1 Cross sections of quadrilateral pryamids

1.0.1 Question: Which quadrilateral pyramids have square cross sections?

Analysis: Let VOrABC be an arbitrary quadrilateral pyramid, with base OrABC in the xy-plane and vertex V. By translation and scaling we can assume that Or is the origin and A = [1; 0; 0]. So the three points B, C, and V determine the pyramid.

Or := [0,0,0]: A := [1,0,0]: B := [b1,b2,0]:
C:= [c1,c2,0]: V := [v1,v2,v3]:

Now any cross-section of the pyramid is similar, by parallel translation, to one containing the origin Or. So we can fix one point of the square to be Or. Call the other vertices of the cross-section Ap, Bp, and Cp as shown in the diagram above. Since Ap is on the line through A and V we can write Ap = (1-r)A + rV, for some number r. Similarly, Bp = (1-s)B + sV and Cp = (1-t)C + tV for some numbers s and t.

Ap := expand((1-r)*A + r*V):
Bp := expand((1-s)*B + s*V ):
Cp := expand((1-t)*C + t*V):

Since Or, Ap, Bp, and Cp all lie in the cross sectioning plane, and Ap and Cp are independent, we also know that Bp is a linear combination of Ap and Cp, say Bp = s1 Ap + s2 Cp for some numbers s1 and s2.

eqn := expand(Bp-(s1*Ap+s2*Cp));

eqn := [−v1 t s2 − c1 s2 + c1 t s2 − v1 r s1 − s1 + r s1 + v1 s + b1 − b1 s, −v2 t s2 − c2 s2 + c2 t s2 − v2 r s1 + v2 s + b2 − b2 s, −v3 t s2 − v3 r s1 + v3 s]

1 CROSS SECTIONS OF QUADRILATERAL PRYAMIDS 2

There are three (linear) equations in s, s1, and s2. These can be solved directly with ’solve’.

sol:=solve(fop(eqn)g,fs1,s2,sg);

sol := {s2 = b2 (−1 + r) %1 , s1 = b2 c1 − c1 t b2 − b1 c2 + b1 c2 t %1 , s = −b2 t + r b2 t + c1 b2 r − c1 t b2 r − b1 r c2 + b1 r c2 t %1 } %1 := c1 b2 r − c1 t b2 r − c2 + c2 t − b2 t + r c2 − r c2 t + r b2 t − b1 r c2 + b1 r c2 t

This shows that s, s1, and s2 are functions of r and t, given that b1, b2, c1, and c2 are constants. Note that v1 and v2 do not appear in the expressions for s, s1, and s2 given in sol.

indets(eqn),indets(sol);

{b1, b2, c1, c2, v1, v2, r, s, t, s1, s2, v3}, {b1, b2, c1, c2, r, s, t, s1, s2} Also, notice that there is a denominator %1 in sol. When %1 = 0, the system has no solution.

We are left with 4 variables, v1, v2, r, and t. The idea is we want to choose values for these so that Or Ap Bp Cp is a square. What are the equations which force Or Ap Bp Cp to be a square? First it must be the case that Bp = Ap + Cp, that is s1 = 1 and s2 = 1.

eq1 := s1 =1;
eq2 := s2 = 1;

eq1 := s1 = 1

eq2 := s2 = 1

These equations taken together say that Or Ap Bp Cp is a parallelogram. To get a square, we need two other conditions: Or Ap and Or Ap have the same length (equation 3) and are perpendicular (equation 4).

eq3 := Ap[1]^2+Ap[2]^2=Bp[1]^2+Bp[2]^2;

eq3 := (v1 r + 1 − r)2 + v22 r2 = (v1 s + b1 − b1 s)2 + (v2 s + b2 − b2 s)2

eq4 := Ap[1]*Bp[1]+Ap[2]*Bp[2] ;

eq4 := (v1 r + 1 − r) (v1 s + b1 − b1 s) + v2 r (v2 s + b2 − b2 s)

Now solve these 4 equations for the 4 variables r, t, v1 and v2 in terms of b1,b2, c1, and c2.

sln
:=solve(subs(sol,feq1,eq2,eq3,eq4g),fv1,v2,r,tg);

sln := {r = −c2 + b2 %1 , v1 = −(

b12 c22 − 3 b1 c22 − c2 c1 b2 b1 + 2 b1 c2 b2 − c22 b2 + c2 c1 b2 + c2 b22 − b22 c1)/(%2) , t = −c2 − b2 c1 + b1 c2 %1 , v2 = −(2 c2 c1 b2 + c12 b22 − b22 c1 − b1 c22 + b12 c22

+ c2 b22 − 2 c22 b2 + b1 c22 b2 − b22 c1 c2 − 2 c2 c1 b2 b1)/(%2)}, {v2 = (b22 c1 c2 − c2 b22 − b22 c1 + c12 b22 − b1 c22 b2 + 2 c22 b2 − 2 c2 c1 b2 b1 + 2 c2 c1 b2 − b1 c22 + b12 c22)/(%2), r = −c2 + b2 %1 , v1 = −(

b12 c22 − 3 b1 c22 + 2 b1 c2 b2 − c2 c1 b2 b1 + c22 b2 + c2 c1 b2 − c2 b22 − b22 c1)/(%2)

, t = −c2 − b2 c1 + b1 c2 %1 } %1 := −b2 c1 − c2 + b2 + b1 c2 %2 := c12 b22 + 4 c2 c1 b2 − 2 c2 c1 b2 b1 − 2 b22 c1 − 6 c2 b2 + 2 b1 c2 b2 + 5 c22 − 4 b1 c22 + b12 c22 + 2 b22

indets([sln]);

{b1, b2, c1, c2, v1, v2, r, t}

There are two solutions to this system. Each solution contains two denominators, %1 and %2. When either of these is 0, the system of equations does not have a solution.

Here is a word which draws a picture of the square cross section of the pyramid with base Or A B C.

cross_section := proc(h,x,y,z,w,i)
local vars, vars2, vert, quad2, quad1, rays;
vars :=subs(fb1=x,b2=y,c1=z,c2=wg,sln[i]);
vars2 := subs(fb1=x,b2=y,c1=z,c2=w,op(vars)g,sol);
vert :=
subs([v3=h,b1=x,b2=y,c1=z,c2=w,op(vars2),op(vars)],[v1,v2,v3]);
quad2 :=plots[polygonplot3d](
subs([v3=h,b1=x,b2=y,c1=z,c2=w,op(vars2),op(vars)],
[Or,Ap, s1*Ap+s2*Cp,Cp]),style=patch,color=tan,scaling=constrained);
quad1 :=plots[polygonplot3d](
subs([v3=h,b1=x,b2=y,c1=z,c2=w,op(vars2),op(vars)],
[Or ,A,B,C]),style=patch,color=grey,scaling= constrained);
rays := plots[polygonplot3d](
subs([v3=h,b1=x,b2=y,c1=z,c2=w,op(vars2),op(vars)],

f[[0,0,0],vert],[A,vert],[Ap,vert],[B,vert],[Bp,vert],[C,vert],[Cp,ve

rt]g),
thickness=2,color=blue);
plots[display]([rays,quad1,quad2]);
end:

Here is a display showing that for a given height and base, there are two distinct square cross sections.

plots[display]([cross_section(1,2,3,0,1,1),
cross_section(1,2,3,0,1,2)]);

This picture shows that when the quadrilateral is not convex, the square has three vertices on the reflection of the pyramid through its vertex.

cross_section(1,1/2,1/2,0,2,1);

1.1 Exercises 1.1.1 Exercise: Solve these equations for s, s1, and s2 by elimination. That is, solve eqn[1] for s and substitute that into eqn[2]. Then solve eqn[2] for s1 and substitute that and the value for s into eqn[3]. Then solve eqn[3] for s2, and substitute that into the values for s and s2. Check your result by substituting that back into the original equations.

1.1.1 Solution. First solve eqn[1] for s.

ssln := solve(eqn[1],s);

ssln := −v1 t s2 − c1 s2 + c1 t s2 − v1 r s1 − s1 + r s1 + b1 −v1 + b1 Then substitute that value for s into eqn[2] and solve the result for s1.

s1sln := solve(subs( s=ssln,eqn[2]),s1);

s1sln := (−v2 t s2 b1 + c2 s2 v1 − c2 s2 b1 − c2 t s2 v1 + c2 t s2 b1 + b2 v1 t s2 + b2 c1 s2 − b2 c1 t s2 − v2 c1 s2 + v2 c1 t s2 + v2 b1 − b2 v1)/( v2 − v2 r + v2 r b1 − b2 v1 r − b2 + b2 r)

Then substitute that value for s1 into

ssln := simplify(subs(s1=s1sln,ssln));

ssln := (v2 r b1 − c1 s2 v2 r − b2 v1 r + r c2 s2 v1 + v2 t s2 − c2 t s2 + c2 s2 + r c2 t s2 + c1 t s2 v2 r − r v2 t s2 − r c2 t s2 v1 − r c2 s2 + b2 r − b2)/( v2 − v2 r + v2 r b1 − b2 v1 r − b2 + b2 r)

s2sln :=
solve(subs(fs=ssln,s1=s1slng,eqn[3]),s2);

s2sln := b2 (−1 + r) c1 b2 r − c1 t b2 r − c2 + c2 t − b2 t + r c2 − r c2 t + r b2 t − b1 r c2 + b1 r c2 t

ssln := simplify(subs(s2=s2sln ,ssln));

ssln := −b2 t + r b2 t + c1 b2 r − c1 t b2 r − b1 r c2 + b1 r c2 t c1 b2 r − c1 t b2 r − c2 + c2 t − b2 t + r c2 − r c2 t + r b2 t − b1 r c2 + b1 r c2 t

s1sln := simplify(subs(s2=s2sln,s1sln));

s1sln := b2 c1 − c1 t b2 − b1 c2 + b1 c2 t c1 b2 r − c1 t b2 r − c2 + c2 t − b2 t + r c2 − r c2 t + r b2 t − b1 r c2 + b1 r c2 t

Checking, we see the equations are satisfied.

simplify(subs(fs=ssln,s1=s1sln,s2=s2slng,eq
n));

[0, 0, 0]

1.1.2 Question: What geometrical conditions would result in %1 being zero?

1.1.2 Partial Solution

This question always comes up when we solve a set of equations which arise from a geometrical problem. It is not always easy to ’see’ the geometry in the algebra. What one can do, quite independently of the solution to the equations, is go back to the original problem and envisage the conditions under which the problem becomes degenerate or nonsensical.

First, turn the denominator into a function.

f := unapply(%1,r,t,b1,b2,c1,c2);

f := (r, t, b1, b2, c1, c2) →

c1 b2 r − c1 t b2 r − c2 + c2 t − b2 t + r c2 − r c2 t + r b2 t − b1 r c2 + b1 r c2 t

If Ap = V = Cp then r = t = 1 and

f(1,1,b1,b2,c1,c2);

0 Now, examine the case where B = C.

f(r,t,b1,b2,b1,b2);

−b2 + b2 r In this case, %1=0 if r=1 or b2 = 0. That is, if Ap = V or B is on the line through A and Or. If B and C are collinear with A and Or, then c2=b2=0 and

f(r,t,b1,0,c1,0);

0 If B is on the line through A and C, then B = wA+(1-w)C.

Bs := expand(w*A+(1-w)*C ) ;

Bs := [c1 − c1 w + w, c2 − c2 w, 0]

expand(f(r,t,Bs[1],Bs[2],c1,c2));

−c2 + t c2 w + r c2 − r c2 w Here %1 is 0 if c2 =0 or if t=0 and r=w=1.

We can check graphically to see that %1 is not 0 over normal ranges for r and t (both less than 1, provided C and B are chosen so that Or A B C is a quadrilateral.

plots[implicitplot3d](f(r,t,.5,b2,-.5,1),r=-1
..1,t=-1..1,b2=-12..12,style=patchcontour,axes=normal);

1.1.3 Question. What geometrical conditions would result in %1 or %2 being zero?

1.1.3 Work on solution

%1;%2;

−b2 c1 − c2 + b2 + b1 c2 b12 c22 − 4 b1 c22 − 2 c2 c1 b2 b1 + 2 b1 c2 b2 + 5 c22 − 6 c2 b2 + 4 c2 c1 b2 + c12 b22 − 2 b22 c1 + 2 b22 If B is on the line through A and C, %1 is zero.

Bs :=
solve(fop(expand(B-w*A-(1-w)*C))g,fb1,b2g);

Bs := {b1 = c1 − c1 w + w, b2 = c2 − c2 w}

simplify(subs(Bs,%1));

0

Bs :=
solve(fop(expand(B-w*A-(1-w)*C))g,fb1,b2g);

If