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1. Catalan numbers

Prove that the number of lattice paths from (0, 0) to (n, n) in Z2 with
steps (1, 0) and (0, 1) whose edges lie below the line x = y is 1

n+1

(
2n
n

)
.

Such paths are called Dyck paths of length 2n.

2. A bijection

Prove that the set of length 2n Dyck paths is in bijection with the
set of Dyck words of length 2n, i.e. strings of n X’s and n Y ’s such
that no initial segment of the string has more Y ’s than X’s.

3. A recursion

Prove that the Catalan numbers satisfy the recursion

Cn+1 =
n∑

i=0

CiCn−i

for n ≥ 0.
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