vi

Contents

Preface iii Introduction to the Kentucky Edition: iii Advice for Students iv

Chapter 1. Straight Lines, Polygonal Lines, Slopes, Distance, Circles 1 1. Distance Between Two Points; Circles 4

Chapter 2. Functions 9 1. Shifts and Expansions 13

Chapter 3. Instantaneous Rate Of Change: The Derivative 19

Chapter 4. The Derivative Function 25 1. Corners and Cusps 26 2. Graphical Differentiation 27

Chapter 5. The Tangent Line Approximation 31 1. The Power Rule 31 2. The Tangent Line Approximation 31

Chapter 6. Rules For Finding Derivatives 39 1. Linearity of the Derivative 39 2. The Product Rule 40 3. The Quotient Rule 41 4. The Second Derivative and Acceleration 43 5. The Chain Rule 45

Chapter 7. Implicit Functions and Implicit Differentiation 49 1. Implicit Functions 49 2. Implicit Differentiation 49

Chapter 8. Trig Functions and Sinusoidal Functions 55 1. Graphs of Trig Functions 56 2. Sinusoidal Functions 56

Chapter 9. Derivative of Trig Functions 63 1. The Derivative of sin x 63 2. Other Trig Derivatives 64

Chapter 10. Curves Given Parametrically 67 1. Trajectories 68 2. The Velocity Vector 70 vii viii CONTENTS

Chapter 11. Combined Parametric Motions 79

Chapter 12. Related Rates 87

Chapter 13. Curve Sketching 95 1. Maxima/Minima 95 2. The Second Derivative Test 97 3. The First Derivative Test 97 4. Concavity and Inflection 97 5. Asymptotes and Other Things to Look For 98

Chapter 14. Maximum/Minimum Problems 105

Chapter 15. Newton’s Method 119

Chapter 16. Indefinite Integrals 127 1. From Acceleration to Velocity to Distance; Falling Bodies 128 2. antiderivative of sinx and cosx 130 3. Substitution 130

Chapter 17. Definite Integrals: Area 135 1. Riemann Sums 135 2. Computing the Area Under a Curve 137 3. Substitution 139 4. Some Properties of Definite Integrals 140 5. Application to Degree-Days 140 6. Velocity and Distance Traveled As Area 141

Chapter 18. The Fundamental Theorem 145 1. The Fundamental Theorem together with the Chain Rule 146

Lab Projects for Ma113 151

Practice First Midterms 161

Practice Second Midterms 167

Practice Final Exams 171

Answers 179 1. Answers to Homework Problems 179 2. Answers to Practice Midterms 182 3. Answers to Practice Final Exams 184

Index 186

116 CONTENTS

CHAPTER 15

Newton’s Method

Suppose you have a function f(x), and you want to find as accurately as possible where it crosses the x-axis; in other words, you want to solve f(x) = 0. Suppose you know of no way to find an exact solution by any algebraic procedure. Newton’s method is a way to find a solution to the equation to as many decimal places as you want. It is what is called an “iterative procedure,” meaning that it can be repeated again and again to get an answer of greater and greater accuracy. Iterative procedures like Newton’s method are well suited to programming for a computer.

Here are the steps:

1. We start with a rough guess, which we call x_0.

2. Starting at the point x_0 on the x-axis, we go up to the curve, hitting it at the point (x_0, f(x_0)).

3. Now we slide down the tangent line to the curve at (x_0, f(x_0)), and take the point where this tangent line hits the x-axis as our improved estimate for the desired x-value. Call this value x_1. (See the diagram below.)

The tangent line has slope f^′(x_0) and passes through the points (x_0, f(x_0)) and (x_1, 0). This gives the equation:

f^′(x_0) = f(x_0) − 0 x_0 − x_1 or solving x_1 = x_0 − f(x_0) f^′(x_0)

4. Replace x_0 by x_1 and repeat as often as needed. Thus we will produce a sequence of guesses x_0, x_1, x_2, . . . and hopefully these will get closer and closer to a root.

The main questions are how often do we need to do this and will it actually give the right answer. First note that if we land on a root, i.e. f(x_0) = 0, then x_1 = x_0 and thus, we can quit if we have x_1 = x_0. In general, it makes sense to keep track of the difference between x_1 and x_0 and quit when the difference gets smaller than the desired accuracy.

If our function has several roots and if we start close to a root, then the Newton’s Method can lead us astray and take us to some other root. Usually this happens because the denominator in our formula f^′(x_0) is small and this causes x_1 to be far away from x_0. In an extreme case, we could have f^′(x_0) = 0 and x_1 running off to infinity! It is also possible to create situations where x_2 = x_0 and so we get into an infinite loop! This is easy to avoid, since a slight change in x_0 will usually get us out of this situation. We will illustrate these peculiarities in the exercises below. In general, Newton’s method is reliable when the derivative is well defined and does not become too small in the region of interest. 117

root

AAU^{x1}�

slope = f 0(x0) (x0, f(x0))

Δx

Δy

A less wordy description of the process is to use the formulas:

x_1 = x_0 − f(x_0) f^′(x_0)

, x_2 = x_1 − f(x_1) f^′(x_1)

, x_3 = x_2 − f(x_2) f^′(x_2)

, x_4 = x_3 − f(x_3) f^′(x_3)

, etc.

How do we know when we are close enough? Two things happen: (1) when we plug our approximate value x_n into f(x) we get something very near zero, and (2) our successive approximations x_{n−1} and x_n are very close together. For example, if we want three decimal places of accuracy, then once we have two successive approximations which agree out to three decimal places, we need go no further. In the homework and exam problems, you will usually be told how many iterations to perform: “one iteration” means finding x_1, “two iterations” means finding x_2, and so on. If, on the other hand, the directions specify the desired accuracy (“three decimal places,” for example), then just keep iterating Newton’s method until the only changes in your value from one iteration to the next occur beyond the decimal places needed.

Example 15.1. Find √ 102 without using the square-root function on a calculator. Use Newton’s method with 3 iterations.

The first step is to set up the function we want to equal zero. We set f(x) = x^2 − 102, since √ 102 is a root of that function. Since we know √ 100 = 10, we can make a rough guess of x_0 = 10. We are now ready to apply the formula for Newton’s method. Here f^′(x) is, of course, 2x. We obtain:

x_1 = 10 − f(10) f^′(10)

= 10 −

10^2 − 102

2 · 10

= 10.1.

Actually, x_1 is the same value we would have obtained using the tangent line approximation. But with the tangent line approximation, if our approximate value isn’t good enough, there is nothing further we can do. However, with Newton’s method we can improve this approximate value 10.1≈ √ 102. That is, we successively compute:

x_2 = 10.1 − f(10.1) f^′(10.1)

= 10.1 −

0.01 20.2

= 10.09950495;

x_3 = 10.09950495 − f(10.09950495) f^′(10.09950495)

= 10.09950495 −

0.0000002 20.199

= 10.09950494.

Thus, √ 102 = 10.09950494 · · ·. If we computed x_4, x_5, etc., we would get the same as x_3 out to 8 places past the decimal point.

STEPS IN A NEWTON METHOD STORY PROBLEM:

1. Decide what equation you want to solve, and what variable is playing the role of x.

2. Simplify algebraically if you can (dividing out constants, clearing denominators).

3. Bring everything to one side of the =, so you have f(x) = 0.

4. Apply Newton’s method for the required number of iterations.

Example 15.2. Suppose that the material you are using to manufacture marbles costs 1.0 cent/in^3, and the coating that is painted on the surface costs 0.15 cent/in^2. Find the radius of the marbles if you want to spend 0.3 cent per marble on the material and coating. Use Newton’s method with one iteration, and take 0.3 inch as a rough guess for the radius.

We first write out the condition on the total cost, using the formulas^4_3 πr^3 for the volume and 4πr^2 for the surface area of a marble: 1.0·^4_3 πr^3 +0.15·4πr^2 = 0.3. In Newton’s method we need our equation in the form f(x) = 0 (rather, f(r) = 0 in this problem), and this means bringing everything over to the left of the equal sign. In addition, for convenience we’ll divide through by the coefficient of r^3, thereby obtaining: f(r) = r^3 + 0.45r^2 −^{0.225}_π = 0. Notice that this is a third degree equation. A third degree equation can be solved algebraically, but the formula is much more complicated than the quadratic formula. If you want an approximate answer, then Newton’s method is much faster. We use the Newton’s method formula with x replaced by r, and with r_0 = 0.3. Here f^′(r) = 3r^2 + 0.9r. We obtain:

r_1 = r_0 − f(r_0) f^′(r_0)

= 0.3 −

0.027 + 0.45 · 0.09 − 0.07162 3 · 0.09 + 0.9 · 0.3

= 0.3076 inch.

Example 15.3. Recall the example of the path of a baton’s tip (Example 11.1). From the picture of the trajectory it’s clear that the tip reaches its highest point at roughly 7/20 = 0.35 sec. Find to several more decimal places the time when this peak is reached, and find what the maximum height is. (Note: In reality, of course, it is pointless to find something like this to such a great accuracy, since our model for the physical situation has some important sources of error — the neglect of air resistance, for example — and our measurement of the constants given in the problem was probably fairly inaccurate.)

In this example we want to find the maximum value of y(t). We do this by setting the vertical component of velocity dy/dt equal to zero: 0 = d dt ı −16t^2 + 14t + 5 + cos(6πt) ȷ = −32t + 14 − 6π sin(6πt).

We take t_0 = 0.35 as our first approximate value, and apply Newton’s method with f(t) taken to be the vertical velocity function f(t) = −32t + 14 − 6π sin(6πt). Then f^′(t) = −32 − 36π^2 cos(6πt) (this function is actually the vertical component of the acceleration of the tip of the baton). So Newton’s method gives:

t_1 = t_0 − f(t_0) f^′(t_0)

= 0.35 −

−32 · 0.35 + 14 − 6π sin(6π · 0.35) −32 − 36π^2 cos(6π · 0.35)

= 0.341823;

t_2 = t_1 − f(t_1) f^′(t_1)

= · · · = 0.341989; t_3 = · · · = 0.341975; t_4 = · · · = 0.341975.

So t_3 is accurate to 6 decimal places (the last digit could conceivably be off by 1 due to rounding). Thus, the baton’s tip reaches its maximum height at t = 0.341975 sec. Finally, to find the maximum height reached, we substitute this value of t into the height function y = −16t^2 + 14t + 5 + cos(6πt). We obtain 8.90326 ft.

Example 15.4. Recall Problem 15 of the max/min homework. Suppose that the pilot was daydreaming, did not notice the missile passing a half-mile away, and so the next day takes the plane again on the exact same route. The terrorist is waiting, and this time he decides to adjust the angle at which he shoots the missile (aiming at a point roughly a half-mile ahead of the plane). Again suppose that the missile travels at 2000 mph, and neglect both air resistance and gravity. Find the angle α above the horizontal at which the terrorist should fire the missile in order to hit the plane. Use Newton’s method with three iterations. Also determine how the function in Newton’s method would be affected if you took gravity into account in the motion of the missile.

To solve this, we first write the parameterized equations for the plane x_{plane}(t) = 1.5 + 500t, y_{plane}(t) = 2, and for the missile x_{missile}(t) = (2000 cosα)t, y_{missile}(t) = (2000 sin α)t.

At the time t when the missile hits the plane, the coordinates of the missile must be equal to the corresponding coordinates of the plane. This means that in the horizontal direction we have: 1.5+500t = (2000 cos α)t, i.e., t = 1.5/(2000 cosα−500); and in the vertical direction 2 = (2000 sin α)t. We substitute the value for t (determined from the horizontal motion) into the last equation, clear denominators, and move everything to the left of the equal sign: 2(2000 cosα − 500) − (2000 sin α)1.5 = 0. Dividing through by 1000 for convenience, we arrive at the equation: f(α) = 4 cos α − 1 − 3 sin α = 0. Since the problem mentioned that a rough guess would be to aim the missile at the point (2, 2) (a half-mile in front of the plane), which means an angle of π/4 radians, it makes sense to take α_0 = π/4. Here we have f^′(α) = −4 sin α − 3 cos α, so Newton’s method gives:

α_1 = π 4 − f(π/4) f^′(π/4) = 0.785398 −

−0.29289 −4.94975

= 0.726225;

α_2 = · · · = 0.725937; α_3 = · · · = 0.725937 rad = 41.5931^∘.

Finally, if we want to take gravity into account, we must add the term −^1_2 gt^2 to y_{missile}(t), where the gravitational constant g is converted from 9.80665 m/sec^2 to 78980 mi/hr^2 (using the fact that 1 mi = 1609.3 m, and 1 hr =3600 sec). Since nothing changes in the horizontal direction, we still have t = 1.5/(2000 cosα −500). As before, we equate the y-coordinates of the plane and the missile and clear denominators, which now means multiplying through by (2000 cos α − 500)^2. We divide through by 1000000 (for convenience), and bring everything over to the left. The result is:

8 cos^2 α − 4 cos α − 6 sin α cos α + 1.5 sin α + 0.58885 = 0.

This is what we use for our f(α) in Newton’s method.

Homework 15.

1. Find the fifth root of 7, using x_0 = 1.5 as a first guess. Apply Newton’s method with three iterations.

2. A rectangular piece of cardboard of dimensions 8 × 17 is used to make an open-top box by cutting out a small square of side x from each corner and bending up the sides. (See Problem 12 of the last homework set.) If x = 2, then the volume of the box is 2·4·13 = 104. Use Newton’s method to find the value of x for which the box has volume 100. Do your computations using at least 3 significant figures of accuracy, and apply Newton’s method with enough iterations so that you know that your value of x is accurate to 3 significant figures.

3. A wheel of radius 1 picks up a pebble in its tread. How much farther will the wheel rotate (in radians) before the pebble has traveled a horizontal distance of 1? Use the cycloid formula, and take θ = 2 radians as a rough guess. Use Newton’s method with three iterations.

4. Consider a vertical line passing through the point (−π/2, −1) on the curve y = sin x. This line is rotated clockwise until it rests against the sine curve at a point somewhere between (0.7, sin 0.7) and (0.8, sin 0.8). (See figure at right.) Use Newton’s method to find the point where the line rests, with enough iterations to be sure that your answer is accurate to 4 significant figures.

(�^ß_2 , �1)

?

5. In the baton example, notice that the tip of the baton makes a downward loop at around t = 0.5 sec. Find the time (to four decimal places) when the tip of the baton is at the bottom of the loop, and find its height at that moment.

6. In the baton example, suppose that there is a wall located at exactly x = 10 ft. Use Newton’s method to find (to three decimal places) when the tip of the baton hits the wall.

7. You are riding a double ferris wheel at an amusement park. The large circle has radius 40 ft, and the smaller circle has radius 10 ft. (See the diagram below.) Your seat rotates clockwise around the smaller circle once every 6 sec, and the center of the small circle rotates counterclockwise around the big circle once every 20 sec. At time t = 0 you are at the lowest possible point (50 ft below the center of the large circle). Call that point the origin. First write parametric equations for your position at time t. Then use Newton’s method to find (to at least three places past the decimal point) the instant when you reach the highest point during the first revolution of the large circle. Also find your height at that moment. HHY

Position at t = 0

8. Two mine shafts meet at an angle of 120^∘, as shown above. The horizontal shaft has a width of 7 ft, while the entrance shaft is 9 ft wide. What is the longest ladder that can negotiate the turn? Neglect the thickness of the ladder, and assume it is not tipped as it is maneuvered around the corner. At a given moment the ladder makes an angle of θ as shown. First convince yourself that the problem can be rephrased as follows: Find the angle θ at which the length l = AB is minimal, and then find the corresponding value of l. To do this, first express l = AC + CB in terms of

7 ft

9 ft

120ffi θ α

B C A

θ (notice that α can be expressed in terms of θ). Then set dl/dθ = 0, and use Newton’s method with θ_0 = 30^∘ to find θ and l to at least 3 significant figures of accuracy.