Worksheet # 1: Precalculus review: functions and inverse functions

Goals for MA 113 Recitations: Recitations are not homework help sessions! There are three goals for
students in MA 113 recitations:

1. to develop your ability to make sense of problems and be persistent while solving them,
2. to develop your ability to productively collaborate with peers, and

3. to develop your ability to check your own work, i.e. to decide on your own whether or not your work
is correct.

To help you reach these goals, you will spend the majority of the recitation working in small groups on
worksheets. You are not expected to complete all of these problems — your TA will help guide you in
selecting which problems to work on. Your focus should be to discover your misunderstandings by doing
math collaboratively. Mistakes and misunderstandings are a normal part of learning mathematics — the
only path to deep learning is to learn to effectively identify and revise our mistakes and misunderstandings.

Solutions to MA 113 worksheets are not provided. Instead, you should focus on using these problems to
test your self-evaluation skills. Imagine you are taking an exam, and you need to check for yourself whether
or not your work is correct — this is a skill you need to practice in order to do well! By collaborating with
your peers and comparing solutions, with guidance and support from your TA, your problem solving and
self-evaluation skills will improve. If there are worksheet problems that you are uncertain about, you are
welcome to ask about them during recitation, during your TA or instructor office hours, at the Mathskeller,
or at the Study.
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1. Find the domain and range of f(z) =
2. For each of the following conditions, find the equation of the line that satisfies those conditions.

(a) the line passes through the point (1,3) with slope 13.
(b) the line passes through the points (7, 7) and (-8, —4).
(¢) the line has y-intercept 3 and has slope —2.

3. Let f be a linear function with slope m where m # 0. What is the slope of the inverse function f~1?
Why is your answer correct?

4. Consider the function whose graph appears below.
y=) (a) Find f(3), f~'(2) and f~1(f(2)).

B (b) Give the domain and range of f and of f~1.
B (c) Sketch the graph of f~1.

5. If f(r) = 52+ 7 and g(x) = 22, find fog and go f. Are the functions fog and go f the same function?
Why or why not?
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Let f(z) = 2003G@+)*+9) _ 7

(a) Can you find functions g and h such that f = goh?
(b) Can you find functions g, h, and s such that f = gohos?
(c¢) Can you do this with four functions? Five functions? What is the largest number of functions

you can find so that f can be written as a composition of those functions?

Let f(z) =2+ %—i—i’) Determine the inverse function of f, which we write as f~1. Give the domain and

range of f and the inverse function f=1. Verify that f o f~!(z) = .

A ball is thrown in the air from ground level. The height of the ball in meters at time t seconds is
given by the function h(t) = —4.9t> 4+ 30t. At what time does the ball hit the ground? (Be sure to use
the proper units!)

True or False: (justify your answer!)

(a) Every function has an inverse.
(b) If fog(x)=x for all x in the domain of g, then f is the inverse of g.

(c) If fog(x) == for all z in the domain of g and g o f(x) = x for all z in the domain of f, then f
is the inverse of g.

(d) The function f(z) = sin(z) is one to one.

(e) The function f(z) = 1/(z + 2)3 is one to one.

We form a box by removing squares of side length x centimeters from the four corners of a rectangle of
width 100 cm and length 150 cm and then folding up the flaps between the squares that were removed.
a) Write a function which gives the volume of the box as a function of x. b) Give the domain for this
function.

Create a function that is the composition of ten functions. Can you do this in a “sneaky” way so
that it is hard for someone else to figure out the ten functions you used? (Hint: try using different
compositions of g(x) =z + 1 and h(x) = 2z + 3, for example f = goh o gohoh. What happens?)



Worksheet # 2: The Exponential Function and the Logarithm

An Interesting Fact: The first book that gave a comprehensive discussion of both differential and
integral calculus was written in 1748 by Maria Agnesi, an Italian philospher, theologian, humanitarian, and
mathematician. This work was influential throughout Europe, and resulted in her election to the Bologna
Academy of Sciences. Agnesi was the first woman appointed as a mathematics professor at a university.
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1. Many students find statements like 20 = 1 and 2!/3 = /2 a bit mysterious, even though most of us
have used them for years, so let’s start there. Write down the list of numbers 2! = 2, 22 = 2 x 2 = 4,
23 =2 x 2 x2=38, thus

(a)

21 92 93 94 95 ..

What do you multiply by to get from a number on this list to the next number to the right?
Starting from any number except 2!, what do you divide by to get from that number to the
previous number on the left?

If we start at 2! and move to the left following this patten, it suggests how we should define 2°.
What do you get for 20 if you follow the pattern?

If we now move from 2° another number to the left following the pattern, it suggests how we
should define 271, and then 272, etc. What do you get for these values if you follow the pattern?

Do these patterns help you make sense of the rule 2¢+% = 2 x 2b? Discuss this with the students
in your group. (Bonus question: discuss whether or not these patterns and this rule help us make
sense of the equations 2'/2 = /2 and 2/3 = ¥/2.)

Does it matter for your reasoning that the base of the exponential was the number 27 Why or
why not?

2. Find the solutions to the following computational problems by using properties of exponentials and
logarithms.

(a)
(b)
()
(d)
()

Solve 102¢*1 = 100. (f) Solve e3% = 3.
Solve 2(*) = 16.
Solve 2% = 4*+2,

Find log,(8). (h) Solve In(x 4+ 1) + In(x — 1) = In(3). Be sure
Find In(e?). to check your answer.

(g) Solve 4* =e.



3.

. Since e® and In(z) are inverse functions, we can write O = e

(a) Graph the functions f(z) = 2% and g(x) = 27" and give the domains and range of each function.
(b) Determine if each function is one-to-one. Determine if each function is increasing or decreasing.
(c¢) Graph the inverse function to f. Give the domain and range of the inverse function.

(@) if the value of Q is positive. This

is super useful when dealing with exponential functions with complicated bases, because then you can
use log laws to simplify the exponent on e. But, you have to be careful when you apply this rule, as
the following examples show.

a In(b)

(
(b
(

) Explain why b =e
)

(c) Explain why (cos(x) 4 3)5n(@)+2 = e(sin(@)+2) In(cos(z)+3) g trye.
)
)

is only true when b > 0. (Hint: think about the domain of natural log.)

Explain why for any b > 0, we have b* = e®!"(?),

d
(e

Explain why cos(z)¥™(®) = esin(@)In(cos(@)) 5 not true.

Let f be the function f(x) = 4”. Find the value of k that allows you to write the function f in
the form f(z) = ek=.

(f) Let f be the function f(z) =5-3%. Find a k that allows you to write the function f in the form
Aeke,
Evaluate the expressions 46 and (4%)2. Are they equal?

Suppose a and b are positive real numbers and In(ab) = 3 and In(ab?) = 5. Find In(a), In(b), and

In(a®/v/b).

Suppose that a population doubles every two hours. If we have one hundred critters at 12 noon, how
many will there be after 1 hour? after 2 hours? How many were there at 1lam? Give a formula for
the number of critters at ¢ hours after 12 noon.

Suppose that f is a function of the form f(x) = Aek*. If f(2) = 20 and f(5) = 10, will we have k > 0
or k < 0? Find A and k so that f(2) =20 and f(5) = 10.

The number e is mysterious and arises in many different ways.

(a) Use your calculator to compute (1 + %)" for n equal to 1,2,3,.... Compute this for larger and
larger n until it does not make a difference in the decimal you get. What is the value you reach?

(b) Use your calculator to compute the sums
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and so on, until it no longer makes a difference in the decimal you get. What is the value you
reach?

(¢) The first two problems showed you two ways to approximate the value of e. The first way involved
limits, which we will talk about soon in this course. The second involved “infinite series,” which
is a topic covered in Calculus II. As we will see later in this course, there is another way to define
e — we will see that the area of the region enclosed by the line x = 1, the z-axis, the graph of
y = 1/, and the line = a is equal to In(a). So, the value of a for which this area is 1 is a = e.
Amazing!



Worksheet # 3: Review of Trigonometry

An Interesting Fact: The study of trigonometry began in both ancient Greece and ancient India, and
these two traditions were merged into roughly our modern form by Islamic mathematicians, notably Abu
Nasr Mansur, around the year 1000. Islamic mathematicians established the connection between trig
functions and the unit circle, and systematically studied the six fundamental trig functions.

The etymology of the word ‘sine’ is instructive, for it shows what can happen as a result of
imperfect linguistic and cultural filtering. The Sanskrit term for sine. .. was jya-ardha (half
chord), which was later abbreviated to jya. From this came the phonetically derived Arabic
word jiba. .. written as jyb. Early Latin translators, coming across this word, mistook it for
anothe word, jaib. .. which was translated as sinus, which in Latin had a number of
meanings. . . And hence the present word ‘sine’. — George Gheverghese Joseph.
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1. The key to understanding trig functions is to understand the unit circle — given an angle 6 between
0 and 7/2 (measured in radians!), each of the six trig functions measures a length related to the unit
circle.

(a) The word radian is an abbreviation of the phrase “radial angle.” In a circle of radius r, one radian
is defined to be the angle given by an arc of the circle having length r. Draw the unit circle in
the plane and for each m = 1,2,3,4,5,6, place a dot at the approrimate point on the circle that
is m radians counterclockwise from the point (1,0) (you won’t be able to measure this precisely,
just estimate it as best you can).

(b) Recall that the definition of 7 is the ratio of the circumference to the diameter in a circle. Use
your picture from the previous problem to explain why the value of 7 is greater than 3 but less
than 3.5.

(¢) Define the functions sin(f) and cos(6) to be the lengths of the arcs AC and OC, respectively,
on the diagram above. Explain why this definition of sin(f) and cos() agrees with the usual
triangle-based definitions, i.e. that sin(f) is equal to “opposite” over “hypotenuse” in a right
triangle.

(d) Use different pairs of similar triangles to explain why each of the functions tan(é), cot(¢), csc(9),
and sec(f) measure the correspondingly labeled length in the picture above.



(e) Explain why sin®(6)4-cos?() = 1 is equivalent to the Pythagorean theorem applied to the triangle
OAC above, and why 1 + tan?(f) = sec?(f) is equivalent to the Pythagorean theorem applied to
the triangle OAE above.

(f) For the unit circle, the radial angle of 6 corresponds to an arc of length 6. Inverse trig functions
are sometimes written arcsin(z) and arccos(x). Discuss with the other students in your group
why it makes sense that the function sin(6) gives the length of the vertical line AC in the diagram
above, while the function arcsin(z) is equal to the length of the circular arc for which the vertical
line AC has length z; conclude that if sin(f) = z, then arcsin(x) = . Discuss arccos similarly.

2. When 8 is not between 0 and 7 /2, then we extend the definition of the trig functions as you have seen
in your previous courses, allowing us to answer the following questions.

(a) Suppose that sin(¢) = 5/13 and cos(f) = —12/13. Find the values of tan(f), cot(d), csc(d), sec(6),
and tan(26).

(b) If 7/2 <0 < 3w/2 and tanf = 4/3, find sin 6, cosf, cot 6, secd, and csc 6.

(¢) Find all solutions of the equations (a) sin(z) = —v/3/2 and (b) tan(z) = 1.

(d) A ladder that is 6 meters long leans against a wall so that the bottom of the ladder is 2 meters from
the base of the wall. Make a sketch illustrating the given information and answer the following
questions: How high on the wall is the top of the ladder located? What angle does the top of the
ladder form with the wall?

3. Let O be the center of a circle whose circumference is 48 centimeters. Let P and ) be two points on
the circle that are endpoints of an arc that is 6 centimeters long. Find the angle between the segments
OQ and OP. Express your answer in radians.

Find the distance between P and Q.
4. Show that sin(cos™!(z)) = V1 — 22.
5. Find the exact values of the following expressions. Do not use a calculator.
(a) tan~1(1)
(b) tan(tan=!(10))
(c) sin~!(sin(77/3))
(d) tan(sin~'(0.8))

ot

6. Find all solutions to the following equations in the interval [0, 27]. You will need to use some trigono-
metric identities.

(a) V/3cos(z) + 2tan(x) cos?(x) = 0
(b) 3cot?(z) =1
(¢) 2cos(z) 4 sin(2z) =0



Worksheet # 4: Average and Instantaneous Velocity

An Interesting Fact: Isaac Newton is one of the two people usually credited with discovering calculus,
the other being Gottfried Leibniz, who was his contemporary. They both worked in the 1660’s and 1670’s.
Newton was highly motivated by problems in physics and engineering, and his language for calculus
reflected this. When studying average and instantaneous velocity, Newton referred to the time variable as a
fluent and the velocity of the object as the flurion. Newton would refer to an infinitely small passage of
time as a moment, and calculate fluxions for moments of fluents.

Newton’s success was in part the result of his intensity — when he was particularly interested in a problem,
Newton would neglect to eat or sleep for long periods of complete focus on the problem. He would go to
phenomenal lengths to satisfy his curiosity: once as a college student, he stuck a stick in his eye and
twisted it around to observe what effect it had on his vision. In 1693 he had a nervous breakdown, often
attributed to his habit of tasting chemicals in his laboratory, as part of his alchemy experiments. (Newton
spent half of his life attempting to create the “philosopher’s stone”. . .if only he had attended Hogwarts.)

1. A ball is thrown vertically into the air from ground level with an initial velocity of 15 m/s. Its height
at time ¢ is h(t) = 15t — 4.9¢%.
(a) How far does the ball travel during the time interval [1, 3]?
(b) Compute the ball’s average velocity over the time interval [1, 3].
(¢) Graph the curve y = h(t) and the line between the points (1, /(1)) and (3,2(3)). How does the
slope of this line relate to your answer in part (b)?
(d) Compute the ball’s average velocity over the time intervals [1,1.01], [1,1.001],[0.99, 1], and [0.999, 1].

(e) Estimate the instantaneous velocity when ¢ = 1.

2. A particle moves along a line and its position p(¢) in meters after time ¢ seconds is given by the following

table.
t ‘0.0 02 0.5 065 09 1.1 115 1.3

p(t)| 3 42 57 88 7.6 80 90 95

(a) Describe the motion of the particle between 0 seconds and 1.3 seconds. Justify your description
by representing the table as points (¢, p(t)) plotted in the plane.

(b) Cousider the average velocity of the particle across different time intervals. Based on your calcu-
lations, can you conclude at what point in time the particle is moving with the largest positive
instantaneous velocity? Why or why not? Based on this data, when do you believe that the
particle is likely to be moving with the largest positive instantaneous velocity? Why?



. With the other members of your group, compare and contrast the first two problems on this worksheet.

(a) Which of these two problems do you believe is most representative of the type of problem a
scientist or engineer will encounter when analyzing a real-world experiment? Why?

(b) Which of these two problems do you believe is most representative of the type of problem a scientist

or engineer will encounter when setting up a mathematical model of a physical situation? Why?

. Let p(t) = 3 — 45t denote the distance (in meters) to the right of the origin of a particle at time ¢
minutes after noon.

(a) Find the average velocity of the particle on the intervals [2,2.1] and [2,2.01].

(b) Use this information to guess a value for the instantaneous velocity of particle at 12:02pm.

. A particle moves along a line and its position after time ¢ seconds is p(t) = 3t> + 2t meters to the right
of the origin. Approximate the instantaneous velocity of the particle at t = 2.

. A particle is moving along a straight line so that its position at time ¢ seconds is given by s(t) = 4t> —t
meters.
(a) Find the average velocity of the particle over the time interval [1,2].

b) Determine the average velocity of the particle over the time interval [2,t] where ¢ > 2. Simplify
g
your answer. [Hint: Factor the numerator.]

(¢) Based on your answer in (b) can you guess a value for the instantaneous velocity of the particle
at t =27



Worksheet # 5: Limits: A Numerical and Graphical Approach

. For each task or question below, provide a specific example of a function f(z) that supports your
answer.

(a) In words, briefly describe what “mlig}l f(z) = L” means.
(b) In words, briefly describe what “ii_r)r(ll f(z) = 00” means.
(c
(d

) Suppose lim1 f(z) = 2. Does this imply f(1) =27
T—
) Suppose f(1) = 2. Does this imply lim1 fz) =27
Tr—r
. Compute the value of the following functions near the given z—value. Use this information to guess
the value of the limit of the function (if it exists) as « approaches the given value.

(a) flx)=2"1+3,2=1 (c) f(z) =sin(Z),z=0
(b) fla) =" 2 =0 (d) f(z) = 25222, 0 =2
2 ifx<0
. Let f(z)=<2—1 fO<zandz#2.
-3 ifx=2

(a) Sketch the graph of f.
(b) Compute the following:

i. lim f(x) v. lim f(z)
rz—0~ T2~
T D
ii. lim f(z) Vi hm, f(z)
iii. lim f(x) vii. lim f(z)
z—0 r—2
iv. f(0) viii. f(2)
. In the following, sketch the functions and use the sketch to compute the limit.
() lim (c) lim
(b) lim 7 (d) lim 27
r—3 r—3

h h
. Show that ]}Lirr%) | hl does not exist by examining one-sided limits. Then sketch the graph of % to verify
—

your reasoning.

. Compute the following limits or explain why they fail to exist.

T+ 2 . x+ 2
(a) lim (¢) lim
z—-3+t T+ 3 z—>—-3x+ 3
T+ 2 1
b) i im —
) tm s (@) Jlim 5

. In the theory of relativity, the mass of a particle with velocity v is:

where mg is the mass of the particle at rest and c is the speed of light. What happens as v — ¢~ 7



Worksheet # 6: Limit Laws and Continuity

An Interesting Fact: Mathematicians did not use a formal theory of limits between the invention of
calculus in the 1660’s and the formal definition of a limit in the 1820’s. Even after the 1820’s,
mathematicians and scientists wrote lim without writing x — a below it. It appears that the widespread
use of lim was only adopted in the early 1900’s after being used in several books, including one by G. H.

r—a
Hardy titled “A Course of Pure Mathematics.”

Remark on Notation: When working through a limit problem, your answers should be a chain of true

equalities. Make sure to keep the lim operator until the very last step.
Tr—ra

1. Given lirra f(x) =5 and lir% g(x) = 2, use limit laws to compute the following limits or explain why
T— T—

we cannot find the limit.

(a) £1_>H12 f(2)* +x-g(x)? (c) lim f(z)g(z)
r—2 x
. T)—95
®>£gﬁ52 (d) lim (f(2)9(2))

2. For each limit, evaluate the limit or or explain why it does not exist. Use the limit rules to justify each
step. It is good practice to sketch a graph to check your answers.

I x+2 (0) i x—9
z1—>r112z2—4 ¢ xlig) -3
. 1 3 . (2+2)3-38
ilillz(xQ_x?xQ) (d) lim ———

1
3. Let f(x) =1+ x% sin (x) for x # 0. Consider lin%]f(x).
Tr—

(a)
(b)
(c)

Find two simpler functions, g and h, that satisfy the hypothesis of the Squeeze Theorem.

Determine HI% f(z) using the Squeeze Theorem.
T—r

Use a calculator to produce a graph that illustrates this application of the Squeeze Theorem.

4. For each of the following tasks/problems, provide a specific example of a function f(z) that supports
your answer.

(a)
(b)
(c)

(d)

State the definition of continuity.

List the three things required to show f is continuous at a.

What does it mean for f(x) to be continuous on the interval [a,b]? What does it mean to say
only that “f(z) is continuous”?

Identify the three possible types of discontinuity of a function at a point. Provide a sketch of each
type.

5. Show that the following functions are continuous at the given point a using problem 4b.

(a)
(b)
(c)

flx)y=ma=1
2?2 +3r+1
=2 " " a=-1
fay =T,

flz)=va?—-9,a=4



6. Give the intervals of continuity for the following functions.

+1 9 .
(a) f(w):xi 441 ifxz<0
x2;4x+3 (d) fl)=qz+1 if0<z<?2
(b) f(=) = 57 —(z—2)? ifr>2

(c) f(z) =22 -3+ 22

e’ -5 fz<l1

7. Let ¢ be a number and consider the function f(z) = 110 ifz=1,
——2c ifx>1
x

(a) Find all numbers ¢ such that il—>ml f(z) exists.
(b) Is there a number ¢ such that f(z) is continuous at x = 17 Justify your answer.
8. Find parameters a and b so that the following function is continuous
207 4 3 if v < —4

ar+b if —4<2<3
—x3 4422 -5 if3<zx

f(x)

9. Suppose that

=6 if 346
_ JJa—e] ! ;
/(@) {1 if t=26

Determine the points at which the function f(z) is discontinuous and state the type of discontinuity.



Worksheet # 7: Intermediate Value Theorem and Limits at Infinity

Goals for M A 113 Recitations: This is a good time to remind ourselves about our goals for students in
MA 113 recitations:

1. to develop your ability to make sense of problems and be persistent while solving them,
2. to develop your ability to productively collaborate with peers, and

3. to develop your ability to check your own work, i.e. to decide on your own whether or not your work
is correct.

For each recitation, it is a good idea to have in mind one of these that you are going to actively think
about while you work. Which will it be today?

1. State the Intermediate Value Theorem. Show f(x) = 23 + x — 1 has a zero in the interval (0, 1).

2. Using the Intermediate Value Theorem, find an interval of length 1 in which a solution to the equation
223 + 2 = 5 must exist.

e.’l)

et — 2’

(a) Show that f(0) <1 < f(In(4)).

(b) Can you use the Intermediate Value Theorem to conclude that there is a solution of f(z) =17

(

3. Let f(z) =

o

) Can you find a solution to f(z) =17

(a) Show that the equation ze” = 2 has a solution in the interval (0, 1).
(b) Determine if the solution lies in the interval (0,1/2) or (1/2,1).
(c¢) Continue in this manner to find an interval of length 1/8 which contains a solution of the equation

xret = 2.

5. Consider the following piecewise function

f(x):{o if 2 <0

1 ifz>0

Although f(—1) =0and f(1) =1, f(x) # 1/2 for all z in its domain. Why doesn’t this contradict the
Intermediate Value Theorem?

6. Describe the behavior of the function f(z) if lim f(z) =L and lim f(z)= M.
T—00 T—r—00

7. Explain the difference between “ lim f(z) = 00” and “lim f(z) = —3”.

r——3 r—00

8. Evaluate the following limits, or explain why the limit does not exist:

2 .
(a) lim 3v” —Tx (d) ngjloo?’
r—oo I — 8 5 2 4
S5x° — Tx® +
. 222 — 6 i e
(b) lim ——————— (€) Hm e 527 — 3999

10
(©) lim ——" (f) T YO T2

z——o0 8 — 412 T——00 °



. s ) i z2 x2
9. Find the limits zlgr;o f(z) and xEIPoo fz) if f(z) = (x e 1>,

10. Sketch a graph with all of the following properties:

i 500 = g 10 =
o Jdm f(t)=0 o lim /() = 3
* B S =co . f(4)=6



Worksheet # 8: Review for Exam |
1. Find all real numbers of the constant a and b for which the function f(x) = ax + b satisfies:
(a) fo f(x)= f(z) for all z.
(b) fo f(z)=ux for all x.
2. Simplify the following expressions.

(a) logs 125 (c) log, (z(log, y*))
(b) (log, 16)(log, 2) (d) log,(1—cosx)+log, (1+cosz)—2log, sinz

3. Suppose that tan(z) = 2 and —7 < z < 0. Find cos(z), sin(z), and sin(2z).

4. (a) Solve the equation 32**5 = 4 for x. Show each step in the computation.

1
(b) Express the quantity logy (23 —2) + 3 logy(x) —logy(5x) as a single logarithm. For which z is the
resulting identity valid?

5. Suppose that the height of an object at time ¢ is h(t) = 5% + 40t.

(a) Find the average velocity of the object on the interval [3,3.1].
(b) Find the average velocity of the object on the interval [a,a + h].

(¢) Find the instantaneous velocity of the object time a.

6. Calculate the following limits using the limit laws. Carefully show your work and use only one limit
law per step.

(@) lim (20— 1)
(b) lim vr+4-2

x—0 x

7. Calculate the following limits if they exist or explain why the limit does not exist.

x—2 Ve —2

(a) ibml% 1 (e) Jim 516
. ox—2 o +1
(b) iy 77 () lim o
2 -1 . 3-8
1
(C) a:iglJr x—2 (g) :rl~>rn2 r—2
: 2 : 2
(d) ;lg}l(m a”) (h) (}lg;:(fw a”)

8. State the Squeeze Theorem. Use it to find the following limits.

1
i 1
(a) lim sin —

(b) lim cosz cos(tan x)
=5

|z — 3 . . .
g R— find lim f(z), xl_lg{ f(z) and ilgl} f(z).

z—3+

9. If f(z) =

2 —



10

11.

12.

13

L If 111112 f(z) =3 and lim2 g(x) = 5, find the following or explain why we cannot find the limit.

(2) lim(2f(z) + 3g(2) (c) limy f(2)g(x)
. fl@) . -2
(b) lim o (@) I o=

(a) State the definition of the continuity of a function f

(z) at x = a.

(b) Find the constant a so that the function is continuous on the entire real line.

(EQ—(L2

flz)=9 z—a
8

g(a) = 10.

. Complete the following statements:

ifx#a

ifx=a

If g(z) = 2% 4+ 5% — 3, use the Intermediate Value Theorem to show that there is a number a such that

(a) A function f(z) passes the horizontal line test, if the function f is ................

(b) If illg f(z) and il_l’)r{ll g(z) exist, then

iy F@) _ A7)
e (@) lim g(x)

r—a

(¢) lim f(x)= lim f(x)=L if and only if ................

z—at z—a~

(d) Let g(z) = 4% 272

be a piecewise function.

1 ifz=2
The function g(z) is NOT continuous at x = 2 since
22 ifx <0
(e) Let f(x) =41 if z =0 be a piecewise function.
x ifzx>0

The function f(x) is NOT continuous at z = 0 since

provided ..................



Worksheet # 9: The Derivative, Velocities, and Tangent Lines
1. Comprehension check:

(a) What is the definition of the derivative f/(a) at a point a?
(b) What is the geometric meaning of the derivative f’(a) at a point a?
(c) True or false: If f(1) = g(1), then f'(1) = ¢/'(1)?
2. Part of Problem #1 on Worksheet #4 is given below. Rewrite each of these questions as a problem
about the graph of h(t), secant lines to the graph of h(t), and/or tangent lines to the graph of h(t).
A ball is thrown vertically into the air from ground level with an initial velocity of 15 m/s. Its height
at time ¢ is h(t) = 15t — 4.9¢2.
(a) How far does the ball travel during the time interval [1, 3]?
(b) Compute the ball’s average velocity over the time interval [1, 3].
(¢) Compute the ball’s average velocity over the time intervals [1, 1.01], [1, 1.001],[0.99, 1], and [0.999, 1].
(a)
(a)

Estimate the instantaneous velocity when ¢ = 1.

3. (a) Find a function f and a number a so that the following limit represents a derivative f’(a).
3 _
lim (4+h)°—64
h—0 h

(b) Using your function f, set h = —2 and draw the graph of f and the secant line whose slope is

given by W.
(c) Create a real-world scenario that is modeled by f, and write a problem about this scenario for
4+ h)3 — 64
which the answer is given by lim L
h—0 h

4. Let f(z) = |z|. Find f'(1), f'(0) and f’(—1) or explain why the derivative does not exist.
5. The point P = (3,1) lies on the curve y = vz — 2.

(a) If Q is the point (z,+v/x — 2), find a formula for the slope of the secant line PQ.

(b) Using your formula from part (a) and a calculator, find the slope of the secant line PQ for the
following values of  (do not round until you get to the final answer):

2.9, 2.99, 2.999, 3.1, 3.01, and 3.001
TI-8x Calculator Tip: Enter the formula under “y=" and then use “Table”.
(¢) Using the results of part (b), guess the value of the slope of the tangent line to the curve at
P =(3,1).
(d) Verify that your guess is correct by computing an appropriate derivative.

(e) Using the slope from part (d), find the equation of the tangent line to the curve at P = (3,1).

6. Let

at? +bt+c ift <0
g(t) =1 5 . :
t“+1 ift>0
Find all values of a, b, and ¢ so that g is differentiable at t = 0.

7. Let f(x) = e” and estimate the derivative f'(0) by considering difference quotients (f(h)— f(0))/h for
small values of h.



10.

11.

Suppose that f/(0) exists. Does the limit

o £ = S R)

h—0 h
exist? Can you express the limit in terms of f/(0)?

Can you find a function f so that
o 1) = F(=h)

h—0 h
exists, but f is not differentiable at 07

Find A and B so that the limit

22+ 2z — (Az + B)

}1_>ml (x —2)2

is finite. Give the value of the limit.

Find the specified derivative for each of the following using the limit definition of derivative.

(a) If f(z) = 1/z, find f'(2).

(b) T g(x) = V7, find ¢'(2).

(c) If h(x) = 22, find A/ (s).

(d) If f(x) = 23, find f'(-2).

(e) If g(x) = 1/(2 — ), find ¢'(¢).



Worksheet # 10: The Derivative as a Function, Polynomials and
Exponentials

Interesting Fact: Derivatives play a fundamental role in modeling physical problems. As one example, to
mathematically describe elastic surfaces requires careful consideration of certain equations involving
derivatives called “differential equations.” One of the pioneers in elasticity theory was Sophie Germain,
who in 1816 was the first woman to win a prize from the Paris Academy of Sciences for her pioneering
paper “Recherches sur la théorie des surfaces élastiques.” Germain is most famous for her work in number
theory, and her award of the Paris Academy Prize inspired her to continue her work on what is now called
“Fermat’s Last Theorem”. Germain’s achievements are particularly impressive because her parents did not
approve of women studying mathematics. At night, they would deny her warm clothing or a fire in her
bedroom to prevent her from studying, but she hid candles and quilts and taught herself anyway.

1. Consider the graph below of the function f(z) on the interval [0, 5].

Y
1

0.5

-0.5

(a) For which = values would the derivative f’(z) not be defined?

(b) Sketch the graph of the derivative function f’.

2. Water temperature affects the growth rate of brook trout. The table shows the amount of weight
gained by brook trout after 24 days in various water temperatures.

Temperature (Celsius) || 15.5 | 17.7 | 20.0 | 224 | 244
Weight gained (grams) || 37.2 | 31.0 | 19.8 | 9.7 | -9.8

(a) If W(z) is the weight gain at temperature x, construct a table of estimated values for W’.



(b) Plot the points for W(x) and W'(z) in the 2 — y-plane. Sketch one possible version of the graph
for W, and use this to sketch a possible version of the graph for W’.

(c) What are the units for W’'?

3. For each function f whose graph is given below, identify points where f’(x) does not exist and sketch
the graph of f’.

f(z) f'(=)

4. Compute the derivative of the following functions using both the limit definition and the rules for
polynomials and exponentials.

(a) f(z) =4+ 8z — 1023
(b) g(z) = -T2> + 2 —2

5. Suppose N is the number of people in the United States who travel by car to another state for a
vacation this year when the average price of gasoline is p dollars per gallon. Do you expect dN/dp to
be positive or negative? Explain your answer. What about d2N/dp??

6. Find a formula for the n-th derivative of z™.

7. Find the first, second, and third derivatives of the following functions using the rules for polynomials
and exponentials.

(a) f(z) =3%
(b) g(t) = (t+1)(t+2)(t+3)



(b) g(z) = -T22 + 2 —2

. Suppose N is the number of people in the United States who travel by car to another state for a
vacation this year when the average price of gasoline is p dollars per gallon. Do you expect dN/dp to
be positive or negative? Explain your answer. What about d2N/dp??

. Find a formula for the n-th derivative of ™.

. Find the first, second, and third derivatives of the following functions using the rules for polynomials
and exponentials.

(0) () = 5%

(b) g(t) =+ 1)(t+2)(t+3)
(©) hla) = YOI

(d) y=e"t?+1

2 x 7
(e) F(x):5+36 —x




Worksheet # 11: Product and Quotient Rules

1. Show by way of example that, in general,

d df dg
ﬁ(f'g) %'%
and
df
d (f dx
()76
dx

2. (a) If f'(x) = ¢'(z) for all z, then does f = g? Explain your answer.
(b) If f(x) = g(x) for all z, then does f’ = ¢’? Explain your answer.

(c)

)

(d) Are differentiable functions also continuous? Are continuous functions also differentiable? Provide
several concrete examples to support your answers.

How is the number e defined?

3. Calculate the derivatives of the following functions in the two ways that are described.

(a) f(r)=r%/3

i. using the constant multiple rule and the power rule

ii. using the quotient rule and the power rule

Which method should we prefer?

(b) f(z)==°

i. using the power rule

ii. using the product rule by considering the function as f(z) = 22 - 2®
(©) g(@) = (2* +1)(z* — 1)

i. first multiply out the factors and then use the power rule

ii. by using the product rule

4. State the quotient and product rule and be sure to include all necessary hypotheses.

5. Compute the first derivative of each of the following:

(8) f(z) = (32 +a)e? (© Ja) = s
\/5 T
(b) f(x) = ar +b
o () fla) ="~
(c) f(z)= 5= 22 T
2 o (@) fl@) = D)
(d) f@) = (% + 2w+ e7) ( N ) (h) f(z) = (x —3)(22 +1)(x +5)

6. Find an equation of the tangent line to the given curve at the specified point. Sketch the curve and
the tangent line to check your answer.

el

2 +1
(b) y = 2ze® at the point z = 0.

(a) y=a®+

at the point x = 3.



7. Let f(x) = (3z — 1)e*. For which z is the slope of the tangent line to f positive? Negative? Zero?
8. Suppose that f(2) =3, ¢g(2) =2, f'(2) = —2, and ¢'(2) = 4. For the following functions, find h’(2).

)
(a) h(z) =5f(x) +29(x)

9. Calculate the first three derivatives of f(z) = ze® and use these to guess a general formula for f(™)(z),
the n-th derivative of f.

10. Is there a formula for the derivative of f-g-h? What about f-g-h-k? What about a product of five
functions? Of six functions?



Worksheet # 12: Derivatives of Trigonometric Functions and the
Chain Rule

Interesting Fact: The followers of Newton (in England) and Leibniz (in continental Europe) argued and
fought regarding which of them should receive “credit” for inventing calculus. The reality is that both made
important and independent contributions to the development of calculus. Emilie du Chatelet was a French
mathematician and physicist who in 1749 completed her translation of Newton’s Principia into French,
expanding the influence of Newton’s work in Europe — to this day, du Chatelet’s translation is considered
the definitive French translation of this work. One of the reasons this translation was so influential was
that she did more than just translate. In her extensive commentary on the translation, du Chéatelet made a
crucial contribution to Newtonian mechanics via her conservation law for total energy. In addition to her
translation of Newton, she also wrote an influential treatise on physics, Institutions de Physique, in 1740.

1. For each of these problems, explain why it is true or give an example showing it is false.

2

(a) True or False: If f/(6) = —sin(f), then f(6) = cos(6).

2
(b) True or False: If 0 is one of the non-right angles in a right triangle and sin(f) = 3’ then the
hypotenuse of the triangle must have length 3.

. Calculate the first five derivatives of f(x) = sin(z). Then determine f(® and f©7)

3. Let f(t) =t + 2cos(t).

(a) Find all values of ¢ where the tangent line to f at the point (¢, f(¢)) is horizontal.
(b
(a

1
(b) Suppose f and g are differentiable functions so that f(2) = 3, f/(2) = -1, g(2) = T and ¢'(2) = 2.
Find each of the following:

i. A/(2) where h(z) = /[f(z)]>+ 7.
ii. /(2) where I(z) = f(23 - g(z)).

What are the largest and smallest values for the slope of a tangent line to the graph of f?

Carefully state the chain rule using complete sentences.

)
)
)
)

. Differentiate both sides of the double-angle formula for the cosine function, cos(2z) = cos?(z) —sin?(z).
Do you obtain a familiar identity?



6. Differentiate each of the following and simplify your answer.

(a) r(6) = 0°sin(0) (f) g(t) = tan(sin(?))

(b) slf) = ( ) + cscld) (8) hlu) = sec*(u) + tan?(u)
(c) h(z) = sin(z) csc(z) (322 +x)

(d) glx) = sec(x) + cot(z) (b) flw) = e

(e) f(z)= \3/ 203 + T+ 3 (i) g(z) = sin(sin(sin(x)))

7. Given the following functions: f(z) = sec(x), and g(z) = x® — 2z + 1. Find:

(a) f(g()) (d) f'(g(x))
(b) f'(x)
(¢) g'(x) (e) (fog)(z)

8. Find an equation of the tangent line to the curve at the given point.

(a) f(z) =223, =2
(b) f(z) = sin(x) + sin?(z), z =0

9. Compute the derivative of in two ways:

x
x2+1
(a) Using the quotient rule.

(b) Rewrite the function = z(2? + 1)7! and use the product and chain rule.

X
241 T

Check that both answers give the same result.

10. Suppose that k(x) = y/sin?(z) + 4. Find three functions f, g, and h so that k(z) = f(g(h(x))).

11. Let h(z) = f og(z) and k(z) = g o f(x) where some values of f and g are given by the table

z | flx) g@) f(z) ¢(2)
1| 4 4 1 1
2| 3 4 3 1
30 -1 -1 3 1
4] 3 2 2 1

Find: n'(—1),h'(3) and k'(2).
12. Find all 2 values so that f(z) = 2sin(z) + sin?(z) has a horizontal tangent at x.

13. Suppose that at the instant when the radius of a circle of a circle is 5 cm, the radius is decreasing at
a rate of 3 cm/sec. Find the rate of change of the area of the circle when the the radius is 5 cm.

14. A particle’s distance from the origin (in meters) along the z-axis is modeled by p(t) = 2sin(t) — cos(t),
where ¢ is measured in seconds.
(a) Determine the particle’s speed (speed is defined as the absolute value of velocity) at 7 seconds.

(b) Is the particle moving towards or away from the origin at 7 seconds? Explain.

3T
(¢) Now, find the velocity of the particle at time t = o Is the particle moving toward the origin or
away from the origin?

(d) Is the particle increasing speed at 7 seconds?



10.

11.

12.

13.

Worksheet # 13: Implicit Differentiation and Inverse Functions
Find the derivative of y with respect to x:

(a) z3 —i—y% =73,

(b) e¥sin(z) = x + xy.

(c) cos(zy) =1+ sin(y).

-9 2 -3 2
Consider the ellipse given by the equation (@ 55 ) + (v < ) =1.

(a) Find the equation of the tangent line to the ellipse at the point (u,v) where u =4 and v > 0.
(b) Sketch the ellipse and the line to check your answer.

Find the derivative of f(x) = 7t~ (@) where w is a constant.

Let (a,b) be a point in the circle 22 + y? = 144. Use implicit differentiation to find the slope of the
tangent line to the circle at (a,b).

Let f(z) be an invertible function such that g(z) = f~(z), f(3) = V5 and f'(3) = —3. Using only
this information find the equation of the tangent line to g(x) at x = /5.

1 1

Let y = f(x) be the unique function satisfying % + 30 = 4. Find the slope of the tangent line to f(z)
€z Y

at the point (3, 5).

The equation of the tangent line to f(z) at the point (2, f(2)) is given by the equation y = —3z + 9.

If G(z) = %(x), find G'(2).

4 d
Differentiate both sides of the equation, V = 5777“3, with respect to V' and find ﬁ when r = 8y/7.

Use implicit differentiation to find the derivative of arctan(z). Thus if z = tan(y), use implicit differ-
entiation to compute dy/dz. Can you simplify to express dy/dz in terms of z?
d
(a) Compute . arcsin(cos(z)).
x
(b) Compute -& (arcsin(z) + arccos(z)). Give a geometric explanation as to why the answer is 0.

d 1
(¢) Compute . (tan_l () +tan_1(x)> and simplify to show that the derivative is 0. Give a
x x
geometric explanation of your result.

Consider the line through (0,b) and (2,0). Let 8 be the directed angle from the z-axis to this line so
that # > 0 when b < 0. Find the derivative of § with respect to b.

Let f be defined by f(z) = e~ .
(a) For which values of z is f'(z) =0

(b) For which values of x is f”(x) =0

The notation tan=!(z) is ambiguous. It is not clear if the exponent —1 indicates the reciprocal or
the inverse function. If we allow both interpretations, how many different ways can you (correctly)
compute the derivative f’(z) for

fla) = (tan™") 7} (2)?

In order to avoid this ambiguity, we will generally use cot(z) for the reciprocal of tan(x) and arctan(zx)
for the inverse of the tangent function restricted to the domain (—m/2,7/2).



Worksheet # 14: Derivatives of Logarithms and Rates of Change

An Interesting Fact: While several people independently developed the idea of the logarithm, the most
influential of these was John Napier through his 1614 book Mirifici Logarithmorum Canonis Descriptio.
Napier developed the theory of logarithms to allow faster calculation, and it was so successful that within a
few decades his logarithms had spread across the globe due to the promotion of Henry Briggs and Edward
Wright in England, Bonaventura Cavalieri in Italy, Johannes Kepler in Germany, and Xue Fengzuo in
China. Through reprintings of the book Shu Li Ching Yiin, originally published in Beijing by Emperor
K’ang Hsi, Napier’s theory of logarithms reached Japanese mathematicians in the early 1700’s.

1.

Find the derivative of f(z) = 3%. Compute the derivative of logs(z). Explain the relationship between
YOUr answers.

Find the derivatives of the following functions.
(a) f(z) = vzn(z)

0) ale) = 0

A particle moves along a line so that its position at time ¢ is p(t) = 3t — 12t where p(t) represents the

distance to the right of the origin. Recall that speed is given by the absolute value of velocity.

(a) Find the velocity and speed at time ¢ = 1.

(b) Find the acceleration at time t = 1.

(c) Is the velocity increasing or decreasing when ¢t = 17
)

(d) Is the speed increasing or decreasing when t = 17

. An object is thrown upward so that its height at time ¢ seconds after being thrown is h(t) = —4.9t? +

20t 4+ 25 meters. Give the position, velocity, and acceleration at time t.

An object is thrown upward with an initial velocity of 5 m/s from an initial height of 40 m. Find the
velocity of the object when it hits the ground. Assume that the acceleration of gravity is 9.8 m/s2.

An object is thrown upward so that it returns to the ground after 4 seconds. What is the initial
velocity? Assume that the acceleration of gravity is 9.8 m/s%.

Suppose that height of a triangle is equal to its base b. Find the instantaneous rate of change in the
area respect to the base b when the base is 7.
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11.

Suppose that an object is shot into the air vertically with an initial velocity vy and initial height s,
with acceleration due to gravity denoted by g. Let s(t) denote the height of the object after ¢ time
units.
1
(a) Explain why s(t) = sg + vot — 3 gt* (this is sometimes called “Galileo’s formula”).
(b) If time is measured in seconds and distance in meters, what are the units for sg, vg, and g7

The cost in dollars of producing = bicycles is C(z) = 4000 + 210z — 22 /1000.

(a) Explain why C’(40) is a good approximation for the cost of the 41st bicycle.
(b) How can you use the values of C'(40) and C’(40) to approximate the cost of 42 bicycles?
(c) Explain why the model for C(z) is not a good model for cost. What happens if z is very large?

Suppose that a population of bacteria triples every hour and starts with 400 bacteria.

(a) Find an expression for the number n of bacteria after ¢ hours.
(b) Use this expression to estimate the rate of growth of the bacteria population after 2.5 hours.
Think about the other science courses you are currently taking (or have taken in the past). Identify

three to five examples of problems from those courses that involve computing rates of change where
methods from calculus might be useful.



Worksheet # 15: Related Rates

. Let a and b denote the length in meters of the two legs of a right triangle. At time ¢t = 0, a = 20 and
b = 20. If a is decreasing at a constant rate of 2 meters per second and b is increasing at a constant
rate of 3 meters per second. Find the rate of change of the area of the triangle at time ¢ = 5 seconds.

. A person 6 feet tall walks along a straight path at a rate of 4 feet per second away from a streetlight
that is 15 feet above the ground. Assume that at time ¢ = 0 the person is touching the streetlight.

(a) Draw a picture to represent the situation.

(b) Find an equation that relates the length of the person’s shadow to the person’s position (relative
to the streetlight).

(¢) Find the rate of change in the length of the shadow when ¢ = 3.

(d) Find how fast is the tip of the person’s shadow is moving when ¢ = 4.

(e) Does the precise time make a difference in these calculations?

. A spherical snow ball is melting. The rate of change of the surface area of the snow ball is constant
and equal to —7 square centimeters per hour. Find the rate of change of the radius of the snow ball
when r = 5 centimeters.

. The height of a cylinder is a linear function of its radius (i.e. h = ar + b for some a, b constants). The
height increases twice as fast as the radius r and % is constant. At time ¢ = 1 seconds the radius is
r =1 feet, the height is h = 3 feet and the rate of change of the volume is 167 cubic feet/second.

(a) Find an equation to relate the height and radius of the cylinder.

(b) Express the volume as a function of the radius.

(¢) Find the rate of change of the volume when the radius is 4 feet.

. A water tank is shaped like a cone with the vertex pointing down. The height of the tank is 5 meters
and diameter of the base is 2 meters. At time ¢t = 0 the tank is full and starts to be emptied. After
3 minutes the height of the water is 4 meters and it is decreasing at a rate of 0.5 meters per minute.
At this instant, find the rate of change of the volume of the water in the tank. What are the units for
your answer? Recall that the volume of a right-circular cone whose base has radius r and of height A
is given by V = %m“Qh.

. A plane flies at an altitude of 5000 meters and a speed of 360 kilometers per hour. The plane is flying
in a straight line and passes directly over an observer.

(a) Sketch a diagram that summarizes the information in the problem.
(b) Find the angle of elevation 2 minutes after the plane passes over the observer.
(¢) Find rate of change of the angle of elevation 2 minutes after the plane passes over the observer.

. A car moves at 50 miles per hour on a straight road. A house is 2 miles away from the road. What is
the rate of change in the angle between the house and the car and the house and the road when the
car passes the house.

. A car moves along a road that is shaped like the parabola y = z2. At what point on the parabola are
the rates of change for the x and y coordinates equal?

1

. Let f(z) = % and h(z) = T )

3
(a) Find f'(2).
(b) Use the previous result to find A/(z).
(¢) Let = z(t) be a function of time ¢ with z(1) = 1 and set F(¢) = h(z(t)). If F'(1) = 18, find
Z'(1).



Worksheet # 16: Review for Exam II

(a) State the definition of the derivative of a function f(x) at a point a.

(b) Find a function f and a number @ such that

f() ~ f(a) _ In(2z — 1)

T —a r—1

(c) Evaluate the following limit by using (a) and (b),

lim In(2z — 1)
rx—1 xr — 1

. State the following rules with the hypotheses and conclusion.

(a) The product rule and quotient rule.
(b) The chain rule.

%t?’ — t2 — 8t meters

. A particle is moving along a line so that at time ¢ seconds, the particle is s(t) =
to the right of the origin.

(a) Find the time interval(s) when the particle’s velocity is negative.
(b

)

) Find the time(s) when the velocity is zero.

(c) Find the time interval(s) when the particle’s acceleration is positive.
)

(d) Find the time interval(s) when the particle is speeding up. Hint: What do we need to know about
velocity and acceleration in order to know that the derivative of the speed is positive?

. Compute the first derivative of each of the following functions:

(a) f(z) = cos(4mz?) + sin(3x + 2) (g) m(z) =7 + -
(b) b(x) = 08(33& ) Vat
(C) y(o) scc(29 _ e¥
(d) k(z) = In(7z? + sin(z) + 1) 1) 9(@) = 777
(e) u(x) = (sin~"(22)) (i) n(z) = cos (tan(x))
8x2 — Tz +3
(f) h(z) = TQ:E)JF (j) w(z) = arcsin(z) - arccos(x)

. Let f(z) = cos(2z). Find the fourth derivative at = = 0, f()(0).

. Let f be a one to one, differentiable function such that f(1) =2, f(2) =3, f'(1) =4 and f'(2) =5
Find the derivative of the inverse function, (f~1)"(2).

. The tangent line to f(x) at x = 3 is given by y = 22 — 4. Find the tangent line to g(x) = at

x
f(x)
x = 3. Put your answer in slope-intercept form.

. Consider the curve xy® + 1222 + 3% = 24. Assume this equation can be used to define y as a function
of  (i.e. y = y(x)) near (1,2) with y(1) = 2. Find the equation of the tangent line to this curve at
(1,2).

. Each side of a square is increasing at a rate of 5 cm/s. At what rate is the area of the square increasing
when the area is 14 cm??
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The sides of a rectangle are varying in such a way that the area is constant. At a certain instant the
length of a rectangle is 16 m, the width is 12 m and the width is increasing at 3 m/s. What is the rate
of change of the length at this instant?

Suppose f and g are differentiable functions such that f(2) =3, f/(2) = -1, g(2) = 1, and ¢'(2) = 2.
Find:

(a) h'(2) where h(z) = In([f(2)]?);

(b) I'(2) where I(x) = f(a® - g(x)).
Abby is driving north along Ash Road. Boris driving west on Birch Road. At 11:57 am, Boris is 5 km
east of Oakville and traveling west at a speed of 60 km/h and Abby is 10 km north of Oakville and
traveling north at a speed of 50 km/h.

(a) Make a sketch showing the location and direction of travel for Abby and Boris.

(b) Find the rate of change of the distance between Abby and Boris at 11:57 AM.

(¢) At 11:57 AM, is the distance between Abby and Boris increasing, decreasing, or not changing?



Worksheet #17: Exponential Growth and Decay

An Interesting Fact: One of the amazing qualities of mathematics is that it has both artistic and
scientific aspects, which is why we often refer to the difference between “pure mathematics” and “applied
mathematics.” Two important 20th-century figures in applied mathematics were Evelyn Boyd Granville
and Mary G. Ross.

Evelyn Granville worked at IBM and the North American Aviation Space and Information Systems
Division, as well as Cal State Los Angeles. She worked on the Apollo space program doing work in celestial
mechanics, trajectory analysis, and computing. Granville was the second African-American woman to
receive a Ph.D. in mathematics in a U.S. University, graduating from Yale in 1949.

Mary Ross was hired by Lockheed Aircraft as a mathematician during World War II. She went on to work
for Lockheed’s secret Skunk Works division, developing design concepts for space travel and working on the
Agena rocket program. Ross was the first female Native American engineer. (Photos of Granville and Ross
are subject to copyright, but can be found online.)

1. Solve the following equations for a:

)
(b) 40 = el where k = 1n§2)_
)
)

(d) a = 2,000e3%*, where k = 1n(1055).

2. Choose two of the previous four equations, write a problem which may be represented by the given
equation. Be sure to explicitly state what each quantity represents, using correct units. Use a different
type of scenario for each equation.

3. The mass of substance X decays exponentially. Let m(t) denote the mass of substance X at time ¢
where t is measured in hours. If we know m(1) = 100 grams and m(10) = 50 grams, find an expression
for the mass at time ¢.

4. A certain cell culture grows at a rate proportional to the number of cells present. If the culture contains
500 cells initially and 800 after 24 hours, how many cells will there be after a further 12 hours?

5. Suppose that the rate of change of the mosquito population in a pond is directly proportional to the

number of mosquitoes in the pond.
dP

— =KP
dt
where P = P(t) is the number of mosquitoes at time ¢, ¢ is measured in days and the constant of
proportionality K = .007
(a) Give the units of K.

(b) If the population of mosquitoes at time ¢ = 0 is P(0) = 200. How many mosquitoes will there be
after 90 days?
6. Suppose that P(t) gives the number of individuals in a population at time ¢ where ¢ is measured in
years. Each year 23 out of 1000 individuals give birth and 11 out of 1000 individuals die.
Find a differential equation of the form P’ = kP that the function P satisfies.



7. A lucky colony of rabbits is brought to a large island where there are no predators and unlimited food.
Under these conditions, they will reproduce at such a rate that the population doubles every 9 years.
After 3 years, a team of scientists determines that there are 7000 rabbits on the island.

(a) How many rabbits were brought to the island originally?
(b) How many rabbits will there be 12 years after their introduction to the island?
8. Suppose that f is a solution of the differential equation f’ = kf on an open interval (a,b) where k

is a constant. Compute the derivative of g(x) = =% f(x) and show that g is constant. Explain why
f(x) = Aek=.



Worksheet # 18: Extreme Values and the Mean Value Theorem
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Figure 1: An excerpt from Hisab al-jabr w’al-mugabala, courtesy of the Bodleian library.

An Interesting Fact: When we study extreme values of functions, we rely on our ability to do numerical
calculations and solve algebraic equations. Our modern understanding of number systems and algebra can be
traced to Baghdad in the 9th century, with the work of Muhammad ibn Musa al-Khwarizmi, who authored two
incredibly influential books.

[One of these books was| Hisab al-jabr w’al-muqabala (which may be loosely translated as Calculation
by Reunion and Reduction)...In the twelfth century the book was translated into Latin under the title
Liber algebrae et almucabola, thus giving a name to a central area of mathematics. . . [Another of
al-Khwarizmi’s books was] Algorithmi de numero indorum, which explained the Indian number system.
While al-Khwarizmi was at pains to point out the Indian origin of this number system, subsequent
translations of the book [were attributed to] the author. Hence, in Europe any scheme using these
numerals came to be known as an “algorism”, or, later, “algorithm” (a corruption of the name
al-Khwarizmi). — George Gheverghese Joseph

1. Comprehension check:

(a) True or False: If f'(¢) =0 then f has a local maximum or local minimum at c.
(b) True or False: If f is differentiable and has a local maximum or minimum at = ¢ then f/(c) = 0.

(¢) A function continuous on an open interval may not have an absolute minimum or absolute maximum on
that interval. Give an example of continuous function on (0,1) which has no absolute maximum.

(d) True or False: If f is differentiable on the open interval (a,b), continuous on the closed interval [a, b], and
f'(x) #£0 for all = in (a,b), then we have f(a) # f(b).

2. Sketch the following:
(a) The graph of a function defined on (—o0, 00) with three local maxima, two local minima, and no absolute
minima.

(b) The graph of a continuous function with a local maximum at @ = 1 but which is not differentiable at
=1

c e graph of a function on |—1,1) which has a local maximum but not an absolute maximum.

Th h of af i 1,1) which h local i b bsol i

(d) The graph of a function on [—1,1] which has a local maximum but not an absolute maximum.

e e graph of a discontinuous function defined on |—1, 1| which has both an absolute minimum and absolute
Th h of a di i fi ion defined 1, 1] which has both bsol ini d absol

maximum.

3. State the definition of a critical number. Use this definition to find the critical numbers for the following
functions:

(a) f(x)=at+2%+1
(b) g(z) = e**(2® —7)
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(¢) h(z) = [5x —1]
(d) j(z) = (4 -1/

. Find the absolute maximum and absolute minimum values of the following functions on the given intervals.

Specify the x-values where these extrema occur.

(a) f(z) =223 - 322 — 1220+ 1, [-2,3]
(b) h(x) =z +V1—22, [-1,1]

(c) f(xz) = 2cos(z) +sin(2x), [0, T]

(@) f(x) =2, [,

State the Mean Value Theorem. Verify that the function satisfies the hypotheses of the Mean Value Theorem
on the given interval. Then find all numbers ¢ that satisfy the conclusion of the Mean Value Theorem.

(@) f(@) = —

(b) f(z) = sin(z) — cos(z) on the interval [0, 27]

on the interval [1, 4]

Use the Mean Value Theorem to show that sin(z) < x for z > 0. What can you say for z < 07

Suppose that g(z) is differentiable for all x and that —5 < ¢’(z) < 3 for all . Assume also that g(0) = 4.
Based on this information, use the Mean Value Theorem to determine the largest and smallest possible values

for ¢g(2).

A trucker handed in a ticket at a toll booth showing that in 2 hours she had covered 159 miles on a toll road
with speed limit 65 mph. The trucker was cited for speeding. Why did she deserve the ticket?

Suppose that we know that 1 < f(2) < 4 and that 2 < f/(z) <5 for all z. What are the largest and smallest
possible values for f(6)? What about f(—1)?

If a and b are positive numbers, find the maximum value of f(z) = 2%(1 — x)® on the interval 0 < z < 1.



Worksheet # 19: The Shape of a Graph

1. Comprehension Check:
(a) Explain what the First Derivative Test reveals about a continuous function f(z) including when
and how to use it.

(b) Explain what the Second Derivative Test reveals about a twice differentiable function f(z) and
include how to use it. Does the test always work? What should you do if it fails?

(¢) Identify the similarities and differences between these two tests.
2. (a) Consider the function f(z) = 22® — 922 — 242 + 5 on (—00, 00).
i. Find the critical number(s) of f(x).

ii. Find the intervals on which f(x) is increasing or decreasing.
iii. Find the local extrema of f(x).

(b) Repeat with the function f(z) = ’

m on (—OO, OO)

3. Below are the graphs of two functions.

4 4

1 2 3 4 5 6 6

a) Find the intervals where each function is increasing and decreasing respectively.

(
(b) Find the intervals of concavity for each function.

¢) For each function, identify all local extrema and inflection points on the interval (0,6).

N "

(
4. (a) Consider the function f(z) = z* — 823 + 5.
i. Find the intervals on which the graph of f(z) is increasing or decreasing.
ii. Find the inflection points of f(x).
iii. Find the intervals of concavity of f(z).
3
(b) Repeat with the function f(z) = 2z + sin(x) on <_72T’ 27T>
(¢) Repeat with the function f(z) = ze”.
5. Find the local extrema of the following functions using the second derivative test (if possible):

(a) f(z)=a° —5x+4

(b) g(x) =5z — 101n(2x)

(c) h(x) =325 — 52% + 10

6. Sketch a graph of a continuous function f(z) with the following properties:

e f is increasing on (—oo, —3) U (1,7) U (7,00)
e f is decreasing on (—3,1)
e f is concave up on (0,3) U (7,00)
e f is concave down on (—o0,0) U (3,7)



Worksheet # 20: L'Hopital’s Rule & Optimization

ANALYSE

DES

INFINIMENT PETITS.
POUR
L'INTELLIGENCE DES LIGNES COURBES,
Par M le Marquis DE L'HoserraL,

SECONDE EDITION.

A PARIS,
Chez Frangots MonTaranT, Quay des Augafling,

AVEC APPROBATION ET PRIVILEGE DU ROY.

An Interesting Fact: I’Hopital’s Rule was probably not discovered by L’Hopital!

The Marquis de 'Hopital was a French nobleman and amateur mathematician who [wanted to
learn| calculus. [He] employed Johann Bernoulli to supply him with tracts on various aspects of
the subject, as well as to provide him with any new mathematical discoveries of note. In a
sense, it appears that I'Hopital bought the rights to Bernoulli’s mathematical research [and
published it under his own name as| Analyse de infiniment petits. — William Dunham

1. Suppose we know:

lim f(z) =0 lim g(x) =0 lim p(z) = oo lim ¢(z) = o0

T—a r—a T—a r—a

Which of the following limits are indeterminate forms? For those that are not an indeterminate form,
evaluate the limit where possible.

@ i P12)

) o) @2 )

(b) Tim f(=z) () lim p(z)g(x)
e 0 i 28]

(¢) lim f(z)p(z) v5a ()

2. Carefully state 'Hopital’s Rule.

3. Compute the following limits. Use I’Hépital’s Rule where appropriate, but first check that no easier
method will solve the problem.

| . sin(4x)
i 1
8 ql~l—>ml x® —1 (c) 750 tan(5x)
2 24 x—
(b) lim 3z + 2y (d) lim "+z-6

z—oo |1 —=x z—2 x—2



(c) Jim ) (i) dim ze”

© gy () Jim e

® Jm St 09 lim D1

() 201 % 1) xILII;OI . (arctan(gs) — g)

. Find the value A for which we can use ’'Hopital’s rule to evaluate the limit

x4 Az —2
lim —M.
x—2 rx—2

For this value of A, give the value of the limit.

. Find the dimensions of z and y of the rectangle of maximum area that can be formed using 3 meters
of wire.

(a) What is the constraint equation relating = and y?
(b) Find a formula for the area in terms of x alone.

(¢) Solve the optimization problem.
. Find two numbers whose difference is 100 and whose product is a minimum.
. The sum of two positive numbers is 16. What is the smallest possible value of the sum of their squares?

. A farmer wants to fence in an area of 1.5 million square feet in a rectangular field and then divide it
in half with a fence parallel to one of the sides of the rectangle. How can she do this so as to minimize
the cost of the fence?
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Worksheet # 21: Optimization

. Suppose that f is a function on an open interval I = (a,b) and ¢ is in I. Suppose that f is continuous

at ¢, f'(x) > 0 for x > ¢ and f'(z) < 0 for z < ¢. Is f(c) an absolute minimum value for f on I?
Justify your answer.

A farmer has 2400 feet of fencing and wants to fence off a rectangular field that borders a straight
river. He needs no fence along the river. What are the dimensions of the field that has the largest
area?

A hockey team plays in an arena with a seating capacity of 15000 spectators. With the ticket price set
at $12, average attendance at a game has been 11000. A market survey indicates that for each dollar
the ticket price is lowered, average attendance will increase by 1000. How should the owners of the
team set the ticket price to maximize their revenue from ticket sales?

. An oil company needs to run a pipeline to a nearby station. The station and oil company are on

opposite sides of a river that is 1 km wide, and that runs exactly west-east and the station is 10 km
east along the river from the the oil company. The cost of building pipe on land is $200 per meter
and the cost of building pipe in water is $300 per meter. Set up an equation whose solution(s) are the
critical points of the cost function for this problem.

Find the least expensive way to construct the pipe.

A flexible tube of length 4 m is bent into an L-shape. Where should the bend be made to minimize
the distance between the two ends?

A 10 meter length of rope is to be cut into two pieces to form a square and a circle. How should the
rope be cut to maximize the enclosed area?

16
Find the point(s) on the hyperbola y = — that is (are) closest to (0,0). Be sure to clearly state what
x
function you choose to minimize or maximize and why.
Consider a can in the shape of a right circular cylinder. The top and bottom of the can is made of
a material that costs 4 cents per square centimeter, and the side is made of a material that costs 3

cents per square centimeter. We want to find the dimensions of the can which has volume 72 7 cubic
centimeters, and whose cost is as small as possible.

(a) Find a function f(r) which gives the cost of the can in terms of radius r. Be sure to specify the
domain.
(b) Give the radius and height of the can with least cost.

(c) Explain how you known you have found the can of least cost.

. Find the point on the line y = x closest to the point (1,0). Find the point on the line y = x closest to

the point (r,1 —r). What does the collection of points (r,1 — r) look like graphically?

A box is to have a square base, no top, and a volume of 10 cubic centimeters. What are the dimensions
of the box with the smallest possible total surface area? Provide an exact answer; do not convert your
answer to decimal form. Make a sketch and introduce all the notation you are using.



Worksheet # 22: Antiderivatives & Areas and Distances

An Interesting Fact: Antiderivatives, areas, and distances are fundamental in physics and mathematics.
Pierre-Simon Laplace published Mécanique Céleste in five volumes between 1798 and 1825, and this is
generally considered the next major work on gravitational mathematics and celestial mechanics after
Newton’s Principia. Eager to have a version in English, the Society for the Diffusion of Useful Knowledge
commissioned a translated and expanded version from Mary Somerville, a famous Scottish mathematician
and astronomer, which was published in 1831 under the title The Mechanism of the Heavens. In part due
to the phenomenal success of her translation and extensions of the work of Laplace, in 1835 Somerville was
one of the first two women (jointly with Caroline Herschel) to become a member of the Royal Astronomical
Society.

1. Comprehension Check:
(a) If F is an antiderivative of a continuous function f, is F' continuous? What if f is not continuous?
(b) Let g(z) = %3 + 1. Find ¢'(z). Now give two antiderivatives of ¢'(z).
(c) Let h(xz) = 22 + 1, and let H(x) be any antiderivative of h. What is H'(x)?

2. Find the most general antiderivative of the function f(z) =2% -3z +2— 2.

3. Find f given that
f'(z) = sin(x) — sec(x) tan(z), f(m) =1.

4. Find g given that

On the surface of the earth, the acceleration of an object due to gravity is approximately —9.8 m/s%.
What situation could we describe using the function g7 Be sure to specify what g and its first two
derivatives represent.

5. The velocity of a train at several times is shown in the table below. Assume that the velocity changes
linearly between each time given.

t=time in minutes 0 3 6 9
v(t)=velocity in Km/h || 20 | 80 | 100 | 140

(a) Plot the velocity of the train versus time.



(b) Compute the left and right-endpoint approximations to the area under the graph of v.
(c) Explain why these approximate areas are also an approximation to the distance that the train
travels.

6. Let f(z) = % Divide the interval [1, 3] into five subintervals of equal length and compute Rs and Ls,
the left and right endpoint approximations to the area under the graph of f in the interval [1,3]. Is
R5 larger or smaller than the true area? Is Ls larger or smaller than the true area?

7. Let f(z) = v/1 — 22. Divide the interval [0, 1] into four equal subintervals and compute Ly and Ry, the
left and right-endpoint approximations to the area under the graph of f. Is R, larger or smaller than
the true area? Is L4 larger or smaller than the true area? What can you conclude about the value 77

8. Write each of following in summation notation:

(a) 1+243+44+5+6+7+8+9+10
(b) 244+6+8+10+12+ 14
(¢) 2+4+8+ 16+ 32+ 64+ 128.

4 3

9. Compute Z Z(z +7)

i=1 \j=1
10. Let f(x) = 22

(a) If we divide the interval [0, 2] into n equal intervals of equal length, how long is each interval?

(b) Write a sum which gives the right-endpoint approximation R,, to the the area under the graph of
fon [0,2].
(¢) Use one of the formulae for the sums of powers of k to find a closed form expression for R,,.

(d) Take the limit of R,, as n tends to infinity to find an exact value for the area.



Worksheet # 23: Definite Integrals

The following summation formulas will be useful below.

" n(n+1) ", nn+1)2n+1)
SYECEL IS P LEs
Jj=1 Jj=1

1. Find the number n such that > i = 78.

i=1
2. Give the value of the following sums.

20

(a) > (2k*+3)
k=1
20

(b) > (3k+2)

k=11

3. Recognize the sum as a Riemann sum and express the limit as an integral.
n .
. i
lim E —
n—o00 n4
i=1

4. Let f(x) = z and consider the partition P = {zg,1,...,2,} which divides the interval [1, 3] into n
subintervals of equal length.
(a) Find a formula for xy in terms of k and n.

(b) We form a rectangle whose width is Az = (v — xx—1) and whose height is f(xy). Give the area
of the rectangle.

(¢) Choose the sample points to be the right endpoint of each subinterval. Form the Riemann sum,
and use the formula for sums of powers to simplify the Riemann sum.

(d) Take the limit as n tends to infinity to find the area of the region under f(z) for 1 < a < 3.
(e) Find the area above using geometry to check your answer.
1
0
Compute the following using the properties of definite integrals:

1 2 2
5. Suppose / f(x)dx = 2,/ f(x)dx = 3,/ g(z)dx = —1, and / g(x)dx = 4.
0 1 0

@ | () d @ [ e+ / () d
(b) /O 2[2f(m)—3g(x)]dx (e) /O i f(a)de + /2 1 g(z) dx

6. Suppose that f is a continuous function and 6 < f(z) < 7 for z in the interval [3,9].

(a) Find the largest and smallest possible values for f39 f(x)dx.
(b) Find the largest and smallest possible values for f84 f(z)dx.



7. Suppose that we know fow f(t) dt = sin(z), find the following integrals.
@ [ s
0

wy [ r)dr

w/2

© [ s

3 ifxz<3
z ifzx>3"

5
8. Find/ f(z) dz where f(x) :{
0

9. Simplify

/abf(t)dt-l-/bcf(u)du+/caf(v)dv.
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Worksheet # 24: Review for Exam Il

. Strontium-90 has a half-life of 28 days.

(a) A sample has a mass of 50 mg initially. Find a formula for the mass remaining after ¢ days.
(b) Find the mass remaining after 40 days.

(c) How long does it take the sample to decay to a mass of 2 mg?

. Describe in words and diagrams how to use the first and second derivative tests to identify and classify

extrema of a function f(x).

Find the absolute minimum of the function f(t) = t++/1 — 2 on the interval [—1, 1]. Be sure to specify
the value of ¢ where the minimum is attained.
(a) Consider the function f(z) = 223 + 322 — 722 — 47 on (—o0, o).
i. Find the critical number(s) of f.
ii. Find the intervals on which f is increasing or decreasing.
iii. Find the local maximum and minimum values of f.
iv. Find the intervals of concavity and the inflection points.

(b) Repeat with the function f(z) = 2% — 222 + 3.

(c) Repeat with the function f(z) = €2* + e~ %.
For what values of ¢ does the polynomial p(x) = z* +c2® 422 have two inflection points? One inflection
point? No inflection points?

(a) State the Mean Value Theorem. Use complete sentences.

(b) Does there exist a function f such that f(0) = —1, f(2) =4, and f'(x) < 2 for all z?

State L’Hopital’s Rule for limits in indeterminate form of type 0/0. Use complete sentences, and
include all necessary assumptions. Then evaluate the following limits:

et —x—1 . x+2
(a) Jim — 57— () Jim
2x
b) lim 231 d) lim -
(b) lim z°In(z) (d) lim ———

A poster is to have an area of 180 cm? with 1 cm margins at the bottom and sides and 2 cm margins
at the top. What dimensions will give the largest printed area? Be sure to explain how you know you
have found the largest area.

(a) Draw a picture and write the constraint equation.

(b) Write the function you are asked to maximize or minimize and determine its domain.

(¢) Find the maximum or minimum of the function that you found in part (b).
Find a positive number such that the sum of the number and twice its reciprocal is small as possible.
Find the most general antiderivative for each of the following:

(a) f(z) =520+ 722 +2+1

(b) g(z) =z + cos(2z + 1)

1
(c) h(z) = s where z +1 >0



11. Find a function with f”(z) = sin(2z), f(7r) =1, and f/(0) = 2.

12. Consider the region bounded by the graph of f(z) = %, the z-axis, and the lines z = 1 and = = 2.
Find Ls, the left endpoint approximation of this area with 3 subdivisions.

13. Suppose we know that Y ;'_, ar = n? + 2n. Using this information, find the following:
(a) Y2, (day +1).

(b) Ilco:f) ak-



Worksheet # 25: The Fundamental Theorem of Calculus, Part 1

INSTITUTIONES
CALCULI

DIFFERENTIALIS

IN ANALYSI FINITORUM

DOCTRINA SERIERUM

An Interesting Fact: One of the most influential mathematicians of all time is Leonhard Euler, who
lived from 1707 to 1783. He worked in every branch of mathematics, and also in physics, astronomy,
engineering, and music theory. Euler (pronounced “OIL-ER”) was so productive in so many areas, it has
been estimated that he wrote roughly one-third of the research publications in the mathematical sciences
in Europe between 1725 and 1800.

In addition to his research work, Euler wrote several textbooks such as Institutiones calculi differentialis
(1755) and Institutionum calculi integralis (17681770) (Foundations of Differential and Integral Calculus).
Because Euler’s textbooks were so influential, his notation and conventions are what we use today, for
example writing f(z) for functions, m for the ratio of the circumference to diameter of a circle, and e for
the base of the natural logarithm.

1. Below is pictured the graph of the function f(x), its derivative f/(z), and the integral fom ft)dt.
Identify f(x), f'(x) and foz f(t) dt and explain your reasoning.

‘3

/

2. Let g(z) = [*, f(t) dt where f is the function whose graph is shown below.

(a) Evaluate g(—1), g(0), g(1), 9(2), and g(3).
(b) On what interval is ¢ increasing? Why?

(¢) Where does g have a maximum value? Why?



\/

3. Let g(x) = ffz f(t) dt where f is the function whose graph is shown below. Where is g(x) increasing
and decreasing? Explain your answer.

f)

4. Let F(z) = [} e’ dt. Find an equation of the tangent line to the curve y = F(z) at the point with
z-coordinate 2.

5. Use Part 1 of the Fundamental Theorem of Calculus to find the derivative of the following functions:
(a) g(z) = / (2+1t%)" at (d) y(z) = / sin®(¢) dt
1
4
(b) F(x) :/ cos (t°) dt
ZD2
(c) h(z) = / V1+r3dr
0

(e) G(x) = ’ Vitsin(t) dt
N

6. Find a function f(¢) and a number a such that

6—1—/azft(zt)dt:2\/5

for all z > 0.



Worksheet # 26: The Fundamental Theorem of Calculus and Net

1.

Change
(a) State both parts of the Fundamental Theorem of Calculus using complete sentences.

(b) Consider the function f(x) on [1,00) defined by f(z) = / V1? — 1dt. Find the derivative of f.
1

Explain why the function f is increasing.

(¢) Find the derivative of the function g(x) = ffs V5 — 1dt on (1, 00).

. Use Part 2 of the Fundamental Theorem of Calculus to evaluate the following integrals or explain why

the theorem does not apply:

5 1
(a) / 6x dx (c) / et du
-2 —1
7 LI
1 6 sin(2z)
il d d
(b) /2 5 dx ( ) /‘g sin(x) L
Find each of the following indefinite integrals.

(a) / T2 — 2dz (©) / ¢ +2 dy
) [ e

. A population of rabbits at time t increases at a rate of 40 — 12t + 3¢? rabbits per year where ¢ is

measured in years. Find the population after 8 years if there are 10 rabbits at ¢t = 0.

Suppose the velocity of a particle traveling along the z-axis is given by v(t) = 3t*> + 8t + 15 m/s at time
t seconds. The particle is initially located 5 meters left of the origin. How far does the particle travel
from ¢ = 2 seconds to t = 3 seconds? After 3 seconds, where is the particle with respect to the origin?

Suppose an object traveling in a straight line has a velocity function given by v(t) = 2 — 8¢+ 15 km/hr.
Find the displacement and distance traveled by the object from ¢ = 2 to t = 4 hours.

(a) An oil storage tank ruptures and oil leaks from the tank at a rate of r(¢) = 100e’ liters per minute.
How much oil leaks out during the first hour?

(b) Is this model realistic? In other words, is it realistic to use this function r(¢) to model the leak
rate in this situation? Why or why not?

Recognize each of the sums as a Riemann sum, express the limit as an integral and use the Fundamental
Theorem to evaluate the limit.
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Worksheet # 27: Substitution and More Integration
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Figure 1: The graph of / @ dt in red, and the graph of the number of primes less than X in blue, for
2

X between 1 and 500.

An Interesting Fact: Many students ask “how can you do research in math?” because their sense is that
all the questions in mathematics have been answered. However, this is not true at all! There are many
(many!) unsolved problems in mathematics. Some of the most famous unsolved problems are called the
Millennium Prize Problems — these are considered so important that the Clay Mathematics Institute has
offered $1,000,000 per problem in prize money for their solutions. Arguably the most famous of these is the
Riemann Hypothesis, which claims that for a positive number X, the number of prime numbers less than

X
1
X is roughly / m dt with what is known as “essentially square root accuracy”. Unfortunately, we
2 log

cannot use our substitution techniques to study this integral!

1. Evaluate the following indefinite integrals, and indicate any substitutions that you use:

L X SeC3 i anlxr X
@/amﬁd (@ [ sect (@) tan(o) d

(b) /a:2 vad+ 1ldx (e) /ez sin (%) dx
(©) / cos (6) sin(6) df (1) / 2t3

22 + 32 v

2. Evaluate the following definite integrals, and indicate any substitutions that you use:

(a) /O7mdx () / da
(b) /0g cos(z) cos (sin(z)) dx (e) /2 er dr

4 T
(c) /0 Wi 5. dx



(a) An oil storage tank ruptures and oil leaks from the tank at a rate of r(t) = 100e~°-° liters per
minute. How much oil leaks out during the first hour?

(b) Is this model realistic? In other words, is it realistic to use this function r(¢) to model the leak
rate in this situation? Why or why not?

. If f is continuous on (—o0, 00), prove that

b+c

b
/ flz+c)de = f(z)dzx.

a-+c

For the case where f(x) > 0, draw a diagram to interpret this equation geometrically as an equality of
areas.

. Assume f is a continuous function.
9 3
(a) If/ f(z)dx =4, find / z - f(2?)dz.
0 0
u R 2
(b) If / f(@)dz =1+ ¢e" for all real numbers u, find / f(2z) dx.
0 0

. Do you remember our technique from worksheet #2 of writing b* = e*™®? Use this to find the

indefinite integral / b* dx.

. Which integral should be evaluated using substitution? Evaluate both integrals:

. Find a so that if z = au, then v/16 + 22 = 4v/1 + u2.

. Evaluate the following indefinite integrals, and indicate any substitutions that you use:

. dx o In(arccos(z)) dz
(@) /552‘1‘3 ©) /alrccos(ac)\/l—:lc2

cos(In(t)) dt dt
(b) / t (0 / [t|V12t2 — 3
rdr dx
© | (&) / (4z — 1) In(Sz — 2)

(d) / Mfﬁ (h) / 92y




10.

11.

12.

13.
14.

15.

Worksheet # 28: Linear and Higher-Order Approximation and
Applications

. What is the relation between the linearization of a function f(x) at = a and the tangent line to the

graph of the function f(z) at = a on the graph?

(a) Use the linearization of v/ at a = 16 to estimate v/18.
(b) Find a decimal approximation to /18 using a calculator.

(¢) Compute both the absolute error and the percentage error if we use the linearization to approxi-

mate \/ﬁ

. For each of the following, use a linear approximation to the change in the function and a convenient

nearby point to estimate the value:
(a) (3.01)3

(b) V17
(c) 8.06%/3

. Suppose we want to paint a sphere of radius 200 cm with a coat of paint 0.1 mm thick. Use a linear

approximation to approximate the amount of paint we need to do the job.

Let f(z) = v/16 4+ z. First, find the linearization to f(z) at « = 0, then use the linearization to
estimate v/15.75. Present your solution as a rational number.

Find the linearization L(x) to the function f(z) = /1 — 2z at z = —4.
Find the linearization L(x) to the function f(x) = v/z+4 at x = 4, then use the linearization to

estimate v/8.25.

Your physics professor tells you that you can replace sin(f) with 6 when 6 is close to zero. Explain
why this is reasonable.

Suppose we measure the radius of a sphere as 10 cm with an accuracy of + 0.2 cm. Use linear
approximations to estimate the maximum error in:

(a) the computed surface area.

(b) the computed volume.
Suppose that y = y(x) is a differentiable function which is defined near x = 2, satisfies y(2) = —1 and
22 4+ 3zy? 4+ 9% =09.

Use the linear approximation to the change in y to approximate the value of y(1.91).

1
Use Taylor polynomials with a = 0 to approximate —~= to five decimal places.

Ve
(a) Use Taylor polynomials with @ = 0 to approximate fol sin(x?) dz to four decimal places.

(b) Can you find an indefinite integral for this integrand? Why or why not?

Use Taylor polynomials with a = 0 to approximate cos(1) to four decimal places.

(a) Use Taylor polynomials with a = 0 to approximate fém 22e=%" dz to two decimal places.

(b) Can you find an indefinite integral for this integrand? Why or why not?
If f(z) = (1 +2%)3° what is f©®(0)?



Worksheet # 29: Review for Final

An Interesting Fact: Taylor polynomials were investigated in the 1600’s in Europe. However, formulas
equivalent to the Taylor polynomials for sin(z), cos(z), and arctan(z) had been previously discovered by
Madhava of Sangamagrama in the Kerala region of India, two hundred years before the work of Taylor,
Newton, Gregory, and others European mathematicians. Trigonometric functions were crucial ingredients
for the study of astronomy, and many historians believe that the need to construct accurate astronomical
tables led Madhava to develop this theory. While it is possible that Madhava’s work was brought to
European scholars by Jesuits traveling in India, thus influencing European mathematicians, there is not
definitive evidence either for or against this transmission of knowledge to Europe.

1. Compute the following limits.

. 99—t et
(a) Jim =% (c) Jim 5
sin(30) (Inz)?

2. (a) State the limit definition of the continuity of a function f at = a.

(b) State the limit definition of the derivative of a function f at x = a.

. x? if <1 . . . .
(¢) Given f(z) = . . Is the function continuous at x = 17 Is the function dif-
4—-3z if z>1

ferentiable at * = 1?7 Use the definition of the derivative. Graph the function to check your
answer.

3. Provide the most general antiderivative of the following functions:

(a) f(z) =2*+ 22 + 2 + 1000
(b) g(z) = (3z —2)*°
(©) h(z) = sin(In(x))

T

d
4. Use implicit differentiation to find d—y, and compute the slope of the tangent line at (1,2) for the
x
following curves:

(a) 22 +zy +y? + 9z = 16
(b) 22 +2zy —y? + =2
5. An rock is thrown up the in the air and returns to the ground 4 seconds later. What is the initial

velocity? What is the maximum height of the rock? Assume that the rock’s motion is determined by
the acceleration of gravity, 9.8 meters/second?.

6. A conical tank with radius 5 meters and height 10 meters is being filled with water at a rate of 3 cubic
meters per minute. How fast is the water level increasing when the water’s depth is 3 meters?

7. A rectangular storage container with an open top is to have a volume of 10 cubic meters. The length of
the container is twice its width. Material for the base costs $10 per square meter while material for the
sides costs $6 per square meter. Find the cost of materials for the least expensive possible container.

8. (a) State the Mean Value Theorem.

(b) If 3 < f'(z) <5 for all z, find the maximum possible value for f(8) — f(2).



9. Use linearization to approximate cos(lg—gr)

(a) Write down L(z) at an appropriate point 2 = a for a suitable function f(z).

(b) Use part(a) to find an approximation for cos(lg—gr)

(c¢) Find the absolute error in your approximation.

10. Find the value(s) ¢ such that f(z) is continuous everywhere.

(cx)® if 2 <2

fla) = { In(z¢) if ©>2

11. (a) Find ¢/ if 23 + y® = 62y.
(b) Find the equation of the tangent line at (3, 3).

12. Show that the function f(z) = 32° — 202 + 60z has no absolute maximum or minimum.

13. Compute the following definite integrals:

(a) /_11 e du (c) /19 x\;; dx
(b) /_22\/4—790%59: (d) /010|x—5dx

Hint: For some of the integrals, you will need to interpret the integral as an area and use facts from
geometry to compute the integral.

14. Write as a single integral in the form f: f(z)da:

/_22 @) do + /:f(x) do — : (@) do



