vi

Contents

Preface iii Introduction to the Kentucky Edition: iii Advice for Students iv

Chapter 1. Straight Lines, Polygonal Lines, Slopes, Distance, Circles 1 1. Distance Between Two Points; Circles 4

Chapter 2. Functions 9 1. Shifts and Expansions 13

Chapter 3. Instantaneous Rate Of Change: The Derivative 19

Chapter 4. The Derivative Function 25 1. Corners and Cusps 26 2. Graphical Differentiation 27

Chapter 5. The Tangent Line Approximation 31 1. The Power Rule 31 2. The Tangent Line Approximation 31

Chapter 6. Rules For Finding Derivatives 39 1. Linearity of the Derivative 39 2. The Product Rule 40 3. The Quotient Rule 41 4. The Second Derivative and Acceleration 43 5. The Chain Rule 45

Chapter 7. Implicit Functions and Implicit Differentiation 49 1. Implicit Functions 49 2. Implicit Differentiation 49

Chapter 8. Trig Functions and Sinusoidal Functions 55 1. Graphs of Trig Functions 56 2. Sinusoidal Functions 56

Chapter 9. Derivative of Trig Functions 63 1. The Derivative of sin x 63 2. Other Trig Derivatives 64

Chapter 10. Curves Given Parametrically 67 1. Trajectories 68 2. The Velocity Vector 70 vii viii CONTENTS

Chapter 11. Combined Parametric Motions 79

Chapter 12. Related Rates 87

Chapter 13. Curve Sketching 95 1. Maxima/Minima 95 2. The Second Derivative Test 97 3. The First Derivative Test 97 4. Concavity and Inflection 97 5. Asymptotes and Other Things to Look For 98

Chapter 14. Maximum/Minimum Problems 105

Chapter 15. Newton’s Method 117

Chapter 16. Indefinite Integrals 123 1. From Acceleration to Velocity to Distance; Falling Bodies 124 2. antiderivative of sinx and cosx 126 3. Substitution 126

Chapter 17. Definite Integrals: Area 131 1. Riemann Sums 131 2. Computing the Area Under a Curve 132 3. Substitution 135 4. Some Properties of Definite Integrals 136 5. Application to Degree-Days 136 6. Velocity and Distance Traveled As Area 137

Chapter 18. The Fundamental Theorem 145 1. The Fundamental Theorem together with the Chain Rule 146

Lab Projects for Ma113 151

Practice First Midterms 161

Practice Second Midterms 167

Practice Final Exams 171

Answers 179 1. Answers to Homework Problems 179 2. Answers to Practice Midterms 182 3. Answers to Practice Final Exams 184

Index 186

CHAPTER 18

The Fundamental Theorem

The so-called “fundamental theorem of calculus” says that taking the derivative and taking the integral are inverse processes. More precisely, suppose you define a function using a definite integral as follows:

F (u) = ∫_u a f(x) dx , where u is the variable and x is only a “dummy variable” (variable of integration). This F (u) is simply the “area function” we defined before (except that we called it A(u) rather than F (u) in the last section). In the last section we showed that the derivative of this area function is f(u). Thus, taking the derivative of F returns us to the original function f that we integrated to get F . In words, the fundamental theorem says that if a function is defined by taking the definite integral from a fixed lower limit of integration up to a variable upper limit of integration, then its derivative is obtained by simply dropping the integral sign and taking the integrand with the dummy variable replaced by the variable in the upper limit of integration. In symbols, d du F (u) = d du ∫_u a f(x)dx = f(u). Example 18.1. Find d/du of the function F (u) defined as (a) ∫_u 0 x^2 dx; (b) ∫_u 1 x^2 dx; (c) ∫_u 0 √ 1 + tan x dx.

In parts (a)–(b), check your answer by finding a formula for F (u) and computing the derivative of this formula.

(a) By the fundamental theorem,^d_{du} ∫_u 0 x^2dx = u^2. Let us check this by finding F (u) = ∫_u 0 x^2dx =^1_3 x^3 |_u 0 =^1_3 u^3. Since^d_{du}

(_1 3 u^3 ) = u^2, the answer checks.

(b) By the fundamental theorem,^d_{du} ∫_u 1 x^2dx = u^2, the same answer as in part (a). But our function F (u) is not quite the same. Namely,

F (u) = ∫_u 1 x^2 dx = 1 3 x^3 | | | u 1 = 1 3 u^2 − 1 3 . Of course, this F (u) still has derivative u^2. This example illustrates the fact that the derivative of a function of the form F (u) = ∫_u a f(x)dx does not depend on what constant value we choose for the lower limit of integration a.

(c) By the fundamental theorem,^d_{du} ∫_u 0 √ 1 + tan x dx = √ 1 + tan u. Here we cannot find a formula for F (u), since we do not know how to find the anti-derivative of a complicated function like √ 1 + tan x. But thanks to the fundamental theorem, if all we want is the derivative of F (u) (and not F (u) itself), we never have to worry about anti-derivatives. The derivative of F (u) can be determined right away without any work. 139

1. The Fundamental Theorem together with the Chain Rule

Suppose that u is a function of some other variable, like time, and we want to find d dt F (u(t)) =^d_{dt} ∫_{u(t)} a f(x)dx. This can be done using the chain rule: dF dt = dF du · du dt = f(u(t))u0(t). Example 18.2. Suppose that in Example 1(c) we have u = t^2, and we want to find the time derivative of the integral. Then d dt ∫_t2 0 √ 1 + tan x dx = ( d du ∫_u 0 √ 1 + tan x dx ) du dt = √ 1 + tan u 2t = 2t √ 1 + tan(t^2).

If the function F (u(t)) is defined by an integral in which u(t) occurs in the lower limit of integration, then simply reverse the upper and lower limits, and put in a minus sign, i.e., ∫_a u f(x)dx = − ∫_u a f(x)dx (see property (3) of definite integrals). What if a function appears in both limits of integration, i.e., what if you want to take d/dt of ∫_{v(t)} u(t) f(x)dx, where u and v are each functions of t? Then choose a constant c and use properties (2) and (3) of definite integrals with a replaced by u and b replaced by v: ∫_v u f(x) dx = ∫_v c f(x) dx + ∫_c u f(x) dx = ∫_v c f(x) dx − ∫_u c f(x) dx .

We already know how to take the derivative of each of the two terms on the right. Thus, d dt ∫_{v(t)} u(t) f(x)dx = f(v(t)) dv dt − f(u(t)) du dt .

Example 18.3. Suppose that the curve √ 1 + sin x forms the top of a shape that is bounded below by the x axis and on the left and right by vertical lines whose position changes with time. Suppose that the vertical line on the left is moving steadily to the right at speed 0.1, starting at −1 at time t = 0. Meanwhile, the vertical line on the right is oscillating between 1 and 3 according to the formula 2 + sin(0.25π(t − 6)). Find a formula in terms of t for the rate of change of the area of the shape between the two vertical lines.

We have u(t) v(t)

y = p_{1 + sin x}

1. CHAIN RULE 141

d dt ∫_{2+sin(0.25π(t}�_{6))}

�1+0.1t √ 1 + sin x dx = √ 1 + sin(2 + sin(0.25π(t − 6))) ( d dt (2 + sin(0.25π(t − 6)) )

− √ 1 + sin(−1 + 0.1t) ( d dt (−1 + 0.1t) )

= 0.25π cos(0.25π(t − 6)) √ 1 + sin(2 + sin(0.25π(t − 6))) − 0.1 √ 1 + sin(−1 + 0.1t).

Homework 18.

1. Find d/du of the following functions of u: (a) ∫_u 0 sin^2 x dx; (b) ∫_u �1 √ 1 + t + t^2 dt; (c) ∫_π u √ 1 + sin^2 y dy; (d) ∫_u �u sin^2 x dx; (e) ∫_u �u sin^3 x dx.

2. Find d/dt of the following functions of t: (a) ∫_{a+bt} 1 dx x ; (b)

∫ �^1_2 gt^2+v0t+s0 0 sin^2 y dy; (c) ∫_t3 t2 cos(x^2)dx; (d)

∫_{A sin(α(t}�_{C))} a+bt √ 1 + u^2du.

3. The stage of a puppet show has its upper edge defined by y = 20+10 cos^2(0.1πx) (the units are cm). Its left side is the y-axis and its lower edge is the xaxis (see the drawing). After the show the curtain closes from left to right at 2 cm/sec. (a) Write a definite integral for the curtain’s area as perceived by the audience after t seconds. (b) What is the rate of change of the curtain’s area at time t?

4. The same as Problem 3, except that now the upper edge is defined by y = 40/ ( 1 + (0.01x − 1)^2 ) . 5. The opening to a stage has its highest point 48 feet above the stage, it is symmetrical about the center line (which we’ll take as the y-axis), and it is bounded by the flat stage and the curve x = ±48 cos(πy/96) (see the drawing). A curtain with flat bottom is lowered by attaching two heavy weights, one at each end, and letting them fall (with acceleration 32 ft/sec^2), bringing down the curtain. (a) Write a definite integral for the amount of the stage blocked by the curtain after t seconds. (b) At time t, what is the rate of change of the area blocked by the curtain? 6. A flat vertical plate is moving from left to right (back and forth) across a water pipe 1 cm in radius.

(a) Write a definite integral for the area blocked off by the plate when it is u cm to the right of center (the area shaded in the drawing). (b) Suppose that u is a sinusoidal function of time. If u starts at −1 when t = 0 and sweeps back and forth once every 2 seconds, find a formula for u(t). (c) Find a formula for the rate of increase of the area blocked (in cm^2/sec) at time t.