Visual Problem Solving with Maple

A Text for Teachers

Paul Eakin and Carl Eberhart Department of Mathematics University of Kentucky

July 16, 1997

Contents

1 Introduction 4 1.1 A Lament . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2 Part of the problem and a remedy . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 Levels of problem solving. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.4 Use of the Maple language and worksheets. . . . . . . . . . . . . . . . . . . . . . . 7

2 Chapter 1 First steps – Drawing boxes 9 2.1 What is visual Problem solving? . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 Mathematical Boxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Introductory Exercises: Drawing in the Plane . . . . . . . . . . . . . . . . . . . . . 24 2.4 More Introductory Exercises and Drawing in Space . . . . . . . . . . . . . . . . . . 28

3 Translating Geometric Objects 32 3.1 Duplicating and moving cubes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.2 The steps in building a cube . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.3 Building a TEE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.4 Exercises: More Pictures in the Plane . . . . . . . . . . . . . . . . . . . . . . . . . 38 3.5 Exercises: Making 3d Alphabet Blocks . . . . . . . . . . . . . . . . . . . . . . . . 42

4 Building a Block Factory: Creating a Maple Procedure 47 4.1 Start with a single cube. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.2 Another Example of how to ’procedurize’ a sequence of commands . . . . . . . . . . 53 4.3 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5 Laying Bricks:Getting the Computer to do Repetitive Tasks 57 5.1 Working with expression sequences and lists . . . . . . . . . . . . . . . . . . . . . . 57 5.2 How to Build a list by hand . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 5.3 Automatically Generating Sequences and Lists . . . . . . . . . . . . . . . . . . . . 61 5.3.1 Boring List of Numbers from 672345 To 677345 . . . . . . . . . . . . . . . . 62 5.4 Exercises: Sequences and Lists . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.5 Laying bricks. Applications of sequences and lists . . . . . . . . . . . . . . . . . . 64 5.6 EXERCISES: Making Brick Patterns With seq . . . . . . . . . . . . . . . . . . . . 68

6 Stacking Colored Bricks: 69 6.1 A Chromatic Brick Placer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 6.2 Exercises: DO .. OD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 6.3 Conditional statements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 6.4 Exercises: If .. elif .. fi; and if .. else.. fi . . . . . . . . . . . . . . . . . . . . . . . 77 6.5 A vertical chromatic brick placer . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 6.6 Exercises: Colored Brick Stacking . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7 Making it Move - an Introduction to Animations 82 7.1 Exercises on Movie Making . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

8 New Problems from Old-A Case Study 91 8.1 The lawn mowing problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 8.2 Visual problems arising from the lawn mowing problem. . . . . . . . . . . . . . . . . 91 8.3 A specific problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 8.3.1 A lawn mowing word . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 8.3.2 Two Mowers mowing side by side. . . . . . . . . . . . . . . . . . . . . . . . 100 8.3.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

9 Mowing Yards (part 2) 107 9.1 Starting at Different Corners: Going in Different Directions . . . . . . . . . . . . . . 107 9.2 Sam and Bill Mowing the Same Lawn . . . . . . . . . . . . . . . . . . . . . . . . 110 9.3 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

10 Shadows: Problems from Nature 120 10.1 Problems: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 10.2 Moving shadows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

11 More Exercises 127 11.1 DIAGRAM CODE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 11.2 GROUND PLACEMENT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 11.3 Wall Placement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 11.4 PARTIAL STICKPERSON . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

12 Pyramids and Prisms 130 12.1 Exercise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 12.2 More drawing exercises on pyramids. . . . . . . . . . . . . . . . . . . . . . . . . . 131 12.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 12.3.1 A solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 12.4 Cross Sections of pyramids and prisms . . . . . . . . . . . . . . . . . . . . . . . . 133

13 Cross Sections of triangular prisms 136 13.1 The Theorem and its proof. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 13.2 A prism with an equilateral base and a 3-4-5 right cross-section . . . . . . . . . . . . 139 13.3 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

14 Exploring Desargues Theorem. 141 14.1 Points and Lines at Infinity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 14.2 Exercises On Points and Lines at Infinity . . . . . . . . . . . . . . . . . . . . . . . 142 14.3 Desargues’s Theroem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 14.4 Proof of Desargue’s Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 14.5 Remarks on Using Desargues Theorem To Represent one Object as a Shadow of Another 149

15 The Harmonic rays theorem. 151 15.1 A diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 15.2 PROOF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 15.3 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

16 Cross sections of quadrilateral pryamids 155 16.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 16.1.1 Solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 16.1.2 Partial Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 16.1.3 Work on solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

17 Mirrors: More Problems from Nature 162 17.1 Discussion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 17.1.1 Diagram ”light1” . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 17.2 Questions: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 17.3 Some solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 17.4 geombouncer instructions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 17.5 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

18 179

19 Closed reflective paths in a polygon. 180

20 Closed reflective paths in a triangle. 184 20.1 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 20.1.1 Hints on a solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 20.1.2 Hints on a solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

1 Introduction

1.1 A Lament Teacher: ”William, you are not doing those additions correctly.”

William: ”Thats the way I do them.”

Conversation reported by Dr. Don Coleman when relating his experience as an elementary school teacher in 1980

Our Mathematics has been over five millenia in develoment and is unrivaled among human constructions for its unity, consistency, and utility. Nevertheless it is percieved by many as a disconnected collection of arcane formulas, symbols, and processes whose principal use is the production of numbers, formulas, or symbols called ’answers’. A ’mathematics problem’ is typically expected to be stated in a telegraphic style, and produce a single correct answer. The object of mathematical study seems to be learning which steps to apply in a particular situation to produce the answer. Significant weight is attached to the speed and accuracy with which one can produce the answer. ’Problems’ tend to be viewed as things found at the end of a chapter or section in a text book or on a test. ’Working a problem’ is a task that takes at most a few minutes of locating a similar exercise in the text and then matching the steps employed to solve that problem to the current problem. The test of whether one’s answer is correct is that it agrees with the table of answers in the back of the book, or the teacher’s answer. Getting the same answer as these oracles 75% of the time is as much as could be expected from an ’average’ student.

Viewed this way William’s approach is altogether reasonable. His algorithm gave the correct sum of three, three digit numbers most of the time. Since mathematics is simply the application of algorithms to symbols there was no obvious reason why the official algorithm is preferable to the one he devined and could apply quickly, consistently, and accurately.

There is no report on whether Dr. Coleman’s admonition had an influence on William’s view of mathematics but as measured by the percentage of college freshmen with the same outlook, over a decade of exposure to the same message, delivered by highly qualified, motivated teachers has not resonated with many. These students, many of whom have made good grades in algorithmic, ’plug and chug’ courses emerge from a dozen year’s study of mathematics with problem solving skills not even remotely commensurate with the investment made in their education. Further, they leave with a view of the discipline and the level to which the average person can master it not so far removed from that of ancient Egyptians peasants for whom priests reconstructed the boundaries of their fields after the floods of the Nile. While obviously imposing career limits on adults who hold them, such attitudes are readily passed on to the next generation by many parents who are unable to assist and encourage their children in studies of mathematics beyond elementary arithmetic or algebra.

1.2 Part of the problem and a remedy

William had no objective criterion for assessing whether his solution was better or worse than any other, other than by comparing it with the ’official’ answer. He could work so fast that he got more correct answers than most of his peers so reinforcement from them was unlikely to cause him to re-assess his approach. Nor, one suspects, was input from parents. One may note, however, that if William had invented a new fingering for a musical instrument with the same properties as his mathematical algorithm ( 80 percent correct) he and his peers would have very quickly determined that the approach was in need of further development. Their common understanding of how some things are supposed to sound provides the basis for an objective assessment. Our object here is to bring something akin to that type of reality to the exercise of elementary mathematics, by providing experience in creating and analyzing problems whose statements and/or solutions are extrinsic to formal mathematics and are phrased in terms which can be appreciated and even assessed independently of the mathematics required to model or solve them. The extrinsic character allows students to guage the effacy of their understanding progress toward solutions and allows peers and parents to provide encouragement and criticism in the venaculor of the context, even when of they have no facility with, or even understanding of the mathematics.

An admittedly incomplete, though useful metaphor is music. Parents and colleagues to whom musical notation and theory is as impenetrable as any page of mathematics are nevertheless able to appreciate, encourage, and to some extent criticize student music. Student musicians themselves have a reasonable feeling for their progress toward ’getting it right’. An analog of this in mathematics occurs when a visual object, such as a picture or animation is produced which can be viewed, appreciated, and critiqued by an ’audience’. This is one of the goals of our visual approach in this text which we call Visual Problem Solving.

In Visual Problem Solving, we study the development and analysis of problems within a context in which a spectrum of explorations are not only feasible but natural. Results of explorations must be expressible in a visual format which can be appreciated independently of the underlying mathematics and through which a ’lay’ person can assess in a meaningful way the progress it represents toward the exploration’s stated objective. While emphasis on the visual serves the objective of introducing what for lack of a better term we forthrightly call a ’performance’ dimension, it’s more fundamental purpose is the linking of geometric intuition, the most powerful ananlytic tool most people possess, to systematic problem solving.

In this text, we will introduce and develop a number of problem contexts, each of which satisfies the following:

ffl The context can be modeled and is amenable to serious exploration using elementary arithmetic, algebra, trigonometry, and plane and analytic geometry. We eschew calculus here but are perfectly willing to use formulas for the volume of a cone and such basic notions as position, velocity, acceleration from calculus.

ffl The contexts, or at least solutions to explorations they engender must be amenable to highly visual explanation or representation which can be appreciated with no understanding of the mathematical details. Such an observer should be able on the basis of the visual presentation to make an informed decision on whether the work presented reprsents progress toward a solution to the problem under investigation.

ffl The explorations suggested by the context should lie in a broad spectrum from elementary descriptive projects to high quality student research areas.

In general our approach is to introduce a context and develop a mathematical model which contains or is extensible to a family of explorations. Typically, we initiate a primary investigation and ask students to complete or extend parts of it over a fixed period of time. Except for projects done for individual