded commutative K-algebras.

Proposition 8.7. There is an equivalence of categories between the category of symmetric
monoidal partition functors valued in K-modules and the category of connected commutative
cocommutative N-graded K-bialgebras given by the functor sending a symmetric monoidal
partition functor R to R[Σ].
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Proof sketch. We describe an inverse functor. Let

A∗ =
⊕
m≥0

Am

be a connected commutative cocommutative N-graded K-bialgebra with multiplication ∇
and comultiplication ∆ as above.

We construct a symmetric monoidal partition functor RA. First set

RA(m) = Am.

If Λ = (X,∼Λ) is an arbitrary partition, define

RA(Λ) =
⊗

B∈X/∼Λ

A|B|,

where the tensor product is taken over K. Since A∗ is graded, this is naturally the tensor
product of the homogeneous pieces whose degrees are the sizes of the blocks of Λ. The
symmetric monoidal structure is the evident identification

RA(Λ)⊗K RA(Ω) ∼= RA(Λ ⊔ Ω).

We now describe restrictions and transfers. Let

f : Λ → Ω

be a map of partitions. For a block D ∈ Y/∼Ω, the preimage f−1(D) is a union of blocks of
Λ. Say these blocks are

B1, . . . , Br.

The restriction map

R∗
A(f) : RA(Ω) → RA(Λ)

is defined on the tensor factor A|D| by the iterated comultiplication

A|D| −→ A|B1| ⊗K · · · ⊗K A|Br|,

and then one tensors these maps over all blocks D of Ω. Cocommutativity of ∆ makes this
independent of the ordering of the blocks Bi.

Similarly, the transfer map

RA,∗(f) : RA(Λ) → RA(Ω)

is defined on the tensor factors indexed by the blocks B1, . . . , Br in the decomposition of
f−1(D) by the iterated multiplication

A|B1| ⊗K · · · ⊗K A|Br| −→ A|D|,

and then one tensors these maps over all blocks D of Ω. Commutativity of ∇ makes this
independent of the ordering of the blocks Bi.

Functoriality of restrictions follows from coassociativity of ∆, and functoriality of trans-
fers follows from associativity of ∇. The compatibility with isomorphisms of partitions is the
symmetry isomorphism for tensor products. The double coset formula is the compatibility
between multiplication and comultiplication in a bialgebra: after identifying the tensor fac-
tors by the common refinement of two partitions, both sides are obtained by first splitting
according to intersections of blocks and then multiplying the pieces back together in the
prescribed order. Commutativity and cocommutativity remove the dependence on choices of
order. Thus RA is a symmetric monoidal partition functor.
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This construction is functorial in A∗. If ϕ : A∗ → (A′)∗ is a map of graded bialgebras, then

RA(Λ) =
⊗

B∈X/∼Λ

A|B| −→
⊗

B∈X/∼Λ

(A′)|B| = RA′(Λ)

is defined by applying ϕ to each tensor factor. Since ϕ preserves multiplication and comulti-
plication, these maps commute with transfers and restrictions.

□

There is a similar equivalence when R has the structure of a symmetric monoidal partition
ring. Following [GSS24, Definition 2.4] and [ST97], a component Hopf ring is a connected com-
mutative cocommutative N-graded bialgebra A∗ together with unital commutative products
Am ⊗K Am → Am for which the coproduct is multiplicative and the Hopf-ring distributivity
relation holds.

Corollary 8.8. There is an equivalence of categories between the category of symmetric
monoidal partition rings valued in K-modules and the category of component Hopf rings over
K given by the functor sending a symmetric monoidal partition ring R to R[Σ].

Proof. Let

A∗ = R[Σ] =
⊕
m≥0

R(m).

The partition ring structure gives, for each m, a second commutative product

∗ : Am ⊗K Am −→ Am,

namely the ring multiplication on R(m). These are the “addition” products of the Hopf ring.
The only additional axiom to check is the Hopf-ring distributivity law. Let

a ∈ Ai+j , b ∈ Ai, c ∈ Aj ,

and write

∆i,j(a) =
∑

a′ ⊗ a′′

for the component of the coproduct landing in Ai ⊗K Aj . Since transfer in a partition ring
satisfies Frobenius reciprocity, we have

a ∗ ∇(b⊗ c) = R∗(i ⊔ j ≤ i+ j)
(
R∗(i ⊔ j ≤ i+ j)(a) ∗mi,j(b⊗ c)

)
.

Using the symmetric monoidal identification

R(i ⊔ j) ∼= R(i)⊗K R(j),

the restriction of a is
∑
a′ ⊗ a′′. Thus the preceding display becomes

a ∗ ∇(b⊗ c) =
∑

∇((a′ ∗ b)⊗ (a′′ ∗ c)),

which is precisely the Hopf-ring distributivity law.
The functor the other direction from the proof of Proposition 8.7 lands in symmetric

monoidal partition rings in this case because R(m) = Am has the structure of a commutative
ring.

□

Example 8.9. Let K be a commutative ring. The dual constant partition functor CK is a
symmetric monoidal partition functor with values in K-modules. The symmetric monoidal
structure comes from the isomorphism K ⊗K K → K.
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Using the formulas of Example 4.11, we see that, since transfer maps are the identity for
the dual constant partition functor CK , the transfer multiplication

CK(i)⊗ CK(j) → CK(i+ j)

is the ordinary multiplication on K. We learn from this that there is an isomorphism of
graded commutative rings

CK [Σ] ∼= K[t],

where t is in degree 1. Since restriction maps are given by multiplication by the index, in the
bialgebra structure on CK [Σ] ∼= K[t], we have ∆(t) = t⊗ 1 + 1⊗ t ∈ K[t]⊗K K[t] and thus

∆(tm) =
∑

i+j=m

(
m

i

)
ti ⊗ tj .

Now consider the constant partition ring CK . Let 1m ∈ CK(m) = K be the multiplicative
identity. These form an additive basis for CK [Σ] as a K-module. Since the transfer maps in
CK are given by multiplication by the index, the transfer multiplication gives

1i · 1j =
(
i+ j

i

)
1i+j .

It follows that CK [Σ] ∼= K⟨t⟩ is the free divided power polynomial ring over K on one variable
([Sta26, Section 07H4]).

The unit map CK → PD(CK) ∼= CK sends the multiplicative identity in CK(m) to m!1m.
Thus the unit map can be identified with the map of K-algebras (not necessarily an inclusion)

K[t] → K⟨t⟩
sending t to t.

9. Partition power functors

In this section we define partition power functors, which are the partition functor analogue
of a global power functor and show that PD is a monad on the category of partition power
functors.

Definition 9.1. A partition power functor is a partition ring R equipped with a family of
multiplicative maps, called power operations,

Pm : R(1) → R(m)

for each m ∈ N, such that

(a) P0 is the constant function at 1, Pm(1) = 1, and P1 is the identity,
(b) R∗(i ⊔ j ≤ m)(Pm) = mi,j(Pi ⊗ Pj), whenever i+ j = m,
(c) Pm(a+ b) =

∑
i+j=mR∗(i ⊔ j ≤ m)(mi,j(Pi(a)⊗ Pj(b))).

A map of partition power functors is a map of partition rings that is compatible with the
families of power operations.

If R is a partition power functor, then we will refer to Pm as the mth power operation on
R. The third axiom ensures that the composite

P̄m : R(1)
Pm−−→ R(m)

qm−−→ R̄(m)

is additive when m > 0. We will reserve the notation Pm/Im for the composite of P̄m with
the inclusion R̄(m) ⊆ PD(R)(m).

https://stacks.math.columbia.edu/tag/07H4
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Proposition 9.2. The functor PD extends to a monad on the category of partition power
functors.

Proof. If R is a partition power functor, then we must equip PD(R) with a family of power
operations. This is easy to do since the unit map

η : R→ PD(R)

is a map of partition rings and PD(R)(1) = R(1). It follows that, if Pm is the mth power
operation on R, then ηm ◦Pm is an mth power operation for PD(R). The axioms that need to
be satisfied by the family of power operations follow from the fact that η is a map of partition
rings. The naturality of η implies that PD is a functor on partition power functors.

Now consider the map of partition rings

µ : PD(PD(R)) → PD(R).

To see that this is a map of partition power functors, note that the power operations on
PD(PD(R)) come from the power operations on PD(R) using ηPD(R). Since µ is a map of
partition rings, the power operations on PD(PD(R)) induce power operations on PD(R)
through µ. We want these to be the same as those on PD(R) through η. But this follows
from the fact that idPD(R) = µ ◦ ηPD(R). □

Recall that a global power functor S is a global Green functor equipped with power op-
erations Pm : S(G) → S(G ≀ Σm) satisfying several axioms [Sch18, Section 5.1]. Restricting
along the diagonal map G × Σm → G ≀ Σm gives operations Pm : S(G) → S(G × Σm). Since
G ≀ Σ0 = e, when m = 0, the target of P0 is S(e) and P0 is P0 composed with the restriction
map S(e) → S(G) along the group homomorphism G→ e.

Proposition 9.3. If S is a global power functor, then S ◦ (G ≀Σ(−)) and S ◦ (G×Σ(−)) are
both partition power functors.

Proof. The definition of a global power functor ensures that P0 is the constant function at 1
and that

resG≀Σm

G≀(Σi×Σj)
(Pm) = Pi ⊠ Pj ,

where ⊠ is the external multiplication

S(G ≀ Σi)⊗S(e) S(G ≀ Σj) → S(G ≀ Σi ×G ≀ Σj).

This implies that S ◦ (G ≀ Σ(−)) is a partition power functor.
The fact that P0 is the constant function at 1 implies that P0 is also the constant function

at 1. Now consider the restriction

resG×Σm
G×Σi×Σj

Pm.

This is equal to Pi ⊠ Pj , where ⊠ is the external product

S(G× Σi)⊗S(G) S(G× Σj) → S(G× Σi × Σj)
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as there is a commutative diagram

S(G ≀ Σi)⊗S(e) S(G ≀ Σj)

��

// S(G× Σi)⊗S(e) S(G× Σj)

��
S(G× Σi)⊗S(G) S(G× Σj)

⊠
��

S(G ≀ (Σi × Σj)) // S(G× Σi × Σj),

in which both the top and bottom arrow are induced by the diagonal maps. □

Corollary 7.4 implies the following:

Corollary 9.4. If S is a global power functor, then restriction along the diagonal induces a
map of partition power functors

S ◦ (G ≀ Σ(−)) → S ◦ (G× Σ(−)).

Example 9.5. LetK be a commutative ring and let CK be the constant partition ring. There
is a canonical partition power functor structure on CK given by Pm(k) = km ∈ CK(m) = K.

Example 9.6. Let S be a global power functor. The axioms for the power operations imply
that resG×Σm

G Pm = (−)m, the mth power map on S(G). Let K = S(G). The map of partition
rings S ◦ (G× Σ(−)) → CK of Example 7.6 is a map of partition power functors.

10. Universal exponential relations

In this section we introduce a completed version of the commutative ring R[Σ], called R[[Σ]].
We prove that every exponential element in R[[Σ]] admits a canonical logarithm in PD(R)[[Σ]].

Given a lax symmetric monoidal partition functor R, let

R[[Σ]] =
∏
m≥0

R(m)

and let
R⟨Σ⟩ = PD(R)[Σ] and R⟨⟨Σ⟩⟩ = PD(R)[[Σ]].

The commutative ring R[[Σ]] can be obtained from R[Σ] by completing at the system of
irrelevant ideals ⊕

m≥n

R(m) ⊆ R[Σ]

for n > 0. That is, R[[Σ]] is the image of R[Σ] under a “completion” functor from com-
mutative N-graded rings to commutative rings and (−)[[Σ]] is a functor from lax symmetric
monoidal partition functors to commutative rings. Because we are interested in power series,
commutative rings of the form R[[Σ]] will play a more important role in our story than R[Σ].

Now assume that R is a partition ring. Then the homogeneous factors R(m) of R[[Σ]] also
have a ring structure. For r, s ∈ R(m) ⊂ R[[Σ]], we will write r ∗ s for the product of r
and s using the commutative ring structure on R(m). Extending this, for x ∈ R(m) and
y ∈ PD(R)(m), we will write

x ∗ y = ηm(x) ∗ y ∈ PD(R)(m).

We will reserve ∗ for the multiplication internal to R(Λ), when R is a partition ring and Λ is
a partition.
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For r ∈ R(i) and s ∈ R(j), we will reserve ordinary multiplication notation for the transfer
multiplication in R[[Σ]], so that

rs = R∗(i ⊔ j ≤ i+ j)(mi,j(r ⊗ s)).

Given a partition Λ ≤ Ω, let 1Λ≤Ω ∈ R̄(Λ) be the multiplicative identity. Using the
notation of Eq. (5.1), we will write 1Λ≤Ω for the element of PD(R)(Ω) given by ΣΩ1Λ≤Ω.
When Ω is clear from context, we will just write 1Λ. Note that 1Λ≤Ω is an idempotent for
the multiplication ∗ on PD(R)(Ω). Also, note that if 1Λ≤Ω = 0 in R̄(Λ), which occurs only
when R̄(Λ) is the zero ring, then 1Λ≤Ω = 0 in PD(R)(Ω).

Recall that the orbits for the Σm action on the set of subpartitions of m are in bijective
correspondence with integer partitions of m. As in Section 8, we will often use lower case
Greek letters to denote integer partitions. Recall that an integer partition λ is a sequence of
natural numbers (λ1, λ2, . . .) with all but finitely many λi equal to zero and that we say that
λ is an integer partition of m, written λ ⊢ m, if

m =
∑
i≥1

i · λi.

Let m,n > 0 and let λ ⊢ m and γ ⊢ n be two integer partitions. The sum λ + γ is the
integer partition of m+ n with

(λ+ γ)i = λi + γi.

Thus, for k ∈ N, kλ ⊢ km is the partition with (kλ)i = kλi. We will also make use of the
factorial of a partition

λ! =
∏
i≥1

(λi!),

the length of a partition

ℓ(λ) =
∑
i≥1

λi,

the size of a partition

∥λ∥ =
∑
i≥1

i · λi = m,

and the extension of the choose function to partitions(
m

λ

)
=
m!

λ!
.

We will write 1λ⊢m, or just 1λ for m = ∥λ∥, for the element 1Λ≤m ∈ PD(R)(m), where Λ
is any choice of set partition of m with underlying integer partition λ. This does not depend
on the choice of Λ as

(Σm1Λ≤m)Φ =

{
R̄∗(β)1Λ≤m = 1Φ≤m for β ∈ Σm with βΛ = Φ,

0 otherwise,

making use of the fact that R̄∗(β) is a ring map. Further, it follows from Proposition 5.5 that

(10.1)
∑
λ⊢m

1λ⊢m = 1 ∈ PD(R)(m),

the multiplicative identity for the product denoted ∗. Following Notation 4.1, we have 1m =
1m≤m = 1m⊢m.
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Proposition 10.1. Let R be a partition ring and let λ ⊢ n and γ ⊢ m be two integer partitions
so that 1λ ∈ PD(R)(n) and 1γ ∈ PD(R)(m). Then

1λ1γ =
(λ+ γ)!

λ!γ!
1λ+γ .

Proof. Choose set partitions

Λ ⊢ [n] and Γ ⊢ [m]

with underlying integer partitions λ and γ, respectively, and put

Θ = Λ ⊔ Γ ≤ n ⊔m.
By inspecting the coordinates in the definition of the lax symmetric monoidal structure on
PD(R), we have

PD(m)n,m(1λ ⊗ 1γ) = 1Θ≤n⊔m.

Thus
1λ1γ = PD(R)∗(n ⊔m ≤ n+m)

(
1Θ≤n⊔m

)
.

Let θ = λ + γ. We evaluate this transfer at a partition Φ ≤ n+m. The Φ-coordinate is
zero unless the underlying partition of Φ is θ. Indeed, a nonzero summand in the transfer
formula is indexed by a permutation [σ] such that σ−1Φ lies in the Σn ×Σm-orbit of Θ. This
forces Φ to have θi = λi + γi blocks of size i for i ≥ 1.

Assume now that the underlying partition of Φ is θ. The double cosets contributing to the
Φ-coordinate are in bijection with choices, for each i ≥ 1 of λi blocks from the θi blocks of
Φ of size i. The chosen blocks are sent to the n-component and the remaining γi blocks are
sent to the m-component.

Thus the number of contributing terms is∏
i≥1

(
λi + γi
λi

)
.

Each contributing term is the multiplicative identity in R̄(Φ), since it is obtained from the
multiplicative identity by an isomorphism of partitions. Therefore

(1λ1γ)Φ =

(∏
i≥1

(
λi + γi
λi

))
1Φ≤n+m.

Since this holds for every partition Φ whose underlying integer partition is θ, we obtain

1λ1γ =

(∏
i≥1

(
λi + γi
λi

))
1λ+γ .

□

It follows that

1n1m =

{
1n⊔m≤n+m if n ̸= m,

21n⊔m≤n+m if n = m,
and (1λ)

k =
(kλ)!

(λ!)k
1kλ.

From now on, we will denote an element of R[[Σ]] as a power series
∑

m≥0 rmt
m, where

rm ∈ R(m) and t is a dummy variable tracking the grading.

Definition 10.2. ForR a lax symmetric monoidal partition functor, we say that
∑

m≥0 rmt
m ∈

R[[Σ]] is exponential if r0 = 1 and, whenever m = i+ j, we have

R∗(i ⊔ j ≤ m)(rm) = mi,j(ri ⊗ rj).
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Note that if R → R′ is a map of lax symmetric monoidal partition functors then the
induced map of commutative rings R[[Σ]] → R′[[Σ]] sends exponential elements to exponential
elements. Definition 9.1 ensures that if R has the structure of a partition power functor, then
for r ∈ R(1), we have

∑
m≥0 Pm(r)tm is an exponential element in R[[Σ]].

Theorem 10.3. If R is a partition ring and
∑

m≥0 rmt
m ∈ R⟨⟨Σ⟩⟩ = PD(R)[[Σ]] is exponen-

tial, then we have the identity∑
m≥0

rmt
m = exp

(∑
i≥1

(ri ∗ 1i)ti
)
.

Proof. The exponential is interpreted coefficientwise using the usual power series for exp;
Proposition 10.1 will show that the factorials arising from products of the elements 1i cancel
the denominators, so the right hand side is defined integrally in R⟨⟨Σ⟩⟩.

First notice that

(ri ∗ 1i)(rj ∗ 1j) = PD(R)∗(i ⊔ j ≤ i+ j)(PD(m)i,j((ri ∗ 1i)⊗ (rj ∗ 1j)))
= PD(R)∗(i ⊔ j ≤ i+ j)(PD(m)i,j(ri ⊗ rj) ∗ 1i⊔j)
= ri+j ∗ PD(R)∗(i ⊔ j ≤ i+ j)(1i⊔j)

= ri+j ∗ 1i1j .

The second equality follows from the fact that PD(m)i,j is a ring map for the ∗ product. The
third equality follows from Frobenius reciprocity, making use of the fact that

∑
m≥0 rmt

m is
exponential.

This implies that if ℓ(λ) = m, then

(10.2)
∏
i≥1

(
(ri ∗ 1i)ti

)λi =
∏
i≥1

(riλi
∗ λi!1λii≤iλi

)tiλi = (r∥λ∥ ∗ λ!1λ)t∥λ∥,

where λii is the λi-fold coproduct of i with itself.
We calculate that

exp
(∑

i≥1

(ri ∗ 1i)ti
)
=
∑
m≥0

1

m!

(∑
i≥1

(ri ∗ 1i)ti
)m

=
∑
m≥0

1

m!

∑
{λ|ℓ(λ)=m}

(
m

λ

)∏
i≥1

(ri ∗ 1iti)λi

=
∑
m≥0

1

m!

∑
{λ|ℓ(λ)=m}

(
m

λ

)
r∥λ∥ ∗ λ!1λt∥λ∥

=
∑
λ

r∥λ∥ ∗ 1λt∥λ∥

=
∑
m≥0

rmt
m.

The second equality is the multinomial expansion. The third equality makes use of (10.2).
The fourth equality indexes the sum over the set of all integer partitions. The final equality
makes use of (10.1). □

Remark 10.4. Theorem 10.3 will primarily be applied to exponential elements in R[[Σ]],
viewing them in R⟨⟨Σ⟩⟩ through η.
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Remark 10.5. Theorem 10.3 applies somewhat more generally. It is only required that
PD(R) is a partition ring, not R itself. This more general situation actually does sometimes
appear in practice as seen in Example 10.8 below.

Remark 10.6. When R is a symmetric monoidal partition ring, Corollary 8.8 applies. In this
case, exponential elements correspond to the group-like elements in the completed component
Hopf ring R[[Σ]], using the completed tensor product for the structure maps. The elements
rm ∗ 1m satisfy

PD(R)∗(i ⊔ j ≤ m)(rm ∗ 1m) = 0

for i+ j = m and i, j > 0. Thus these elements are primitive whenever PD(R) is a symmetric
monoidal partition functor (e.g., under the conditions of Proposition 8.5).

The following proposition provides a sense in which the exponential relation associated to
an exponential element over R⟨⟨Σ⟩⟩ is universal:

Proposition 10.7. Assume that R is a partition ring and R→ R′ is a map of lax symmetric
monoidal partition functors in which R′ is a PD-algebra. If

∑
m≥0 rmt

m is an exponential

element in R[[Σ]], then the exponential relation∑
m≥0

rmt
m = exp

(∑
i≥1

(ri ∗ 1i)ti
)

in R⟨⟨Σ⟩⟩ gives rise to an exponential relation in R′[[Σ]].

Proof. Since PD(R) is the free PD-algebra on R and R′ is a PD-algebra, we obtain a universal
map PD(R) → R′. This further induces a map of commutative rings R⟨⟨Σ⟩⟩ → R′[[Σ]] which
we may apply to the exponential relation to obtain an exponential relation in R′[[Σ]]. □

Example 10.8. Let K be a commutative ring and let k ∈ K. Consider
∑

m≥0 k
∗mtm ∈

CK [[Σ]]. This is an exponential element as restriction maps are the identity and the multipli-
cation for CK is given by multiplication in K. Under the isomorphism of commutative rings
(see Example 8.9)

CK [[Σ]] ∼= K⟨⟨t⟩⟩,

the exponential element
∑

m≥0 k
∗mtm is sent to

∑
m≥0 k

m tm

m! .

Since CK
∼= PD(CK), Theorem 10.3 guarantees that∑

m≥0

k∗mtm = exp
(∑

i≥1

(k∗i ∗ 1i)ti
)

= exp
(
k ∗ 11t

)
in CK [[Σ]], where the second equality follows from the fact that 1i = 0 ∈ PD(CK)(i) for all
i > 1. Applying the isomorphism to K⟨⟨t⟩⟩, we just have∑

m≥0

km
tm

m!
= exp(kt).

Example 10.9. Assume that R is a partition power functor and let Pk/Ik be the composite

R(1) → R(k) → R̄(k) ⊆ PD(R)(k),
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as opposed to P̄k which lands in R̄(k). Since
∑

m≥0 Pmt
m takes values in exponential elements,

Theorem 10.3 provides us with an exponential relation∑
m≥0

Pmt
m = exp

(∑
k≥1

Pk/Ikt
k
)

between the total multiplicative and total additive power operations. Applying Proposi-
tion 9.3, if S is a global power functor, then the family of power operations on the partition
power functors R = S ◦ (G ≀Σ(−)) or R = S ◦ (G×Σ(−)) satisfy this exponential relation over
PD(R). This provides us with an exponential relation between additive and multiplicative
power operations that applies very generally.

We find it interesting that the third axiom in the definition of a partition power functor is
not needed for this exponential relation and thus we could drop the requirement that P̄k is
additive.

Example 10.10. Assume S is a global power functor, G is a fixed finite group, K = S(G),
and R = S ◦ (G×Σ(−)) is the associated partition power functor. By Example 9.6, restriction
along G→ G× ΣΛ gives a map of partition power functors R→ CK and the induced map

R[[Σ]] → CK [[Σ]] ∼= K⟨⟨t⟩⟩

sends
∑

m≥0 Pmt
m to

∑
m≥0(−)∗mtm 7→

∑
m≥0(−)m tm

m! .

Since CK is a PD-algebra, we have an induced map PD(R) → CK . Example 10.8 implies
that the exponential relation ∑

m≥0

Pmt
m = exp

(∑
k≥1

Pk/Ikt
k
)

is sent to the exponential relation∑
m≥0

(−)m
tm

m!
= exp

(
(−)t

)
in K⟨⟨t⟩⟩.

11. The divided power envelope

In this section we consider the relationship between PD(R)[Σ] and the algebra of symmetric
invariant tensors in the case that R is a symmetric monoidal partition functor.

We begin with a review of the algebra of symmetric invariant tensors. Let K be a commu-
tative ring and let M be a K-module and let

TS(M) =
⊕
m≥0

(M⊗m)Σm

and

T (M) =
⊕
m≥0

M⊗m,

where the tensor products are over K. Then TS(M) is a submodule of T (M), but more is
true. There is a graded K-algebra structure on T (M) with multiplication given by the shuffle
product. If x ∈M⊗i and y ∈M⊗j are simple tensors, then the shuffle product of x and y is

xy =
∑

[σi,j ]∈Σi+j/(Σi×Σj)

σi,j(x⊗ y),
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where the σi,j ’s are the (i, j)-shuffles. This multiplication induces a K-algebra structure on
TS(M) as well and we call the resulting algebra the symmetric invariant tensor algebra. This
applies to M =M∗, an N-graded K-module, as well. Note that the degree 1 part of TS(M∗)
is M0, the degree 2 part is M1 ⊕ ((M0)

⊗2)Σ2 , and so on.
In [Rob63, Chapter III and Chapter IV] (see also [Car55, Section 4]), it was shown that if

M∗ is an N-graded free K-module, then TS(M∗) is canonically isomorphic to the free graded
divided polynomial algebra on a choice of homogeneous basis for M∗. This has consequences
for partition functors for the following reason:

Proposition 11.1. Assume that R is a symmetric monoidal partition functor taking values in
K-modules and letM∗ be the N-graded K-module withMi = R̄(i+1). There is an isomorphism
of commutative graded K-algebras

TS(M∗) ∼= PD(R)[Σ].

Proof. Let λ ⊢ m be an integer partition and choose a partition Λ ≤ m with underlying
integer partition λ. Since R is symmetric monoidal, Lemma 8.4 gives an isomorphism

R̄(Λ) ∼=
⊗
i

R̄(i)⊗λi ,

where the tensor product is over K. Under this isomorphism, Eq. (8.2) identifies the action
of the Weyl group WΣm(ΣΛ) ∼=

∏
iΣλi

with the action that permutes the tensor factors of
equal degree. Thus Proposition 5.5 gives an isomorphism

PD(R)(m) ∼=
⊕
λ⊢m

(⊗
i

R̄(i)⊗λi

)∏
i Σλi

.

Consequently,

PD(R)[Σ] ∼=
⊕
m≥0

⊕
λ⊢m

(⊗
i

R̄(i)⊗λi

)∏
i Σλi

as graded K-modules.
We compare this with TS(M∗). Recall that Mi−1 = R̄(i). For r ≥ 0, the contribution of

M⊗r
∗ to degree m is ⊕

i1+···+ir=m
ij>0

R̄(i1)⊗ · · · ⊗ R̄(ir).

The group Σr acts by permuting these summands and the tensor factors. The orbits of the
summands are indexed by the integer partitions λ ⊢ m of length ℓ(λ) = r. For the orbit
associated to λ, choose the summand ⊗

i

R̄(i)⊗λi .

Its stabilizer in Σr is
∏

iΣλi
. An invariant element in the direct sum over the orbit is uniquely

determined by its component in this chosen summand, and this component must be fixed by∏
iΣλi

. It follows that( ⊕
i1+···+ir=m

ij>0

R̄(i1)⊗ · · · ⊗ R̄(ir)

)Σr

∼=
⊕
λ⊢m

ℓ(λ)=r

(⊗
i

R̄(i)⊗λi

)∏
i Σλi

.
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Summing over r gives an isomorphism of graded K-modules

TS(M∗) ∼= PD(R)[Σ].

It remains to identify the multiplication under this isomorphism. Let λ ⊢ k and ω ⊢ ℓ, and
choose partitions Λ ≤ k and Ω ≤ ℓ with underlying integer partitions λ and ω, respectively.
Let

s ∈
(⊗

i

R̄(i)⊗λi

)∏
i Σλi

and

t ∈
(⊗

i

R̄(i)⊗ωi

)∏
i Σωi

.

Using the notation preceding Proposition 5.5, these determine elements

Σks ∈ PD(R)(k) and Σℓt ∈ PD(R)(ℓ).

The lax symmetric monoidal multiplication gives

mk,ℓ (Σks⊗ Σℓt) = Σk⊔ℓ(s⊗ t) ∈ PD(R)(k ⊔ ℓ).
This element is supported on the orbit of the partition Λ ⊔ Ω.

Let m = k + ℓ. The product of Σks and Σℓt in PD(R)[Σ] is obtained by applying the
transfer along k ⊔ ℓ ≤ m. Fix a partition Γ ≤ m having λi + ωi blocks of cardinality i. The
Γ-component of the product is ∑

[σ]∈ΣΓ\Σm/Σk⊔ℓ

σ−1Γ≤k⊔ℓ

R̄∗(σ)
(
Σk⊔ℓ(s⊗ t)σ−1Γ

)
.

A summand is nonzero precisely when σ−1Γ has λi blocks of cardinality i in k and ωi blocks
of cardinality i in ℓ, for every i. Thus the double cosets which contribute are in bijection with∏

i

Σλi+ωi
/(Σλi

× Σωi).

Indeed, such a double coset records, for every i, which λi of the λi + ωi blocks of cardinality
i are sent to k.

For each contributing double coset we may choose a representative σ for which

Σk⊔ℓ(s⊗ t)σ−1Γ = s⊗ t.

By Eq. (8.2), the map R̄∗(σ) simply permutes the corresponding tensor factors. It follows
that the Γ-component of the product is∑

[σ]∈
∏

i Σλi+ωi
/(Σλi

×Σωi )

σ(s⊗ t).

Under the module isomorphism above, this is exactly the component of the shuffle product
of s and t in TS(M∗).

Since an invariant element is determined by its component at the chosen representative of
each orbit, the multiplication on PD(R)[Σ] agrees with the shuffle multiplication on TS(M∗).
Thus the isomorphism above is an isomorphism of commutative graded K-algebras. □

Corollary 11.2. In the context of the previous proposition, if R̄(i) is a free R(0)-module for
each i, then PD(R)[Σ] is the free graded divided polynomial algebra on a homogeneous basis
for

⊕
i>0 R̄(i).
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With this in hand, we can give a universal property of PD(R)[Σ] as an R[Σ]-algebra when
R is a symmetric monoidal partition functor with R̄(i) free as an R(0)-module.

Theorem 11.3. Assume that R is a symmetric monoidal partition functor such that R̄(m)
is a free R(0)-module for all m ≥ 0. The divided power algebra PD(R)[Σ] is the divided power
envelope of R[Σ] with respect to the irrelevant ideal ⊕m≥1R(m).

Proof. Let f : R[Σ] → D be a ring map to a divided power algebra (D,J) with f(⊕m≥1R(m)) ⊆
J . We wish to show that f extends uniquely to a map of divided power algebras PD(R)[Σ] →
D. Note that D is not assumed to be graded.

Let R[Σ]≤m be the subalgebra of R[Σ] generated by R[Σ]≤m, the elements of degree less
than or equal to m. We will use induction along the subalgebras R[Σ]≤m to extend f in a
unique way to a divided power algebra map from PD(R)[Σ] to D.

Let fm : R[Σ]≤m → D be the restriction of f to R[Σ]≤m. Let PD(R)[Σ]≤m be the divided
power subalgebra of PD(R)[Σ] generated by PD(R)[Σ]≤m.

Since PD(R)(0) = R(0), PD(R)(1) = R(1), and PD(R)[Σ]≤1 = TS(R(1)) is the free graded
divided power algebra on a basis of R(1), there is a unique way to extend f1 to PD(R)[Σ]≤1

using the divided power algebra structure of the target (D,J).
Now assume that we have constructed a unique extension of fm−1 to PD(R)[Σ]<m.
Note that the inclusion PD(R)[Σ]<m → PD(R)[Σ]≤m is an isomorphism in degrees less

than m. In degree m, we have

(PD(R)[Σ]<m)m =
⊕
λ⊢m
λm ̸=1

⊗
i

(R̄(i)⊗λi)Σλi ⊆ PD(R)(m),

using the fact that PD(R)[Σ]<m is the divided power subalgebra of PD(R)[Σ] generated by
PD(R)[Σ]<m. It follows that there is a short exact sequence of R(0)-modules

(PD(R)[Σ]<m)m → (PD(R)[Σ]≤m)m → R̄(m).

On the other hand, since R is symmetric monoidal, we have

(R[Σ]<m)m = Im ⊆ R(m).

Further, note that the commutative square of R(0)-modules

Im
� � //

��

R(m)

��
(PD(R)[Σ]<m)m

� � // PD(R)(m)

is a pushout square as the horizontal arrows are injections and the induced map of cokernels
is an isomorphism (they are isomorphic to R̄(m)). It follows that the restriction of fm to
R[Σ]≤m extends in a unique way to PD(R)[Σ]≤m.

Finally, we have a commutative diagram

R[Σ]≤m
//

��

R[Σ]≤m

��
PD(R)[Σ]<m ⊕ R̄(m) // PD(R)[Σ]≤m.

In the lower left corner, R̄(m) should be viewed as a graded R(0)-module concentrated in
degree m. We have already extended (fm)|R[Σ]≤m

to PD(R)[Σ]<m ⊕ R̄(m), the restriction to
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PD(R)[Σ]<m is the extension of fm−1 from our induction hypothesis. This extension extends
further to PD(R)[Σ]≤m using the fact that PD(R)[Σ]≤m is the free divided polynomial algebra
over PD(R)[Σ]<m on a basis of R̄(m) by Corollary 11.2. Since fm agrees with this extension on
a set of generators of R[Σ]≤m, we obtain a unique extension of fm to PD(R)[Σ]≤m compatible
with the map R[Σ]≤m → PD(R)[Σ]≤m.

Finally taking the colimit along m gives the desired result. □

Example 11.4. Let K be a commutative ring and let M be a K-module. We describe a
symmetric monoidal partition functor generalizing CK whose associated ring is the symmetric
algebra on M .

For a finite set X, let

M⊗X =
⊗
x∈X

M,

where the tensor product is taken over K. If Λ = (X,∼Λ) is a partition, then ΣΛ acts on
M⊗X by permuting the tensor factors. Define

SM (Λ) = (M⊗X)ΣΛ
,

where the subscript denotes coinvariants.
We describe restriction and transfer maps making SM into a partition functor. First sup-

pose that Γ ≤ Λ. The transfer

(SM )∗(Γ ≤ Λ): (M⊗X)ΣΓ
−→ (M⊗X)ΣΛ

is the canonical quotient map. The restriction

S∗
M (Γ ≤ Λ): (M⊗X)ΣΛ

−→ (M⊗X)ΣΓ

is the norm map

[x] 7−→
∑

[σ]∈ΣΓ\ΣΛ

[σx].

This is independent of the choice of representatives for the left cosets and is well-defined
on ΣΛ-coinvariants. For an isomorphism of partitions, the restriction and transfer maps are
induced by the corresponding permutation of the tensor factors. The maps associated to
arbitrary maps of partitions are obtained using the factorization of Lemma 2.2. The usual
double coset decomposition shows that these restriction and transfer maps satisfy the double
coset formula. Thus SM is a partition functor. Note that, if M is free of rank > 1, then SM
is not restricted from a global functor as the values of SM on the discrete partitions have
distinct ranks. In the case that M = K, we will see below that SM = CK .

In fact, SM is a symmetric monoidal partition functor with values in K-modules. The
symmetric monoidal structure is given by the canonical isomorphism

SM (Λ)⊗K SM (Ω) −→ SM (Λ ⊔ Ω)

sending

[x]⊗ [y] 7−→ [x⊗ y].

This is an isomorphism since

ΣΛ⊔Ω ∼= ΣΛ × ΣΩ.

The associated graded ring has a familiar description:

SM [Σ] =
⊕
m≥0

(M⊗m)Σm
∼= SymK(M).
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Under this isomorphism, the transfer product is the usual multiplication in the symmetric
algebra.

The effect of PD on this partition functor is particularly simple. If Λ is not discrete,
then there is a proper refinement Γ < Λ, and the transfer SM (Γ) −→ SM (Λ) is surjective.
It follows that S̄M (Λ) = 0 unless Λ is discrete. If X̄ denotes the discrete partition of X,
then S̄M (X̄) = M⊗X . Consequently, for any partition Λ of X, PD(SM )(Λ) ∼= (M⊗X)ΣΛ . In
particular,

PD(SM )[Σ] ∼=
⊕
m≥0

(M⊗m)Σm = TS(M),

where the multiplication on the right is the shuffle product described above.
Under these identifications, the unit

η : SM −→ PD(SM )

is the norm from coinvariants to invariants. At the indiscrete partition m, it is the map

(M⊗m)Σm −→ (M⊗m)Σm

given by

[x] 7−→
∑

σ∈Σm

σx.

Thus after applying (−)[Σ], the unit of the PD monad is the canonical symmetrization map

SymK(M) −→ TS(M).

When M = K, the symmetric groups act trivially on M⊗X ∼= K. The transfer maps are
the identity and the restriction along Γ ≤ Λ is multiplication by |ΣΛ/ΣΓ|. Thus

SK ∼= CK ,

so this construction generalizes the dual constant partition functor and discussion of Exam-
ple 4.11.

Finally, if M is a free K-module, then Theorem 11.3 identifies

TS(M) ∼= PD(SM )[Σ]

as the divided power envelope of

SymK(M) ∼= SM [Σ]

with respect to its ideal generated by elements of positive degree.

Example 11.5. The functor PD does not preserve symmetric monoidal partition functors
in general. We use a counterexample of Lundkvist [Lun08, Example 5.3].

Let k be a field of characteristic 2, let

K = k[s, t], M = K2/⟨se1 + te2⟩,
and let

K ′ = K[z]/(z(s+ t)).

Lundkvist shows that the base change map

TS2(M)⊗K K ′ −→ ((M ⊗K K ′)⊗K′2)Σ2

is not injective.
Set N = M ⊕K ′, viewed as a K-module, and consider the symmetric monoidal partition

functor SN of Example 11.4. The lax symmetric monoidal structure gives a map

PD(SN )(2)⊗K PD(SN )(1) −→ PD(SN )(2 ⊔ 1).
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Under the identification above, this is

TS2(N)⊗K N −→ (N⊗3)Σ2 .

Using the decomposition N = M ⊕K ′, this map contains Lundkvist’s base change map as
a direct summand. It is therefore not an isomorphism. Thus SN is a symmetric monoidal
partition functor for which PD(SN ) is not symmetric monoidal.

12. The initial partition ring

Recall that the initial global Green functor is the Burnside ring global Green functor. In
this section we will show that the initial partition ring is the representation ring functor. This
has some concrete advantages: the representation ring partition functor is much smaller than
the Burnside ring partition functor and it is a symmetric monoidal partition functor – unlike
the Burnside ring partition functor.

Let Å(Λ) ⊆ A(ΣΛ) be the subgroup of the Burnside ring of ΣΛ on the basis elements of the
form [ΣΛ/ΣΓ], for Γ ≤ Λ. Note that ΣΛ/ΣΓ

∼= ΣΛ/ΣΓ′ as ΣΛ-sets if and only if there exists

σ ∈ ΣΛ such that σΓ = Γ′. The subgroup Å(Λ) is a subring of A(ΣΛ) as Young subgroups
are closed under conjugation and intersection.

This construction extends to a partition ring. It admits restriction maps as, again, the
collection of Young subgroups is closed under conjugation and intersection. It admits transfer
maps as, given Λ ≤ Ω, we have an isomorphism of ΣΩ-sets ΣΩ ×ΣΛ

ΣΛ/ΣΓ
∼= ΣΩ/ΣΓ. We see

that the transfer sends basis elements to basis elements. The transfer maps satisfy Frobenius
reciprocity because they are compatible with the transfer maps in the Burnside ring – which
satisfy Frobenius reciprocity.

Further, Å is a symmetric monoidal partition ring. This follows from the fact that Å(Λ)⊗
Å(Ω) and Å(Λ⊔Ω) are free of the same rank and the canonical map Å(Λ)⊗Å(Ω) → Å(Λ⊔Ω)
is surjective.

Proposition 12.1. The partition ring Å is the initial partition ring.

Proof. Let R be a partition ring. Our goal is to produce a unique map of partition rings
ι : Å → R. Let Λ = (X,∼Λ) be a partition. We will first use induction to produce a unique

map of abelian groups Å(Λ) → R(Λ) natural in transfer maps.

Let X̄ be the discrete partition on X. Note that Å(X̄) = Z is the integers so there is a

unique ring map Å(X̄) → R(X̄).

Now assume that we have constructed a unique map of abelian groups Å(Θ) → R(Θ) for
all Θ < Λ compatible with transfers along inclusions. Since ι must commute with transfer
maps, the value of every basis element except for [ΣΛ/ΣΛ] is determined by the transfer maps.

Since [ΣΛ/ΣΛ] is the multiplicative unit in Å(Λ), it must go to 1 in R(Λ).
To see that these maps commute with restrictions along inclusions we make use of the

double coset formula. Assume that ι commutes with restrictions for all proper subpartitions
of Λ. Let x be a basis element in Å(Λ) and let Γ ≤ Λ. If x ̸= 1, then x = Å∗(Θ ≤ Λ)(y)

for some Θ and y a basis element in Å(Θ). Now Å∗(Γ ≤ Λ)(x) can be expressed in terms
of transfers of restrictions of y. Thus the restriction of x is determined by our induction
hypothesis. Now if x = 1 in Å(Λ) then the restriction of 1 is 1 and ι(Λ)(1) = 1, taking care
of that case. We conclude that ι commutes with restrictions.

To see that ι(Λ) is a ring map, assume that ι(Γ) is a ring map for all Γ < Λ. The base case
is ι(X̄), which is a ring map. It suffices to prove that ι(Λ) is multiplicative on basis elements.

Given basis elements x, y ∈ Å(Λ), we may assume without loss of generality that x ̸= 1. Then
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x = Å∗(Θ < Λ)(x′) for some Θ < Λ and x′ a basis element in Å(Θ). If y′ = Å∗(Θ < Λ)(y),
then Frobenius reciprocity implies that

Å∗(Θ < Λ)(y′x′) = yÅ∗(Θ < Λ)(x′) = yx.

Now ι(Λ) is multiplicative since R also satisfies Frobenius reciprocity and ι(Θ) is a ring map.
We leave any additional details to the reader. □

Let RU(ΣΛ) be the complex representation ring of ΣΛ. It is classical (see [Ful97, Sections
7.2 and 7.3], for instance) that the composite

Å(Λ) → A(ΣΛ) → RU(ΣΛ)

is an isomorphism of commutative rings. Since both of these maps extend to maps of partition
rings, the composite is an isomorphism of partition rings. Thus we may conclude that the
initial partition ring is the representation ring partition ring sending a partition Λ to RU(ΣΛ).
Since RU(Σ(−)) is symmetric monoidal, Corollary 8.8 implies that the component Hopf ring of
symmetric functions

⊕
m≥0RU(Σm) is the initial component Hopf ring. Two other categories

in which symmetric functions are initial arise in the work of Hazewinkel [Haz09, Theorem
11.15] on Hopf algebras equipped with a divided power sequence and the work of Baez,
Moeller, and Trimble [BMT24] on 2-plethories.

The power operations on Burnside rings Pm : A(e) → A(Σm) land inside Å(m). This is
due to the fact that, if X is a set, then the stabilizers of elements in Xm equipped with the
permutation action by Σm are Young subgroups. This fact and equivariant generalizations of
this fact are thoroughly explored in [CDM+24]. It follows that Å is a partition power functor.

Corollary 12.2. The partition power functor Å is the initial partition power functor.

Proof. For any partition power functor R, the power operations applied to the image of the
ring map Z → R(1) are completely determined by transfers for the non-negative integers
and determined inductively by expanding the right hand side of the formula 0 = Pm(0) =
Pm(k+(−k)) to find the value on negative integers. This follows from the third axiom in the
definition of a partition power functor, which reduces the calculation of Pm(k) for k ∈ N to
transfers and the value of power operations on 1. □

Since every basis element except for 1 in Å(Λ) is in the image of a transfer map from a
proper subpartition of Λ, we have

Å(Λ)/IΛ ∼= Z.
By construction, the quotient map

Å(Λ) → Å(Λ)/IΛ

takes a ΣΛ-setX representing a class in Å(Λ) to |XΣΛ |. Since we have a canonical isomorphism

of partition rings Å ∼= RU(Σ(−)) and the PD monad is natural, it follows that

PD(Å)(Λ) ∼= Cl(ΣΛ,Z)

and the unit map Å(Λ) → PD(Å)(Λ) is the character map

RU(ΣΛ) → Cl(ΣΛ,Z).

Further, Proposition 11.1 and Theorem 11.3 imply that Cl(Σ(−),Z)[Σ] is a graded divided
power polynomial algebra with one generator in each degree and also the divided power
envelope of the ring of symmetric functions RU(Σ(−))[Σ] with respect to the ideal generated
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by positively graded elements. The divided power structure on integer-valued class functions
was already observed in [UD82].

Note that, if R is a PD-algebra in partition rings, then there exists a canonical map of
partition rings Cl(Σ(−),Z) → R.

13. The universal exponential element

In this section we describe a symmetric monoidal partition ring E that carries the universal
exponential element. It follows that PD(E) carries the universal exponential relation in the
category of PD-algebras in partition rings. We also describe two automorphisms of E .

We will make use of Oda and Yoshida’s construction of crossed Burnside rings [OY01,
OY04], but applied to infinite (rather than finite) commutative monoids equipped with an
action of G. Let Λ = (X,∼Λ) be a partition and let MΛ be the commutative monoid NX

equipped with the canonical ΣΛ-action. A ΣΛ-set over MΛ with Young stabilizers is a pair
(W,α : W → MΛ), where W is a finite ΣΛ-set with stabilizers all Young subgroups of ΣΛ

and α is a ΣΛ-equivariant function. Two pairs (W,α) and (V, β) are isomorphic if there is
an isomorphism of ΣΛ-sets σ : W → V such that α = βσ. The disjoint union of (W,α)
and (V, β) is (W

∐
V, α

∐
β). The product of (W,α) and (V, β) is (W × V, α + β), where

(α + β)(w, v) = α(w) + β(v). Let [W,α] be the isomorphism class of (W,α). The disjoint
union and product induce a well-defined sum and product of isomorphism classes. Let E(Λ)
be the Grothendieck ring of isomorphism classes of ΣΛ-set over MΛ with Young stabilizers.
Also note that E(0) ∼= Z as N[0] = ∗. Note that Å(Λ) is the subring of E(Λ) on isomorphism
classes of the form [W, c0], where c0 is the constant function at 0 ∈ NX .

Next we will describe restriction and transfer maps giving E the structure of a partition
ring. For [W,α] ∈ E(Λ) and Γ ≤ Λ, the restriction E∗(Γ ≤ Λ)([W,α]) is given by restricting
all of the actions to ΣΓ (i.e., restricting W to ΣΓ and viewing α as ΣΓ-equivariant). For
[V, β] ∈ E(Γ) and Γ ≤ Λ, the transfer E∗(Γ ≤ Λ)([V, β]) is given by [ΣΛ×ΣΓ

V, [σ, v] 7→ σβ(v)].
Now assume that Ω = (Y,∼Ω). Given an isomorphism of partitions f : Ω → Λ and a pair
(W,α) as above, we may restrict W along the induced map ΣΩ → ΣΛ to obtain a ΣΩ-set and

the underlying bijection Y
∼=−→ X gives an isomorphism MΛ

∼=−→ MΩ. These maps induce an
isomorphism E(Λ) → E(Ω). Restriction and transfer along arbitrary maps of partitions are
obtained using the factorization of Lemma 2.2.

We define a symmetric monoidal structure on E generalizing the symmetric monoidal
structure on Å. Given [W,α] ∈ E(Λ), where Λ = (X,∼Λ) and [V, β] ∈ E(Ω), where Ω =
(Y,∼Ω), we set

[W,α]⊠ [V, β] = [W × V, α× β : W × V → NX × NY ∼= NX
∐

Y ],

where W × V is viewed as a ΣΛ × ΣΩ-set.

Proposition 13.1. With the structure maps described above, E has the structure of a sym-
metric monoidal partition ring.

Proof. The partition ring structure follows from [OY04, Sections 2 and 3]. Their proofs apply
unchanged in this setting. Indeed, restriction and transfer preserve the condition on stabilizers
since conjugates and intersections of Young subgroups are Young subgroups, and none of the
constructions uses finiteness of the monoid.

It remains to consider the symmetric monoidal structure. Every refinement of Λ ⊔ Ω is
uniquely of the form Γ ⊔Θ, with Γ ≤ Λ and Θ ≤ Ω, and

MΛ⊔Ω ∼=MΛ ×MΩ.
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It follows, by decomposing crossed sets into transitive crossed sets, that the external product
induces an isomorphism

E(Λ)⊗ E(Ω)
∼=−→ E(Λ ⊔ Ω).

The compatibility of this product with restrictions and transfers is immediate from the cor-
responding properties for Cartesian product and transfer. □

Let eΛ = [ΣΛ/ΣΛ, c1 : ΣΛ/ΣΛ → NX ] ∈ E(Λ), where c1 is the constant function at 1 on X.
Following Notation 4.1, let em = em. We set e0 = 1. Note that

eΛ ⊠ eΩ = eΛ⊔Ω.

For Γ ≤ Λ, consider the pair (ΣΛ/ΣΓ, α). The function α(eΣΓ) ∈ NX is constant on blocks.
Let aB = α(eΣΓ)(B) for B ∈ X/∼Γ.

Lemma 13.2. Assume Λ = (X,∼Λ), Γ ≤ Λ, and [ΣΛ/ΣΓ, α] ∈ E(Λ), then

[ΣΛ/ΣΓ, α] = E∗(Γ ≤ Λ)
(
⊠B∈X/∼Γ

eaBB

)
.

Proof. The element
⊠B∈X/∼Γ

eaBB ∈ E(Γ)
is represented by the one-point ΣΓ-set ∗ and function a ∈ NX with value aB on the block B.
The transfer of this crossed set from ΣΓ to ΣΛ gives ΣΛ/ΣΓ with function

σΣΓ 7−→ σa.

Since α is equivariant and is determined by its value at eΣΓ, this is precisely α. □

Now consider the commutative ring E [[Σ]]. For i+ j = m, we have

E∗(i ⊔ j ≤ m)(em) = ei ⊠ ej

so
∑

m≥0 emt
m is an exponential element in E [[Σ]]. In fact, this is the universal exponential

element:

Theorem 13.3. Let R be a partition ring. There is a natural bijection between the set of
maps of partition rings from E to R and the set of exponential elements in R[[Σ]] given by
sending a map of partition rings

f : E → R

to the exponential element
∑

m≥0 fm(em)tm.

Proof. A map of partition rings f : E → R sends the elements em to elements rm = fm(em)
satisfying r0 = 1 and

R∗(i ⊔ j ≤ i+ j)(ri+j) = ri ⊠ rj .

Thus
∑

m≥0 rmt
m is exponential.

Conversely, suppose that
∑

m≥0 rmt
m ∈ R[[Σ]] is exponential. For a nonempty finite set B,

let rB ∈ R(B) correspond to r|B| under the canonical identification of Lemma 3.3. If Γ is a

partition of X and a ∈ NX is constant on its blocks, write

zΓ(a) = ⊠B∈X/∼Γ
raBB and αa(gΣΓ) = ga.

By Lemma 13.2, a map sending em to rm must satisfy

fΛ([ΣΛ/ΣΓ, αa]) = R∗(Γ ≤ Λ)zΓ(a).

We use this formula to define fΛ on the transitive crossed sets and extend additively.
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The construction of zΓ(a) is compatible with relabelling: for an isomorphism σ : Γ → σΓ,
we have

R∗(σ)zΓ(a) = zσΓ(σa).

Changing the representative of a transitive crossed set conjugates Γ and transports a by an
element of ΣΛ. Since such an element induces the identity on R(Λ), the formula for fΛ is
independent of this choice. It also shows that the maps fΛ commute with isomorphisms.

The identities satisfied by the rm’s describe what happens when a block is refined. If ∆ ≤ Γ,
repeated application of these identities, using that restrictions preserve internal and external
multiplication, gives

R∗(∆ ≤ Γ)zΓ(a) = z∆(a).

Here each block of ∆ inherits the label of the block of Γ containing it. Together with the double
coset formula, this identity shows that f commutes with restrictions. Compatibility with
transfers follows from transitivity of transfers, and compatibility with the external product
follows from the definition of zΓ(a) and the compatibility of transfers with external products.

It remains to check that fΛ is multiplicative. We will use ∗ for the multiplication in E(Λ)
and R(Λ). Let

x = [ΣΛ/ΣΓ, αa], y = [ΣΛ/ΣΩ, αb].

Choose representatives σ for ΣΓ\ΣΛ/ΣΩ and set ∆σ = Γ∩σΩ. The orbit of (ΣΓ, σΣΩ) in the
product of the two coset spaces has stabilizer Σ∆σ and label a+ σb. Thus

x ∗ y =
∑
[σ]

[ΣΛ/Σ∆σ , αa+σb].

Frobenius reciprocity and the double coset formula express fΛ(x) ∗ fΛ(y) as a sum over the
same double cosets, by restricting the two factors to ∆σ and transferring their product to
Λ. The restriction and relabelling identities above identify these two factors with z∆σ(a) and
z∆σ(σb). Since external multiplication is a ring map, their product is z∆σ(a + σb). Conse-
quently,

fΛ(x) ∗ fΛ(y) =
∑
[σ]

R∗(∆σ ≤ Λ)
(
z∆σ(a) ∗ z∆σ(σb)

)
=
∑
[σ]

R∗(∆σ ≤ Λ)z∆σ(a+ σb)

= fΛ(x ∗ y).
The multiplicative identity is [ΣΛ/ΣΛ, α0], whose image is zΛ(0) = 1. Hence f : E → R is a
map of partition rings.

By construction, fm(em) = rm, and Lemma 13.2 shows that these values determine f
uniquely. The two constructions are therefore inverse and natural in R. □

It follows that PD(E) carries the universal exponential relation in the category of PD-
algebras in partition rings. That is, if the partition ring R is a PD-algebra with structure
map ι : PD(R) → R and

∑
m≥0 rmt

m is an exponential element in R[[Σ]] with exponential
relation ∑

m≥0

rmt
m = exp

(∑
k≥1

ιk(rk ∗ 1k)tk
)

then there exists a unique map of PD-algebras PD(E) → R sending the exponential relation
carried by PD(E)[[Σ]] to the exponential relation over R.
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We can also describe the universal exponential relation. Note that Ē(m) ∼= Z[xm] for
m > 0, where xm = qm(em) = qm([Σm/Σm, c1]). Viewing Ē(m) ⊆ PD(E)(m), the universal
exponential relation in E⟨⟨Σ⟩⟩ is ∑

m≥0

emt
m = exp

(∑
k≥1

xkt
k
)
.

The partition ring E admits nontrivial automorphisms. We will describe two of them here
and explore the full automorphism group as well as further algebraic structure possessed by
the partition ring E and the commutative ring E [Σ] in future work. Let u(t) =

∑
m≥0 emt

m be

the universal exponential element in E [[Σ]]. Note that u(−t) is also an exponential element.
Since u(t) is a group-like element of E [[Σ]] (see Remark 10.6), so is u(t)−1 (defined in the
expected way) and this implies that u(t)−1 is exponential as well. The exponential elements
u(−t) and u(t)−1 correspond to involutions of E .

There is a useful description of the composite of these two involutions. By the preceding
section, RU(Σ(−)) is the initial partition ring. Thus, for every partition ring R, there are
canonical elements

sm ∈ R(m)

given by the images of the sign representations [sgnm] ∈ RU(Σm) under the unique map of
partition rings RU(Σ(−)) → R. We refer to sm as the sign element in degree m.

Proposition 13.4. Let R be a partition ring and let r(t) =
∑

m≥0 rmt
m ∈ R[[Σ]] be an

exponential element. Then

r(−t)−1 =
∑
m≥0

(sm ∗ rm)tm.

Proof. Let 1m ∈ RU(Σm) and 1Rm ∈ R(m) be the multiplicative identities. We have the
classical relation (see [Ful97, Section 6.1])(∑

m≥0

(−1)m1mt
m

)(∑
m≥0

[sgnm]tm
)

= 1

in the completed ring of symmetric functionsRU(Σ(−))[[Σ]]. Applying the unique mapRU(Σ(−)) →
R gives (∑

m≥0

(−1)m1Rmt
m

)(∑
m≥0

smt
m

)
= 1.

The degree m coefficient of

r(−t)
(∑

j≥0

(sj ∗ rj)tj
)

is zero for m > 0 and is 1 for m = 0. Indeed, the degree m coefficient is∑
i+j=m

(−1)iR∗(i ⊔ j ≤ m)
(
mi,j

(
ri ⊗ (sj ∗ rj)

))
.

Since mi,j is multiplicative and r(t) is exponential, we have

mi,j

(
ri ⊗ (sj ∗ rj)

)
= R∗(i ⊔ j ≤ m)(rm) ∗mi,j(1

R
i ⊗ sj).

Thus Frobenius reciprocity gives∑
i+j=m

(−1)iR∗(i ⊔ j ≤ m)
(
R∗(i ⊔ j ≤ m)(rm) ∗mi,j(1

R
i ⊗ sj)

)
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= rm ∗
( ∑

i+j=m

(−1)iR∗(i ⊔ j ≤ m)mi,j(1
R
i ⊗ sj)

)
.

The final sum is the degree m coefficient of(∑
i≥0

(−1)i1Ri t
i

)(∑
j≥0

sjt
j

)
.

By the preceding identity, this coefficient is 0 for m > 0 and 1 for m = 0. □

Example 13.5. Assume that R is a partition power functor. In this case, the sign elements
have an intrinsic description in terms of the power operations. Indeed, the canonical map
from the initial partition power functor to R preserves power operations, while in the initial
partition power functor∑

m≥0

Pm(−1)tm =
(∑

m≥0

Pm(1)tm
)−1

=
∑
m≥0

(−1)m[sgnm]tm.

Consequently,

sm = (−1)mPm(−1),

and multiplicativity of Pm gives

sm ∗ Pm(x) = (−1)mPm(−x).

Thus

(13.1)
∑
m≥0

(sm ∗ Pm(x))tm =
(∑

m≥0

(−1)mPm(x)tm
)−1

.

14. Obtaining classical exponential relations

To obtain the exponential relations that we are interested in, we would liked weaker con-
ditions on the map R → R′ that allow us to push exponential relations from R to R′. In
this section, we provide weaker conditions on a collection of maps R(Λ) → CK(Λ) = K
that allow us to construct a map of commutative N-graded rings R⟨Σ⟩ → K⟨t⟩. Completion
then provides us with a map of commutative rings R⟨⟨Σ⟩⟩ → K⟨⟨t⟩⟩. Any exponential relation
holding in the source then gives a classical exponential relation in the target.

First we notice that the conditions involving restriction maps are not necessary on a map
between lax symmetric monoidal partition functors in order to get an induced map of com-
mutative N-graded rings.

Proposition 14.1. Assume R and R′ are lax symmetric monoidal partition functors and
that, for each partition Λ, we have a map of abelian groups fΛ : R(Λ) → R′(Λ) commuting
with transfer maps and the lax symmetric monoidal structure maps, then there is an induced
map of commutative N-graded rings

f [Σ] : R[Σ] → R′[Σ].

We are particularly interested in obtaining classical exponential relations. Thus we are
interested in conditions on maps R(Λ) → CK(Λ) = K, for each partition Λ, that give rise to
a map of commutative N-graded rings

R⟨Σ⟩ → K⟨t⟩.
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Proposition 14.2. Let R be a lax symmetric monoidal partition functor and let K be a
commutative ring. Suppose that, for every partition Λ, there is a map of abelian groups

ϵΛ : R(Λ) −→ CK(Λ) = K

such that the maps ϵΛ commute with transfers and with the lax symmetric monoidal structure
maps. In this case, we construct canonical maps of abelian groups

ϵ̃Λ : PD(R)(Λ) −→ PD(CK)(Λ) ∼= CK(Λ) = K

compatible with transfer maps, the lax symmetric monoidal structure, and the unit for the
monad PD so that ϵ̃ΛηΛ = |ΣΛ|ϵΛ.

Proof. We construct ϵ̃Λ out of maps ℓΛ : R̄(Λ) → K characterized by the identities

|ΣΛ|ϵΛ(x) =
∑
Γ≤Λ

ℓΓ (qΓR
∗(Γ ≤ Λ)(x))

for x ∈ R(Λ). The maps ℓΛ will be built inductively over the poset of partitions.
If Λ is discrete, then R̄(Λ) = R(Λ) and we set

ℓΛ = ϵΛ.

Suppose that ℓΓ has been constructed for every proper subpartition Γ < Λ. For x ∈ R(Λ),
set

ℓΛ(x) = |ΣΛ|ϵΛ(x)−
∑
Γ<Λ

ℓΓ (qΓR
∗(Γ < Λ)(x)) .

Note that ℓΛ is compatible with isomorphisms. This is immediate for the discrete partition
as ϵΛ is compatible with all transfers. Transporting the defining formula above along an
isomorphism sends proper subpartitions to proper subpartitions, so the naturality of ϵΛ again
gives that ℓΛ is compatible with isomorphisms.

We claim that ℓΛ vanishes on the transfer subgroup IΛ and thus induces a map

ℓΛ : R̄(Λ) −→ K.

To check this, let Ω < Λ and y ∈ R(Ω). As in the proof of Lemma 5.1, after applying the
double-coset formula to

R∗(Γ ≤ Λ)R∗(Ω < Λ)(y)

and then applying qΓ, every term vanishes unless Γ ≤ σΩ. Consequently,

qΓR
∗(Γ ≤ Λ)R∗(Ω < Λ)(y) =

∑
[σ]∈ΣΓ\ΣΛ/ΣΩ

Γ≤σΩ

R̄∗(σ)qσ−1ΓR
∗(σ−1Γ ≤ Ω)(y).(14.1)

Using this, we have the equalities explained below:∑
Γ<Λ

ℓΓ

(
qΓR

∗(Γ ≤ Λ)R∗(Ω < Λ)(y)

)
=
∑
Γ<Λ

ℓΓ

( ∑
[σ]∈ΣΓ\ΣΛ/ΣΩ

Γ≤σΩ

R̄∗(σ)qσ−1ΓR
∗(σ−1Γ ≤ Ω)(y)

)

=
∑
Γ<Λ

∑
[σ]∈ΣΓ\ΣΛ/ΣΩ

Γ≤σΩ

ℓσ−1Γqσ−1ΓR
∗(σ−1Γ ≤ Ω)(y)

=
∑

[σ]∈ΣΛ/ΣΩ

∑
Γ≤σΩ

ℓσ−1Γqσ−1ΓR
∗(σ−1Γ ≤ Ω)(y)
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=
∑

[σ]∈ΣΛ/ΣΩ

∑
Θ≤Ω

ℓΘqΘR
∗(Θ ≤ Ω)(y)

= |ΣΛ/ΣΩ|
∑
Θ≤Ω

ℓΘqΘR
∗(Θ ≤ Ω)(y).

The first equality follows from Eq. (14.1). The second equality follows from the compatibility
of ℓΓ with isomorphisms. The third equality follows from the fact that a double coset [σ] ∈
ΣΓ\ΣΛ/ΣΩ such that Γ ≤ σΩ has the property that ΣΓ ⊆ Σσ

Ω and thus ΣΓσΣΩ = σΣΩ,
providing a bijection with the set of cosets ΣΛ/ΣΩ such that Γ ≤ σΩ. The fourth equality
comes from setting Θ = σ−1Γ. The fifth equality follows from the fact that the internal sum
is independent of [σ].

The induction hypothesis identifies the right hand side with

|ΣΛ/ΣΩ||ΣΩ|ϵΩ(y) = |ΣΛ|ϵΩ(y).

Since the maps ϵΛ commute with transfers,

ϵΛR∗(Ω ≤ Λ)(y) = ϵΩ(y).

It follows that

ℓΛR∗(Ω < Λ)(y) = 0,

and hence ℓΛ descends to R̄(Λ).
Möbius inversion gives the explicit formula

ℓΛ(qΛx) =
∑
Γ≤Λ

µ(Γ,Λ)|ΣΓ|ϵΓ (R∗(Γ ≤ Λ)(x)) ,

where µ is the Möbius function of the lattice of subpartitions of Λ. Note that, if Γ = ([m],∼Γ)
and n = |[m]/∼Γ| and m > 0, then µ(Γ,m) = (−1)n−1(n− 1)!.

Now define

ϵ̃Λ
(
(xΓ)Γ≤Λ

)
=
∑
Γ≤Λ

ℓΓ(xΓ).

The compatibility of the maps ℓΓ with isomorphisms shows that this is well-defined on the
ΣΛ-invariants. The same double-coset reindexing used above gives, for Ω ≤ Λ,

ϵ̃Λ PD(R)∗(Ω ≤ Λ) = |ΣΛ/ΣΩ|ϵ̃Ω.

Thus ϵ̃ is compatible with the transfers in CK .
Next we check the lax symmetric monoidal multiplication. We wish to show that

ϵ̃Λ⊔Ω PD(m)Λ,Ω((uΓ)Γ≤Λ ⊗ (vΘ)Θ≤Ω) = ϵ̃Λ((uΓ)Γ≤Λ)ϵ̃Ω((vΘ)Θ≤Ω).

Recall that every subpartition of Λ⊔Ω is uniquely of the form Γ⊔Θ, with Γ ≤ Λ and Θ ≤ Ω.
Using that ϵ̃Λ((uΓ)) =

∑
Γ≤Λ ℓΓ(uΓ) (and similarly for Ω and (vΘ)), it suffices to show that

ℓΓ⊔Θ
(
m̄Γ,Θ(u⊗ v)

)
= ℓΓ(u)ℓΘ(v),

for u ∈ R̄(Γ) and v ∈ R̄(Θ).
Indeed, choose lifts x ∈ R(Γ) and y ∈ R(Θ) of u and v. Applying the defining identity for

ℓΓ⊔Θ to mΓ,Θ(x ⊗ y), and using the fact that every subpartition of Γ ⊔ Θ is uniquely of the
form Φ ⊔Ψ, gives a sum indexed by Φ ≤ Γ and Ψ ≤ Θ. On the other hand, multiplying the
defining identities for ℓΓ and ℓΘ gives a second sum indexed by the same pairs (Φ,Ψ). The
two sums have the same value, using |ΣΓ⊔Θ| = |ΣΓ||ΣΘ| and the compatibility of ϵ with the
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lax symmetric monoidal structure. By induction, the corresponding terms agree whenever
(Φ,Ψ) ̸= (Γ,Θ), so the remaining terms agree as well. Hence

ℓΓ⊔Θ
(
m̄Γ,Θ(u⊗ v)

)
= ℓΓ(u)ℓΘ(v).

Finally, for x ∈ R(Λ), the defining identity gives

ϵ̃ΛηΛ(x) =
∑
Γ≤Λ

ℓΓ (qΓR
∗(Γ ≤ Λ)(x)) = |ΣΛ|ϵΛ(x).

By Example 5.7, the unit

CK(Λ) −→ PD(CK)(Λ) ∼= CK(Λ)

is multiplication by |ΣΛ|, so ϵ̃Λ is compatible with the monadic units. □

It follows that, under the conditions of Proposition 14.2, we get a map of commutative
N-graded rings

ϵ̃ : R⟨Σ⟩ → CK [Σ] ∼= K⟨t⟩
under R[Σ]. The isomorphism on the right is described in Example 8.9; it takes k ∈ CK(m) =
K to k tm

m! . After completion, we get a map of commutative rings

ϵ̃ : R⟨⟨Σ⟩⟩ → K⟨⟨t⟩⟩.
If
∑

m≥0 rmt
m ∈ R[[Σ]], then∑

m≥0

ϵ̃mηmrm
tm

m!
=
∑
m≥0

m!ϵmrm
tm

m!
=
∑
m≥0

ϵmrmt
m

in K⟨⟨t⟩⟩.
Since the maps ϵΛ were not assumed to commute with restrictions, the map ϵ̃ need not

preserve exponential elements, however it will preserve exponential relations. That is, if∑
m≥0 rmt

m is an exponential element of R[[Σ]], then we get the exponential relation

(14.2)
∑
m≥0

ϵmrmt
m = exp

(∑
k≥1

ℓk(qkrk)
tk

k!

)
in K⟨⟨t⟩⟩. Note that this holds assuming that R is just lax symmetric monoidal: the multi-
plicativity of ℓΛ implies that

m!ϵmrm =
∑
Γ≤m

∏
B∈[m]/∼Γ

ℓ|B|q|B|r|B|

and this is the coefficient of tm

m! on the right hand side of Eq. (14.2).

Example 14.3. Assume that R is a partition power functor. Example 10.9 furnishes us with
the exponential relation ∑

m≥0

Pmt
m = exp

(∑
k≥1

Pk/Ikt
k

)
in R⟨⟨Σ⟩⟩. Now assume that the maps ϵΛ : R(Λ) → CK(Λ) satisfy the hypothesis of Proposi-
tion 14.2. Since qkPk = P̄k, we have ℓkqkPk = ϵ̃kPk/Ik. Thus, in this case, Eq. (14.2) gives
the exponential relation ∑

m≥0

ϵmPmt
m = exp

(∑
k≥1

ϵ̃kPk/Ik
tk

k!

)
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in K⟨⟨t⟩⟩.

15. Partition functors and ambidexterity

In this section we apply Proposition 14.2 to partition rings restricted from global Green
functors that admit transfers along surjections of finite groups as well as injections.

We say that a global Green functor is ambidextrous if it admits transfer maps along
arbitrary maps of finite groups, rather than just injections. These transfers are required (as
usual) to satisfy a double coset formula and Frobenius reciprocity (see [Gan] for more details).

Assume that S is an ambidextrous global Green functor. Let R = S ◦ (G×Σ(−)) for a fixed
group G, then R is a partition ring with extra structure. In particular there are “transfer”
maps ϵ2Λ : R(Λ) → R(2) and ϵΛ : R(Λ) → R(1) induced by the transfers in S along the map
G×ΣΛ → G×Σ2, induced by the sign homomorphism, and G×ΣΛ → G×Σ1, the projection
onto G.

Since Σ2 is an abelian group, the multiplication map

Σ2 × Σ2 → Σ2

is a group homomorphism. This induces a group homomorphism G × Σ2 × Σ2 → G × Σ2.
Transfer along this homomorphism in turn induces a map

R(2)⊗R(0) R(2) → R(2)

giving R(2) an exotic ring structure that we will denote Rtr(2). We call the multiplication
on this ring the convolution product. This ring is an R(0)-algebra via the transfer map in S
along G → G × Σ2. Thus, the multiplicative unit in Rtr(2) is the image of 1 ∈ R(0) along
this transfer.

Remark 15.1. Note that the same construction does not work for G ≀Σ2 since the multipli-
cation map on Σ2 does not induce a group homomorphism G ≀ Σ2 ×G ≀ Σ2 → G ≀ Σ2.

Proposition 15.2. Assume S is an ambidextrous global Green functor and fix a group G.
Let R = S ◦ (G × Σ(−)) and let CRtr(2) be the dual constant partition functor with value the

commutative ring Rtr(2). The maps

ϵ2Λ : R(Λ) → CRtr(2)(Λ)

commute with transfers and the lax symmetric monoidal multiplication.

Proof. Let Ω be a partition and let ΣΩ → Σ2 be the sign map. Given a map of partitions
Λ → Ω, the induced map ΣΛ → ΣΩ → Σ2 is the sign map for ΣΛ. The maps ϵ2Λ commute
with transfers because transfer maps compose to give transfer maps. That is, there is a
commutative diagram

S(G× ΣΛ) //

��

S(G× Σ2)

=

��
S(G× ΣΩ) // S(G× Σ2),

where all of the maps are transfer maps.
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To see that ϵ2 respects the lax symmetric monoidal structure, note that we have a com-
mutative diagram

S(G× ΣΛ)⊗S(G) S(G× ΣΩ) //

��

S(G× Σ2)⊗S(G) S(G× Σ2)

��
S(G× ΣΛ × ΣΩ) //

++

S(G× Σ2 × Σ2)

��
S(G× Σ2).

The top square commutes by the naturality of the lax symmetric monoidal structure in pairs
of transfer maps. The commutativity of the bottom triangle, which consists of transfer maps,
follows from the fact that the composite

ΣΛ × ΣΩ → Σ2 × Σ2 → Σ2,

where the second arrow is the multiplication map, is the sign map for ΣΛ × ΣΩ.
□

The compatibilities satisfied by ϵ2 in Proposition 15.2 allow us to apply Proposition 14.2
to obtain:

Proposition 15.3. Assume that S is an ambidextrous global Green functor and that R is
the partition ring R = S(G × Σ(−)). Let ϵ2 : R[Σ] → Rtr(2)[t] be as described above. The
composite

R[Σ]
ϵ2−→ Rtr(2)[t] → Rtr(2)⟨t⟩

extends canonically to a map of commutative N-graded R(0)-algebras

ϵ̃2 : R⟨Σ⟩ → Rtr(2)⟨t⟩.

Completing this map with respect to the system of irrelevant ideals, gives a map of com-
mutative R(0)-algebras

ϵ̃2 : R⟨⟨Σ⟩⟩ → Rtr(2)⟨⟨t⟩⟩.
We will continue to call this map ϵ̃2.

With the same setup, let

ϵΛ : R(Λ) → R(1)

be induced by the transfer map S(G×ΣΛ) → S(G) induced by the map to the trivial group
ΣΛ → e. Since transfer maps compose to give transfer maps, ϵΛ = ϵ2 ◦ ϵ2Λ. It follows that the
maps ϵΛ commute with transfers as a map R(Λ) → CR(1)(Λ).

Corollary 15.4. Assume that S is an ambidextrous global Green functor and that R is the
partition ring R = S(G× Σ(−)). The composite

R[Σ]
ϵ−→ R(1)[t] → R(1)⟨t⟩

extends canonically to a map of commutative N-graded R(0)-algebras

ϵ̃ : R⟨Σ⟩ → R(1)⟨t⟩
that induces a map of R(0)-algebras

ϵ̃ : R⟨⟨Σ⟩⟩ → R(1)⟨⟨t⟩⟩.
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Remark 15.5. There is no reason to expect the transfer maps ϵΛ to induce a map of partition
functors R→ CR(1). They do not interact appropriately with restriction maps. This already
goes wrong for RU(Σ(−)) and Λ = 2 as the transfer map

ϵ2 : RU(Σ2) ∼= Z[x]/(x2 − 1) → RU(e) ∼= Z = CZ(2)

sends x to 0, where x is the isomorphism class of the sign representation of Σ2. On the other
hand the restriction map RU(Σ2) → RU(Σ1) sends x to 1, so the required square, induced
by 1 ⊔ 1 → 2,

RU(Σ2)
ϵ2 //

RU∗(1⊔1≤2)
��

Z

×2
��

Z
id

// Z

does not commute.

If S is an ambidextrous global power functor and R = S ◦ (G × Σ(−)), then we have the
exponential relation of Example 10.9∑

m≥0

Pmt
m = exp

(∑
k≥1

Pk/Ikt
k
)

in R⟨⟨Σ⟩⟩. By Example 14.3, applying ϵ̃2 to this relation gives the exponential relation∑
m≥0

ϵ2mPmt
m = exp

(∑
k≥1

ϵ̃2kPk/Ik
tk

k!

)
in Rtr(2)⟨⟨t⟩⟩. Recall that we are using the identity ϵ̃2mηmPm = m!ϵ2mPm, where the unit η is
suppressed in the exponential relation. Using the ring map Rtr(2) → R(1) (induced by the
transfer), we obtain the exponential relation

(15.1)
∑
m≥0

ϵmPmt
m = exp

(∑
k≥1

ϵ̃kPk/Ik
tk

k!

)
in R(1)⟨⟨t⟩⟩.

16. Examples

In this section we illustrate the preceding theory through several examples that exhibit
differing features of partition functors and the monad PD. Structured ring spectra provide a
large natural source of partition power functors: the power operations of anH∞-ring spectrum
satisfy the universal exponential relation between total power operations and their additive
quotients after applying PD, while in theK(n)-local setting ambidexterity supplies additional
transfers that turn this into a classical exponential relation over the coefficient ring. Repre-
sentation rings give the basic algebraic example, in which the transfer quotients are all rank
one and PD is a ring of integer-valued class functions; here the general construction recovers
the classical exponential relations relating symmetric and exterior powers to Adams opera-
tions. Morava E-theory provides a richer chromatic analogue: Strickland’s description of the
E-cohomology of symmetric groups in terms of finite subgroup schemes of the universal de-
formation gives an algebro-geometric interpretation of PD, and the K(n)-local transfer maps
recover Ganter’s Hecke operators and their exponential relation with symmetric powers. For
mod 2 singular cohomology, the transfer quotients vanish away from powers of 2 and are Dick-
son algebras at powers of 2, so that PD organizes the cohomology of symmetric groups into
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coordinates indexed by dyadic partitions and makes its connection with elementary abelian
detection particularly explicit. Combinatorial species show that the same structures are not
peculiar to representation theory or cohomology: assembling connected structures along the
blocks of a partition produces a partition ring in which the exponential relation is precisely
the classical exponential formula expressing arbitrary structures in terms of their connected
components. Finally, we produce an example of an exponential element in the Burnside ring
partition ring that does not live inside the initial partition ring. This shows that the collection
of exponential elements in the Burnside ring partition ring is richer than one might think
and allows us to apply Proposition 14.2 to a lax symmetric monoidal partition functor.

16.1. Structured ring spectra. Let E be a spectrum and let X be a space. For a partition
Λ = (Z,∼Λ), let X ≀ΣΛ = (XZ)hΣΛ

, the homotopy orbits for the ΣΛ-action on XZ . For each
X, we get two partition functors

E0(X ≀ Σ(−)) and E
0(X ×BΣ(−)).

Of course, the second of these is simply (EX)0(BΣ(−)). The restriction and transfer maps in
these partition functors are induced by the restriction and transfer maps for the cohomology
theory E0(−). Further, if E is a homotopy commutative ring spectrum then these partition
functors are both partition rings.

Now assume that E is an H∞-ring spectrum in the sense of [BMMS86]. Recall that every
E∞-ring spectrum has an underlying H∞-ring spectrum. The H∞-ring structure on E gives
power operations

Pm : E0(X) → E0(X ≀ Σm)

and

Pm : E0(X) → E0(X ×BΣm).

By [BMMS86, Section 1, Chapter VIII], these operations give the associated partition rings
the structure of partition power functors.

Let R = E0(X ≀Σ(−)) or E
0(X ×BΣ(−)) for an H∞-ring spectrum E and let Pm : R(1) →

R(m) be the associated power operation. In most cases, PD(R) has not been previously
studied. Example 10.9 gives the relation∑

m≥0

Pmt
m = exp

(∑
k>0

Pk/Ikt
k
)

in PD(R)[[Σ]].
If E is a K(n)-local homotopy commutative ring spectrum, then the partition ring R =

E0(BΣ(−)) is restricted from an ambidextrous global Green functor. If E is a K(n)-local
E∞-ring spectrum, then R is restricted from an ambidextrous global power functor. Thus
the results of Section 15 apply in these situations and the extra transfer maps can be used
to produce exponential relations in E0⟨⟨t⟩⟩.

The constructions generalize to global equivariant spectra in the sense of [Sch18] and G∞-
ring global spectra, which are the global analogues of H∞-ring spectra.

16.2. Representation rings. Let RU be the representation ring functor, let G be a finite
group, and let RG(Λ) = RU(G × ΣΛ). Recall that RU(G ×H) ∼= RU(G) ⊗ RU(H) for any
finite G and H. Since RU(G× ΣΛ) ∼= RU(G)⊗RU(ΣΛ), we have

RG(Λ)/IΛ ∼= RU(G)⊗Re(Λ)/IΛ ∼= RU(G).
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Thus RG(Λ)/IΛ is a free rank 1 RG(0)-module so RG is a symmetric monoidal partition
functor satisfying the hypotheses of Theorem 11.3. In this case we have

PD(RG)(Λ) ∼= Cl(ΣΛ, RU(G)) ∼= Cl(ΣΛ,Z)⊗RU(G)

and

PD(RG)[Σ] =
⊕
m≥0

Cl(Σm, RU(G)) ∼= RU(G)⊗
⊕
m≥0

Cl(Σm,Z) ∼= RU(G)⟨x1, x2, . . .⟩,

where xi is in degree i, is the free graded divided polynomial algebra over RU(G) on a count-
able number of variables with one in each positive degree. Further, Theorem 11.3 implies that
this is the divided power envelope of RG[Σ], the ring of symmetric functions with coefficients
in the representation ring RU(G).

The power operations

Pm : RG(1) = RU(G) → RG(m) = RU(G× Σm)

are induced by the map sending a complex G-representation V to the G×Σm-representation
V ⊗m with G acting diagonally and Σm permuting the tensor factors. In this case, P̄m = ψm

is the mth Adams operation. Thus the operation Pm/Im is ψm concentrated in the summand
of PD(RG)(m) = Cl(Σm, RU(G)) corresponding to the conjugacy class of the long cycle
(1 . . .m).

Note that RU has transfers along arbitrary maps of finite groups. Given f : H → G
and an H-representation V , we set RU∗(f)([V ]) = [C[G] ⊗C[H] V ]. This makes RG into
an ambidextrous global power functor. Let π : G × Σm → G be the projection. Since the
composite

RU(G)
Pm−−→ RU(G× Σm)

trπ−−→ RU(G)

is the mth symmetric power βm, the composite

RG(1) → RG[[Σ]]
ϵ−→ RG(1)[[t]] = RU(G)[[t]]

is
∑

m≥0 β
mtm. Applying Corollary 15.4 and using the fact that RU(G) is torsion-free (so

logarithms are unique), this gives the well known exponential relation over RU(G)⟨⟨t⟩⟩:

(16.1)
∑
m≥0

βmtm = exp
(∑

k>0

ψk

k
tk
)
.

One could also apply the formula for ϵ̃k in Proposition 14.2 to see that ϵ̃kPk/Ik = (k− 1)!ψk

by following the proof in Proposition 16.3.1.
However, Proposition 15.2 implies that something more refined actually occurs. The convo-

lution product on RU(Σ2) is induced by the transfer along the surjective multiplication map
Σ2 × Σ2 → Σ2. As in Section 15, we will write RU tr(Σ2) for RU(Σ2) with the convolution
product, denoted ⋆. The multiplicative identity in RU tr(Σ2) is the isomorphism class of the
regular representation [C{Σ2}]. There is an isomorphism of commutative rings

RU tr(Σ2) ∼= Z[σ]/(σ2 − σ),

where the isomorphism class of the sign representation maps to σ. This can be verified using
the formula for the convolution product on class functions:

(f ⋆ g)(a) =
1

2

∑
b+c=a

f(b)g(c)

for a, b, c ∈ Σ2 and f, g ∈ Cl(Σ2,C).
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The composite

RU(G)
Pm−−→ RU(G× Σm)

tr
G×Σ2
G×Σm−−−−−→ RU(G× Σ2)

sends [V ] to [C[Σ2]⊗C[Σm] V
⊗m] and where trG×Σ2

G×Σm
is the transfer along the surjection G×

Σm → G× Σ2 induced by the sign homomorphism. In the notation of Proposition 15.2, this
is ϵ2Pm. The exponential relation

(16.2)
∑
m≥0

ϵ2Pmt
m = exp

(∑
k≥1

ϵ̃2Pk/Ik
tk

k!

)
.

holds in Rtr
G(2)⟨⟨t⟩⟩.

There are two ring maps RU tr(Σ2) → Z given by σ 7→ 1 and σ 7→ 0 and these induce ring
maps Rtr

G(2) → RG(1). Since the ring map given by σ 7→ 0 is transfer along Σ2 → e, applying
this to Eq. (16.2) recovers the exponential relation of Eq. (16.1). The ring map given by
σ 7→ 1 gives rise to another classical exponential relation. The composite

RU(G)
Pm−−→ RU(G×Σm) ∼= RU(G)⊗RU(Σm)

id⊗tr
Σ2
Σm−−−−−→ RU(G)⊗RU tr(Σ2)

id⊗(σ 7→1)−−−−−−→ RU(G)

is induced by the map sending a G-representation V to sgnm ⊗C[Σm] V
⊗m, where sgnm is

the 1-dimensional sign representation of Σm. This is the mth exterior power of V . Thus the
exponential relation that we recover with the ring map σ 7→ 1 is the classical relation between
exterior powers and Adams operations∑

m≥0

Λmtm = exp
(∑

k≥1

(−1)k+1ψk

k
tk
)
.

We see that if 1⋆ denotes the multiplicative identity of RU tr(Σ2), then the ordinary trivial
representation is 1⋆ − σ, and

ϵ2Pm([V ]) = βm([V ])(1⋆ − σ) + Λm([V ])σ.

This is also a concrete realization of the composite involution of Proposition 13.4. Under
the canonical map of partition rings RU(Σ(−)) → RG, the sign element sm is represented
by 1G ⊠ [sgnm], where 1G is the trivial representation of G. Hence the composite involution
u(t) 7→ u(−t)−1 sends the total power operation to∑

m≥0

(
sm ∗ Pm(x)

)
tm =

(∑
m≥0

(−1)mPm(x)tm
)−1

.

For x = [V ], the coefficient of tm is represented by sgnm⊗V ⊗m. Transfer along G×Σm → G
therefore sends the original series to

∑
m β

m(x)tm and the transformed series to
∑

m Λm(x)tm,
recovering the classical identity∑

m≥0

Λm(x)tm =

(∑
m≥0

(−1)mβm(x)tm
)−1

.

16.3. Morava E-theory. Let κ be a perfect field of characteristic p and let Γ be a height n
formal group law over κ. Let E = E(Γ/κ) be the Morava E-theory associated to Γ/κ. This is
a K(n)-local E∞-ring spectrum. Recall that π0E is the Lubin–Tate ring and that there is a
noncanonical isomorphism π0E ∼= Wp(κ)[[u1, . . . , un−1]], where Wp(κ) is the ring of p-typical
Witt vectors. Let G/Spf(π0E) be the universal deformation of Γ. See [Sta20] for more details.
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Let Im ⊆ E0(BΣm) be the transfer ideal. In [Str98], Strickland proves that E0(BΣm)/Im
is a finitely generated free E0-module and that there is a canonical isomorphism of formal
schemes over Lubin–Tate space

Spf(E0(BΣm)/Im) ∼= Subm(G),

where Subm(G) is the formal scheme classifying subgroup schemes of G of orderm. Of course,
Subm(G) = ∅ unless m is a power of p.

It follows from [HKR00, Theorem 7.3] that E0(BΣΛ) is a free E
0-module, thus the partition

ring E0(BΣ(−)) is symmetric monoidal. Our first goal is to understand PD(E0(BΣ(−)))(m).

Let λ ⊢ m be an integer partition ofm. Recall that the length ℓ(λ) =
∑∞

i=1 λi is the number of
summands in the integer partition. Because an integer partition is an unordered list of positive
natural numbers, an integer partition λ of length k is an element of the kth symmetric power

((N>0)
×k)/Σk.

Let Sub(G) =
∐

m>0 Subm(G). Applying the kth symmetric power functor to the map

Sub(G) → N>0

gives

(Sub(G)×k)/Σk → ((N>0)
×k)/Σk.

Let Sumλ(G) be the fiber over λ. If λ ⊢ m and λm = 1 (i.e. ℓ(λ) = 1), then Sumλ(G) =
Subm(G). The scheme Sumλ(G) classifies “formal sums” of subgroups of G with λi summands
that are subgroups of size i. There is an isomorphism of formal schemes

Sumλ(G) ∼= Spf
(⊗

i>0

((E0(BΣi)/Ii)
⊗λi)Σλi

)
.

Applying Eq. (8.1) and the proof of Proposition 8.5 (using Strickland’s freeness result), we
learn that

(16.3) Spf(PD(E0(BΣ(−)))(m)) ∼=
∐
λ⊢m

Sumλ(G).

To better understand this object, the best discrete approximation to this formal scheme is
in terms of what we call height n integer partitions. Let T = (S1)×n be the n-fold product of
the circle group and let Tp = (Qp/Zp)

×n = T[p∞]. Let Sub(T) be the set of finite subgroups
of T. A height n integer partition of m is a function

τ : Sub(T) → N

such that
∑

A∈Sub(T) τA · |A| = m. Note that this specializes to the definition of an ordinary

integer partition when n = 1. Similarly, a height n p-power integer partition of m is a height
n integer partition of m supported on Sub(Tp) ⊆ Sub(T) (i.e. for which τA = 0 whenever
A is not a p-group). A height n integer partition τ of m has an underlying ordinary integer
partition u(τ) of m given by the formula

u(τ)i =
∑

A∈Sub(T)
|A|=i

τA.

Let C0 be the rationalization of the Drinfeld ring of infinite level structures on G and let
λ be an integer partition of m, then

Spec(C0)×Spec(E0) Sumλ(G)
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is canonically isomorphic to (the constant scheme associated to) the set of height n p-power
integer partitions τ of m with underlying partition u(τ) = λ. Note that the base change
makes sense as written since the ring of functions on Sumλ(G) is finitely generated and free
as an E0-module.

Next we turn our attention to exponential relations. Write EX for the partition functor
with

EX(Λ) = E0(X ×BΣΛ).

When X is a point, we will denote this by E. Since Morava E-theory is K(n)-local and an
E∞-ring spectrum, the partition functor EX is restricted from the ambidextrous global power
functor with value at G given by E0(X × BG). Recall that E0(BΣΛ) is a finitely generated
free E0-module. This implies that

E0(X ×BΣΛ) ∼= E0(X)⊗E0 E0(BΣΛ),

which implies that EX is a symmetric monoidal partition power functor.
Since E0(BΣm)/Im is a free E0-module, we have an isomorphism of E0-algebras

EX(m)/Im ∼= E0(X)⊗E0 E0(BΣm)/Im.

Thus EX(m)/Im is a free module over EX(0) = E0(X) so Theorem 11.3 can be applied to
EX .

It also follows that there are isomorphisms of graded E0(X)-algebras EX [Σ] ∼= E0(X)⊗E0

E[Σ] and EX⟨Σ⟩ ∼= E0(X) ⊗E0 E⟨Σ⟩. Combining Proposition 11.1 and Eq. (16.3) tells us
that the E0-algebra E⟨Σ⟩m is the ring of functions on the “formal” scheme

∐
λ⊢m Sumλ(G).

The base change of E[Σ] to C0 was studied by Strickland and Turner in [ST97].
In [Gan06], Ganter produced an exponential relation between symmetric powers and Hecke

operators on Morava E-theory. We describe these operations now. Let βm be the composite

E0(X)
Pm−−→ E0(X ×BΣm) ∼= E0(X)⊗E0 E0(BΣm)

id⊗treΣm−−−−−→ E0(X)⊗E0 E0(Be) ∼= E0(X),

where treΣm
is the transfer along Σm → e. We call βm the mth symmetric power.

Let Level((Z/pk)n,G) be the formal scheme of (Z/pk)n-level structures on G and let Dk be
the ring of functions on Level((Z/pk)n,G) as described in [Dri74, Section 4]. For H ⊆ (Z/pk)n
of order pk, there is an E0-algebra map

αH : E0(BΣpk)/Ipk → Dk

classifying the subgroup of order pk that is the image of H under the universal level structure.
Ando’s Adams operation [And95] associated to H is the ring map

ψH : E0(X)
P̄
pk−−→ E0(X)⊗E0 E0(BΣpk)/Ipk

id⊗αH−−−−→ E0(X)⊗E0 Dk.

The sum
∑

H⊆(Z/pk)n
|H|=pk

αH is GLn(Z/pk)-invariant, and thus lands in (Dk)
GLn(Z/pk) = E0. Thus

the Hecke operator

Tpk =
∑

H⊆(Z/pk)n
|H|=pk

ψH =

( ∑
H⊆(Z/pk)n

|H|=pk

id⊗ αH

)
◦ P̄pk

lands in E0(X) and therefore gives rise to an additive operation

Tpk : E
0(X) → E0(X).
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With this normalization of Tpk (Ganter’s notation includes the factor 1
pk
), [Gan06, Propo-

sition 9.1] gives ∑
m≥0

βmtm = exp
(∑

k≥0

Tpk

pk
tp

k
)
.

However, it is a bit unclear in [Gan06] where this relation holds, but it certainly holds in
(Q⊗ E0(X))[[t]].

Example 10.9 provides us with the exponential relation∑
m≥0

Pmt
m = exp

(∑
k>0

Pk/Ikt
k
)

in EX⟨⟨Σ⟩⟩. Since E0(BΣm)/Im = 0 when m is not a power of p, this simplifies to

(16.4)
∑
m≥0

Pmt
m = exp

(∑
k≥0

Ppk/Ipkt
pk
)
.

As in Section 15, the map ϵ̃ : EX⟨⟨Σ⟩⟩ → EX(1)⟨⟨t⟩⟩ can be applied to the exponential relation
to get an exponential relation over

EX(1)⟨⟨t⟩⟩ = E0(X)⟨⟨t⟩⟩.
By definition, we have ϵmPm = βm. To obtain Ganter’s exponential relation, Eq. (15.1)
implies that we must show that ϵ̃pkPpk/Ipk = (pk − 1)!Tpk . Since ℓpk P̄pk = ϵ̃pkPpk/Ipk and

Tpk = (id⊗
∑

H αH) ◦ P̄pk , it suffices to compare ℓpk and (pk − 1)!(id⊗
∑

H αH). Since

ϵpk = id⊗ treΣ
pk
: E0(X)⊗E0 E0(BΣpk) → E0(X),

we have ℓpk,ĒX(pk) = id⊗ℓpk,Ē(pk), where ℓpk,ĒX(pk) is associated to the partition power functor
EX and ℓpk,Ē(pk) is associated to the partition power functor E. Thus it suffices to prove the
following:

Proposition 16.3.1. Let

ℓpk : E
0(BΣpk)/Ipk −→ E0

be the map constructed in Proposition 14.2. We have

ℓpk = (pk − 1)!

( ∑
H⊆(Z/pk)n

|H|=pk

αH

)
.

Proof. Since E0 ⊆ C0, it suffices to prove this viewing the target as C0 and this allows us to
use Hopkins–Kuhn–Ravenel character theory [HKR00].

Let m = pk. We will make use of several sets: Let hom(Zn
p ,Σm) be the set of continuous

group homomorphisms from Zn
p to Σm. Let homtrans(Zn

p ,Σm) denote the subset of continuous
homomorphisms with transitive image. Let hom(Zn

p ,Σm)/conj denote the set of conjugacy

classes and homtrans(Zn
p ,Σm)/conj the set of conjugacy classes of transitive homomorphisms.

There is a canonical bijection of sets

Φ: homtrans(Zn
p ,Σm)/conj ∼= Subm((Z/m)n),

where Subm denotes the set of subgroups of order m. A transitive map γ : Zn
p → Σm deter-

mines a transitive Zn
p -set Zn

p/L of order m. Its Pontryagin dual determines a subgroup

H ≤ (Qp/Zp)
n[m] ∼= (Z/m)n
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of orderm = pk. This is independent of choice of map in [γ]. Also, note that the orbit-stabilizer
lemma and the fact that im(γ) ⊂ Σm is abelian transitive, implies that the conjugacy class
of γ has cardinality

|Σm|
|CΣm(im(γ))|

=
m!

m
= (m− 1)!.

The character map for E0(BΣm) has the form

χ : E0(BΣm) → Fun(hom(Zn
p ,Σm)/conj, C0)

and, for a conjugacy class [γ], we write χ[γ] for the map to the factor corresponding to [γ].
We will also write χγ = χ[γ] for any γ ∈ hom(Zn

p ,Σm).

Let x ∈ E0(BΣm)/Im and choose a lift x̃ ∈ E0(BΣm). The construction of the char-
acter map χ implies that αHqm = χΦ−1H . For Γ ≤ m, we view hom(Zn

p ,ΣΓ) as a subset
hom(Zn

p ,Σm). The character formula for the transfer along ΣΓ → e [Gan06, Proposition 7.9]
together with the formula for restriction of characters, imply that

|ΣΓ|ϵΓ(resΣm
ΣΓ

x̃) =
∑

γ∈hom(Zn
p ,ΣΓ)

χγ(x̃).

Note that the sum is over all maps (not conjugacy classes). Using the formula for ℓm from
Proposition 14.2, we obtain

ℓm(x) =
∑
Γ≤m

µ(Γ,m)
( ∑

γ∈hom(Zn
p ,ΣΓ)

χγ(x̃)
)
.

Given γ : Zn
p −→ Σm, let Ωγ ≤ m be the partition of [m] according to the orbits of γ. The

image of γ is contained in ΣΓ precisely when Ωγ ≤ Γ. Reordering the sum above gives

ℓm(x) =
∑

γ∈hom(Zn
p ,Σm)

( ∑
Ωγ≤Γ≤m

µ(Γ,m)
)
χγ(x̃).

By the defining identity for the Mobius function,∑
Ωγ≤Γ≤m

µ(Γ,m) =

{
1, Ωγ = m,

0, Ωγ < m.

Consequently,

ℓm(x) =
∑

γ∈homtrans(Zn
p ,Σm)

χγ(x̃).

Grouping the transitive homomorphisms by conjugacy classes and applying Φ now gives

ℓm(x) = (m− 1)!
( ∑

H∈Subm((Z/m)n)

αH(x)
)
,

as desired.
□

We learn that
ϵ̃Ppk/Ipk

(pk)!
=
Tpk

pk
.

Thus applying ϵ̃ to the exponential relation of Eq. (16.4) gives Ganter’s exponential relation.
Eq. (16.4) offers the possibility of finding more exponential relations related to Morava E-
theory.
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At the prime 2 (i.e., if κ has characteristic 2) there is a refinement of this formula due to
the fact that E0(BΣ2) is not isomorphic to E0. In the case of RU , described in Section 16.2,
this had to do with exterior powers. By Proposition 15.3, there is an E0(X)-algebra map

EX⟨⟨Σ⟩⟩ → Etr
X(2)⟨⟨t⟩⟩.

Let V = hom((Z2)
×n,Σ2), the set of continuous group homomorphisms from (Z2)

×n to
Σ2. Since Σ2 is abelian, V is an abelian group isomorphic to (Z/2)×n. Recall that C0 is
the rationalized Drinfeld ring of infinite level structures. Hopkins–Kuhn–Ravenel character
theory [HKR00, Theorem C] provides an isomorphism of E0-algebras

C0 ⊗E0 E0(BΣ2) ∼=
∏
V

C0.

Recall that there is an isomorphism of E0-algebras E0(BΣ2) ∼= E0[[x]]/([2](x)) for a choice
of coordinate x on G and where [2](x) is the 2-series for the associated formal group law.
The convolution product on E0(BΣ2) has multiplicative unit [2](x)/x, which is the image of
1 ∈ E0 under the transfer map E0(Be) → E0(BΣ2).

By [Str00] (see also [Gan06]), the convolution product on
∏

V C0 is given by

(f ⋆ g)(v) =
1

2

∑
u+w=v

f(u)g(w)

and the multiplicative unit is given by the function that is 2 on 0 ∈ V and 0 elsewhere. This
is isomorphic to the group algebra C0[V ] and this is isomorphic to

∏
V ∨ C0, since C0 is a

Q-algebra and where V ∨ is the dual. Thus, each v ∈ V ∨ determines a map of E0-algebras

Etr
X(2) → C0 ⊗E0 EX(1).

In fact, the image of each of these maps lands in D1 ⊗E0 EX(1). These maps give rise to
exotic exponential relations over

(D1 ⊗E0 EX(1))⟨⟨t⟩⟩ ∼= (D1 ⊗E0 E0(X))⟨⟨t⟩⟩.
We will explore this further in future work.

16.4. Mod 2 singular cohomology. We now consider the example of singular cohomology
with coefficients in F2. This example is slightly different in flavor from the previous one
because we want to retain the graded structure. Since we are working with F2-coefficients,
we do not need to worry about graded commutativity. Thus we will ignore the grading and
set

H(Λ) = H∗(BΣΛ;F2),

viewing this as a commutative ring. The Kunneth isomorphism for mod 2 singular cohomology
gives

H∗(BΣΛ;F2)⊗H∗(BΣΩ;F2) ∼= H∗(B(ΣΛ × ΣΩ);F2) ∼= H∗(BΣΛ⊔Ω;F2).

Thus H is a symmetric monoidal partition ring.
Let

IΛ ⊆ H(Λ) = H∗(BΣΛ;F2)

be the transfer ideal and recall that H̄(Λ) = H(Λ)/IΛ.
We will use the following classical calculation, in the form appearing in the work of Cohen–

Lada–May [CLM76] and in the Hopf ring calculation of Giusti–Salvatore–Sinha [GSS12]. Let
Dk denote the kth Dickson algebra over F2:

Dk = H∗(B(Z/2)k;F2)
GLk(F2) ∼= F2[dk,0, dk,1, . . . , dk,k−1],
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with cohomological degree |dk,i| = 2k − 2i. Note that D0 = F2. Then

H̄(m) ∼=

{
Dk, m = 2k,

0, m is not a power of 2.

For Λ = (X,∼Λ), we have

H(Λ) ∼=
⊗

B∈X/∼Λ

H∗(BΣ|B|;F2)

and, from Lemma 8.4,

H̄(Λ) ∼=
⊗

B∈X/∼Λ

H̄(|B|).

In particular, H̄(Λ) vanishes unless every block of Λ has cardinality a power of two. If Λ has
ak blocks of cardinality 2k, then

H̄(Λ) ∼=
⊗
k≥0

D⊗ak
k .

Applying Eq. (8.1) and the proof of Proposition 8.5, using the fact that Di is a free F2-
modules, we obtain the following description of PD(H)(m). Let Part2(m) denote the set of
2-power integer partitions of m. For λ ∈ Part2(m), λi counts the number of times 2i appears
in the integer partition, so that we havem =

∑
i≥0 λi2

i. Then PD(H)(0) = F2 and, form > 0,
we have

PD(H)(m) ∼=
⊕

λ∈Part2(m)

(⊗
i≥0

(
D⊗λi

i

)Σλi

)
and, using the notation of Section 11,

H⟨Σ⟩ = PD(H)[Σ] ∼=
⊕
m≥0

PD(H)(m) ∼= TS(
⊕
i≥0

Di),

where
⊕

i≥0Di is viewed as a graded F2-module with Di in degree 2i− 1. Thus PD(H)(m) is
a form of class functions taking values in a dyadic Dickson algebra depending on the partition
and Theorem 11.3 implies that H⟨Σ⟩ is the divided power envelope of H[Σ] with respect to
the ideal generated by positive-degree homogeneous elements.

The unit of the monad PD gives a ring map

ηm : H(m) = H∗(BΣm;F2) −→ PD(H)(m).

The λ-coordinate of ηm is induced by the composite

H∗(BΣm;F2)
resΣm

ΣΛ−−−−→ H∗(BΣΛ;F2)
qΛ−→ H̄(Λ) ∼=

⊗
i≥0

D⊗λi
i ,

for any choice of partition Λ ⊢ m with underlying integer partition λ. This map lands in the
indicated fixed points as WΣm(ΣΛ) ∼=

∏
i≥1Σλi

.

Let E2k ⊆ Σ2k be a transitive elementary abelian 2-subgroup of Σ2k (unique up to conju-
gacy). The restriction map

res
Σ

2k

E
2k
: H∗(BΣ2k ;F2) → H∗(BE2k ;F2)
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lands in Dk, the Aut(E2k)
∼= GLk(F2)-invariants, because each automorphism of E2k extends

to an inner automorphism of Σ2k . There is a commutative diagram of commutative rings

H(2k)
q
2k //

=

��

H̄(2k)

∼=
��

H∗(BΣ2k ;F2)
res

Σ
2k

E
2k // Dk.

It follows that qΛ, since it is a tensor product of quotient maps, admits a similar interpretation.
Returning to the ring homomorphism ηm : H(m) → PD(H)(m), note that this map is not

generally an isomorphism. Already for m = 2,

H∗(BΣ2;F2) ∼= F2[u],

where the cohomological degree of u is 1, whereas

PD(H)(2) ∼= H̄(2)⊕ H̄(1 ⊔ 1) ∼= F2[u]⊕ F2.

Under this identification,

η2(f(u)) = (f(u), f(0)).

However, work of [GLZ89] proves that the Quillen map

H∗(BΣm;F2) −→ lim
E∈C(Σm)

H∗(BE;F2)

is an isomorphism. Here C(Σm) is the category with objects elementary abelian 2-subgroups of
Σm and morphisms generated by inclusions and conjugations in Σm. Since each elementary
abelian 2-subgroup of Σm is contained in the product of transitive elementary abelian 2-
subgroups of ΣΛ for some Λ ≤ m, this implies that ηm is injective for all m. This also can
be used to give a description of the image of ηm – it consists of appropriately compatible
families of elements in PD(H)(m).

In [GSS12], Giusti, Salvatore, and Sinha describe the component Hopf ring structure on
H[Σ] in terms of classes

γℓ,n ∈ Hn(2ℓ−1)(BΣn2ℓ ;F2),

with ℓ > 0. Let m = n2ℓ. It is not hard to calculate

ηm(γℓ,n)

in terms of the Dickson classes. For λ ∈ Part2(m), we have

(η(γℓ,n))λ =


⊗
i≥ℓ

d⊗λi
i,i−ℓ, λ0 = · · · = λℓ−1 = 0,

0, otherwise.

This follows from [GSS12, Corollary 7.6], which describes the restriction of classes of the form

γℓ,2k to the Dickson algebra, and [GSS12, proof of Theorem 8.3], which describes resΣm
ΣΛ

(γℓ,n)
for Λ ≤ m in terms of external tensor products of lower γ’s.

For X a space, let HX(Λ) = H∗(X × BΣΛ;F2). Then HX is also a symmetric monoidal
partition ring and we have an isomorphism of commutative rings

PD(HX)(m) ∼= H∗(X;F2)⊗ PD(H)(m).

These facts give rise to isomorphisms of commutative graded rings

HX [Σ] ∼= H∗(X;F2)⊗H[Σ] and HX⟨Σ⟩ ∼= H∗(X;F2)⊗H⟨Σ⟩.
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Theorem 11.3 implies that HX⟨Σ⟩ is the divided power envelope of HX [Σ] with respect to
the irrelevant ideal. The unit HX → PD(HX) is H∗(X;F2) ⊗ ηm and H∗(X;F2) is a free
F2-module, so the unit HX(m) → PD(HX)(m) and thus the map of commutative graded
rings HX [Σ] → HX⟨Σ⟩ are injective for any space X.

16.5. Combinatorial species. A common source of exponential relations is the theory of
combinatorial species [BLL98]. In this section, we discuss the relation between combinatorial
species and partition functors. This provides us with examples of partition functors without
obvious connections to cohomology theories.

Let Setfin be the category of finite sets and let Setfin,
∼= be the groupoid of finite sets and

bijections. Let

F : Setfin,
∼= −→ Setfin

be a combinatorial species with F (∅) = ∅. We will regard the elements of F (X) as connected
structures on X and refer to the elements of F (X) as F -structures.

For a finite set X, define the set of F -assemblies on X by

AsmF (X) =
∐
Γ⊢X

∏
B∈X/∼Γ

F (B).

Thus an element of AsmF (X) is a partition Γ of X, together with an F -structure on each
block of Γ. The partition Γ will be called the component partition of the assembly.

More generally, if Λ is a partition of X, define

AsmF (Λ) =
∏

B∈X/∼Λ

AsmF (B).

Equivalently,

AsmF (Λ) ∼=
∐
Γ≤Λ

∏
B∈X/∼Γ

F (B).

The group ΣΛ acts on AsmF (Λ) by transporting the component partition and the F -structures
on its blocks. That is, given σ ∈ ΣΛ, the induced isomorphism of partitions σ : Γ → σΓ
restricts to an isomorphism σ|B : B → σB for B ∈ X/∼Γ that gives an isomorphism
F (σ|B) : F (B) → F (σB).

Fix a commutative ring K. Define

KF (Λ) = Map(AsmF (Λ),K)ΣΛ .

Thus KF (Λ) is the ring of invariant K-valued functions on the set of F -assemblies compatible
with the partition Λ.

We describe a symmetric monoidal partition ring structure on KF . Let Ω ≤ Λ be partitions
of the same finite set. There is a ΣΩ-equivariant inclusion

jΛΩ : AsmF (Ω) ↪→ AsmF (Λ).

The restriction map

K∗
F (Ω ≤ Λ): KF (Λ) −→ KF (Ω)

is restriction of functions along jΛΩ.
The transfer along Ω ≤ Λ is defined in the following way: If φ ∈ KF (Ω), let φ̃ be its

extension by zero to AsmF (Λ). Then

(KF )∗(Ω ≤ Λ)(φ) =
∑

[σ]∈ΣΛ/ΣΩ

σφ̃,
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where (σψ)(a) = ψ(σ−1a). This is independent of coset representatives and lands in the
ΣΛ-invariants.

These restriction and transfer maps make KF into a symmetric monoidal partition ring.
The double coset formula essentially follows from the double coset formula for the Mackey
functor H 7→ MH for H ⊆ G and M a G-module. Frobenius reciprocity follows from the
identity

a ·
( ∑

[σ]∈ΣΛ/ΣΩ

σφ̃
)
=

∑
[σ]∈ΣΛ/ΣΩ

σ (K∗
F (Ω ≤ Λ)(a) · φ) ,

for a ∈ KF (Λ) and φ ∈ KF (Ω) and where extension by 0 is understood on the right.
The symmetric monoidal structure is induced by disjoint union of assemblies. Since modules

of functions on finite sets are freeK-modules, and invariant functions on a finite G-set identify
with functions on its orbit set, the flatness argument of Proposition 8.5 shows that taking
invariants commutes with the tensor product in this case. Thus the canonical bijection

AsmF (Λ)×AsmF (Λ
′) ∼= AsmF (Λ ⊔ Λ′)

gives the symmetric monoidal multiplication

mΛ,Λ′ : KF (Λ)⊗K KF (Λ
′)

∼=−→ KF (Λ ⊔ Λ′).

For i ≥ 1, set

Mi−1 = Map(F ([i]),K)Σi .

Consider the N-graded K-module M∗ = ⊕i≥0Mi in which Mi is in degree i. Note that

KF (m) = Map(
∐

Γ⊢[m]

∏
B∈m/∼Γ

F (B),K)Σm ∼=
⊕
λ⊢m

(⊗
i≥1

M⊗λi
i−1

)∏
i≥1 Σλi

.

This induces an isomorphism of N-graded K-modules

KF [Σ] ∼= TS(M∗).

Under this identification, the transfer product on KF [Σ] agrees with the shuffle product on
TS(M∗). Hence

KF [Σ] ∼= TS(M∗)

as N-graded commutative K-algebras.
For a partition Λ, let

ϵΛ : KF (Λ) −→ CK(Λ) = K

be the K-linear map

ϵΛ(ϕ) =
∑

a∈AsmF (Λ)

ϕ(a).

These maps are not compatible with restrictions in general, and they are not maps of rings
for the pointwise multiplication on KF (Λ). They do, however, commute with transfers and
with the symmetric monoidal structure maps.

Indeed, if Ω ≤ Λ, then

ϵΛ
(
(KF )∗(Ω ≤ Λ)(ϕ)

)
= |ΣΛ/ΣΩ| ϵΩ(ϕ),

which is exactly the transfer in the constant partition functor CK . Moreover, the canonical
bijection

AsmF (Λ)×AsmF (Λ
′) ∼= AsmF (Λ ⊔ Λ′)
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implies that

ϵΛ⊔Λ′
(
mΛ,Λ′(ϕ⊗ ψ)

)
= ϵΛ(ϕ)ϵΛ′(ψ).

Proposition 14.1 therefore gives a map

ϵ : KF [Σ] −→ CK [Σ] ∼= K⟨t⟩.

After completion, this gives

ϵ : KF [[Σ]] −→ K⟨⟨t⟩⟩,
which sends x ∈ KF (m) to

ϵm(x)
tm

m!
.

Let gm ∈ KF (m) be the constant function 1 on AsmF (m), and let cm ∈ KF (m) be the
characteristic function on

F ([m]) ⊆ AsmF (m).

Thus ϵm(gm) counts all F -assemblies of size m, while ϵm(cm) counts the connected F -
structures of size m.

Proposition 16.5.1. In KF [[Σ]], we have the exponential relation∑
m≥0

gmt
m = exp

(∑
i≥1

cit
i
)
.

Proof. We give two proof sketches. First, we can verify the relation directly. Let gλ ∈ KF (m)
denote the characteristic function of the assemblies whose component partition has type
λ ⊢ m, and choose a partition Λ ≤ m with underlying integer partition λ. The external
product of λi copies of ci, over all i, is the characteristic function of the assemblies whose
component partition is exactly Λ. Transferring this function to KF (m) gives∏

i

cλi
i =

(∏
i

λi!

)
gλ,

since, for a fixed component partition of type λ, there are
∏

i λi! ways to match the blocks of
equal size with those of Λ. The same multinomial calculation as in the proof of Theorem 10.3

now shows that the coefficient of tm in exp
(∑

i≥1 cit
i
)
is∑

λ⊢m
gλ = gm,

since every assembly has a unique component partition.
There is also a conceptual proof using PD. The construction of Example 11.4 extends to

graded K-modules. Apply it to the graded module M∗ above, with Mi−1 assigned weight i,
and denote the resulting symmetric coinvariant partition functor by KF . Its transfer quotient
in weight i is Mi−1, and the calculation of Example 11.4 gives

PD(KF )(m) ∼=
⊕
λ⊢m

⊗
i≥1

M⊗λi
i−1


∏

i≥1 Σλi

∼= KF (m).

These identifications are compatible with restrictions, transfers, and the symmetric monoidal
structure, so that

KF
∼= PD(KF ).
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Under this isomorphism, the summand corresponding to the indiscrete partition in degree i
consists of functions supported on F (i) ⊆ AsmF (i), and the distinguished element 1i corre-
sponds to ci.

Finally,
∑

m≥0 gmt
m is exponential: restriction of the constant function gi+j = 1i+j to

AsmF (i ⊔ j) ∼= AsmF (i) × AsmF (j) is gi ⊠ gj . Since PD(KF ) ∼= KF is a partition ring,
we may use the more general form of Theorem 10.3 noted in Remark 10.5. As gi is the
multiplicative identity of KF (i), we obtain

∑
m≥0

gmt
m = exp

∑
i≥1

(gi ∗ 1i)ti
 = exp

∑
i≥1

cit
i

 .

□

Applying the map

ϵ : KF [[Σ]] −→ K⟨⟨t⟩⟩

to the exponential relation of Proposition 16.5.1 gives∑
m≥0

|AsmF (m)| t
m

m!
= exp

(∑
i≥1

|F ([i])| t
i

i!

)
.

Example 16.5.2. Let F = Conn be the species of connected finite simple graphs so that
Conn(X) is the set of connected simple graphs with vertex set X. Let Graph(X) be the set
of simple graphs with vertex set X. Then

AsmConn(X) =
∐
Γ⊢X

∏
B∈X/∼Γ

Conn(B)

is canonically identified with Graph(X): a simple graph determines its partition into con-
nected components, and conversely a partition together with a connected simple graph on
each block determines a simple graph. Thus

KConn(m) = Map(Graph([m]),K)Σm .

Under the notation above, gm is the constant function 1 on Graph([m]), and cm is the
characteristic function of

Conn([m]) ⊆ Graph([m]).

The exponential relation is ∑
m≥0

gmt
m = exp

(∑
i≥1

cit
i
)
.

Applying ϵ gives ∑
m≥0

|Graph([m])| t
m

m!
= exp

(∑
i≥1

|Conn([i])| t
i

i!

)
.

If K = Q, then K⟨⟨t⟩⟩ identifies with the ordinary power series ring Q[[t]], and this is the usual
labeled exponential formula for graphs.
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16.6. An exotic exponential element in Burnside rings. Let Ae be the Burnside ring
partition power functor

Ae(Λ) = A(ΣΛ).

This partition ring is not symmetric monoidal (e.g., consider Σ2 × Σ2). We construct an

exponential element in Ae[[Σ]] which does not lie in Å[[Σ]].
Recall that the marks homomorphism χ : A(Σm) → Marks(Σm,Z) is an injective ring map

that sends an isomorphism class of Σm-sets [X] to the function χ([X])([H]) = |XH | on the
set of conjugacy classes of subgroups of Σm. Let

ω = [Σ2/e]− 1 ∈ A(Σ2).

The marks of ω are

χe(ω) = 1 and χΣ2(ω) = −1.

In particular, ω is a nontrivial unit satisfying ω2 = 1.
Let

Gm = {U ⊆ [m] | |U | = 2} and Nm = |Gm| =
(
m

2

)
so Gm is the set of edges in the complete graph on the set [m]. Note that Σm acts on Gm via
its action on [m]. In fact, the action of Σm on Gm, together with its action on the two vertices
of each edge, determines a homomorphism, well-defined up to conjugacy,

ρm : Σm −→ Σ2 ≀ ΣNm .

For m ≥ 2, define

wm = resρm PNm(ω) ∈ A(Σm),

and set w0 = w1 = 1. Here PNm : A(Σ2) → A(Σ2 ≀ ΣNm) is the total power operation.

Proposition 16.6.1. Let H ⊆ Σm be a subgroup. For m ≥ 2, let rm(H) be the number of
H-orbits in Gm with the property that the setwise stabilizer of an edge contains an element
that interchanges its two vertices. Then

χH(wm) = (−1)rm(H).

Proof. This is an application of [CDM+24, Corollary 13.8]. By naturality of marks under
restriction,

χH(wm) = χρm(H)(PNm(ω)).

The character formula for the total power operation [CDM+24, Corollary 13.8] gives

χρm(H)(PNm(ω)) =
∏

O∈H\Gm

χ(ρm(H))UU
(ω),

where U is a representative of the orbit O. Let HU be the stabilizer of the edge U and let
αU : HU → ΣU be the action of HU on the vertices of U . In the notation of [CDM+24,
Section 9], (ρm(H))UU ≤ Σ2 is the projection to the U -coordinate of the stabilizer of U . By
construction of ρm, this subgroup is precisely

(ρm(H))UU = αU (HU ) ⊆ ΣU
∼= Σ2.

Consequently,

χH(wm) =
∏

O∈H\Gm

χαU (HU )(ω) = (−1)rm(H),

since αU (HU ) = Σ2 precisely when the setwise stabilizer of U interchanges its two vertices. □
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We claim that ∑
m≥0

wmt
m ∈ Ae[[Σ]]

is exponential. By Proposition 16.6.1, χH(wm) = (−1)rm(H). Now consider i ⊔ j ≤ i+ j.
There is a Σi × Σj-equivariant decomposition

Gi+j
∼= Gi ⊔ (i× j) ⊔ Gj .

The stabilizer of a mixed edge in i × j cannot interchange its vertices. It follows that, for
every H ≤ Σi × Σj ,

ri+j(H) = ri(prΣi
H) + rj(prΣj

H).

Consequently,

χH

(
res

Σi+j

Σi×Σj
(wi+j)

)
= χH(wi ⊠ wj) = χprΣi

H(wi)χprΣj
H(wj).

Since the marks homomorphism is injective, we have

res
Σi+j

Σi×Σj
(wi+j) = wi ⊠ wj .

Thus
∑

m≥0wmt
m is exponential.

This exponential element is not produced by the usual power operations on A(e) which

land in Å(m) ⊆ A(Σm). The first terms are

w0 = w1 = 1, w2 = [Σ2/e]− 1, w3 = [Σ3/C3]− 1,

and C3 ⊂ Σ3 is not a Young subgroup. For the last identity, the marks of w3 are

H e C2 C3 Σ3

χH(w3) 1 −1 1 −1.

Recall that the Burnside ring global functor A is an ambidextrous global power functor.
The transfer ϵΛ : A(ΣΛ) −→ Z is given by ϵΛ([X]) = |X/ΣΛ|. Thus Corollary 15.4 gives a
map

ϵ̃ : Ae⟨⟨Σ⟩⟩ −→ Z⟨⟨t⟩⟩.
Burnside’s orbit-counting formula gives

ϵm(wm) =
1

m!

∑
σ∈Σm

χ⟨σ⟩(wm).

If cev(σ) denotes the number of even cycles of σ, then

χ⟨σ⟩(wm) = (−1)cev(σ).

Indeed, let U = {a, b} be an edge. An element of ⟨σ⟩ can stabilize U setwise while inter-
changing a and b only if a and b lie in the same cycle of σ. If that cycle has length d, this
occurs precisely when d is even and a and b are separated by d/2 steps around the cycle (are
“antipodal”). Thus each even cycle contributes exactly one orbit of such edges, namely the
orbit of the pairs of opposite points in that cycle.

The cycle-index identity for symmetric groups is the equation∑
m≥0

( ∑
σ∈Σm

∏
k≥1

x
ck(σ)
k

) tm
m!

= exp
(∑

k≥1

xk
tk

k

)
,
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where ck(σ) is the number of k-cycles in σ. If we set

xk =

{
1, k odd

−1, k even,

then
∏

k≥1 x
ck(σ)
k = (−1)cev(σ) and we find that

∑
m≥0

ϵm(wm)tm = exp

( ∑
k≥1
k odd

tk

k
−
∑
k≥1

k even

tk

k

)

= exp
(∑

k≥1

(−1)k−1 t
k

k

)
= 1 + t.

Thus ϵ0(w0) = ϵ1(w1) = 1 and ϵm(wm) = 0 for m ≥ 2. Since Z⟨⟨t⟩⟩ is torsion-free, the
logarithm is unique and we learn that ℓk(qk(wk)) = (−1)k−1(k − 1)!.
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