MA 214 Calculus IV (Spring 2016)

Section 2

Homework Assignment 11

Solutions

1. Boyce and DiPrima, Section 5.1, p. 253, Problem 24 and Problem 26.
Solution: Problem 24. It is easy to see that
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Problem 27. By shifting indices at the second step, we obtain
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2. Boyce and DiPrima, Section 5.1, p. 254, Problem 28.

Solution: By shifting the index of the first summand, we obtain
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for each . Hence we obtain the recurrence relation
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(pp1 = G, forn=0,1,2,---,



which implies

-2 (—2)2 -2 (—2)3 -2 (—2)*
ar = —2ag, az= TGI = 9 Qp, 4z = ?az =30 g, Q4 = Tag) =
and .
ap, = (_nQ') ag forn=20,1,2

It follows that

ianJ;n = ag (1+ (—2)z + (_?)2m2+ <_2)3x3+_._+ (_2>nxn_'_)
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:a0(1+(—2x)+ 5 Tttt

= ag exp(—2x).

. Boyce and DiPrima, Section 5.2, p. 263, Problem 1.

Solution: Let L(y) =vy” —y and y = Z c,x”. Then y = Z cona™ !, and
n=0 n=1

Y = Z can(n —1)z" 2 = Z Cnia(n+2)(n+ 1)a"
n=2

n=0

Hence we have

Z Crya(n+2)(n+1) —¢,)a" =0 for each x € (—o0, 0),
n=0

which implies the recurrence relation
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m+2)n+r) ™

Cnp2(n+2)(n+1)—¢, =0 or  Cpyo =

For solution y;, we put ¢ = 1 and ¢; = 0. Then ¢y,,11 = 0 for each m =0,1,2,---,

=5 0=y = 30= 5 G= 0=
and
1 1

Therefore the solution y; is given by the formula
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(n=0,1,2,---
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For solution y,, we put ¢ = 0 and ¢; = 1. Then ¢y, = 0 for each m =0,1,2,---,
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G=3507 STE 0T TTrgt T
and
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- _ for m =0,1,2,-- -
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Therefore the solution s is given by the formula
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The general solution of the given equation is given by

Y = a1y1 + oo, where a1 and ap are arbitrary constants.

. Boyce and DiPrima, Section 5.2, p. 263, Problem 7.

Solution: Let L(y) = 4" + 2y 4+ 2y and y = Z cpz”. Then
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Hence we have
Z Cnio(n+2)(n+1)z" +cnn+20n)x =0 for each z € (—o0, 00),
n=0

which implies the recurrence relation
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n 2 1 n 2)=0 n = —— 7Cn,
Crya(n+2)(n+ 1) + cu(n +2) OF  Capp = ——C

(n=0,1,2,---).

For solution y;, we put ¢ = 1 and ¢; = 0. Then c¢y,,11 = 0 for each m =0,1,2,-- -,

—1 —1 —1)2 —1 —1)3
022—00:—1, C4:_62:( ) 06:—04:( )
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and

(=D

m = Om_1)-2m—3)- - 5-3-1
B (—1)m 2m-(2m—2)-----4-2
S @2m-1)-2m—-3)-----5-3-1 2m-(2m—2)- --- -4-2
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2m—1)-2m—3)----5-3-1  2m-(2m— 2)-----4-2
—1)™2™m)!
_ (=ym2rml form=0,1,2,--.
(2m)!
Therefore the solution y; is given by the formula
1 1 = mzmm'
-1 — 2 4 Qm'
s 3T T53 Z

m=0

For solution s, we put ¢ = 0 and ¢; = 1. Then ¢y, = 0 for each m =0,1,2,---,

1 1 (—1)2 1 (=1
Cy3 = —C = — Cr, = —C3 = Cr = —(Cr =
3 9 1 9 ) 5 4 3 4.9 ) 7 6 5 6427

and

2m - (2m —2) - --- -6-4-2
_ (=™
C2m-2(m—1) - - 2(3)-2(2) - 2(1)
:(2;1”): form=20,1,2,---.

Therefore the solution s is given by the formula

_ L, L 1 6 _ — (- 2m+1

A R o R SR L _mzzo omml L
where 0! := 1. The general solution of the given equation is given by

Y = a1y; + qoyo, where « and as are arbitrary constants.

. Boyce and DiPrima, Section 5.2, p. 263, Problem 8.
Solution: To find a power series solution of the form Z Cp(x—=1)", weput t =z — 1.
n=0
Then x =t + 1 and, with ¢ as the independent variable, the given equation becomes
d’y dy
t+1)—+—+(t+1)y=0.
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Let y = dy/dt, j = d*y/dt*, and L(y) = (t+1)§+y+(t+1)y. Substituting y = Z et
n=0
into the equation L(y) = 0, we have

L(y) = (t+1) Z can(n — 1)t" 2 + Z cant™ 4 (4 1) Z cnt"
n=2 n=1 n=0
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(cn+2(n +2)(n+ 1)+ cppr(n+1)* 4+ ¢, + cn_l) +2cy+c1 —

I
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for each t € (—1,1).

Thus we obtain the recurrence relation

(cn+1(n +1)2+cp+
Cpt42 = —

forn=1,2,-
(n+2)(n+1) > OEm= 124

and the requirement
202+C1+COIO.

For solution y;, we put ¢g = 1 and ¢; = 0. Then

1 4C2—|—Co 1 903+C2 1
2 9 3 3.2 6 ! 4.3 12

and we have

1 1 1
y1:1—§(x—1)2+6(x—1)3——(x—1)4+---.

For solution s, we put ¢g = 0 and ¢; = 1. Then

1 4dco + 1 1 9c3 4+ co + 1 1
2T 3.2 6 4.3 6’
and we have ) . .
ygzx—§(x—1)2+6(x—1)3—6(x—1)4—|—--~

The general solution of the given equation is given by

Y = a1y1 + oo, where a and ap are arbitrary constants.



6. Boyce and DiPrima, Section 5.2, p. 263, Problem 9.

Solution: Let L(y) = (1 + z%)y” — 4xy’ + 6y. Substituting y = chx" into the
n=0
equation L(y) = 0, we have

1—|—a7 f:cnnn—l 4x§:cnnx”_l+6§:cnx”
n=2 n=1 n=0
can(n — 1)z 2 + i epn(n — 1)z" — i 4e,nz™ + 6 i cnx”
n=2 n=1 n=0

Cnia(n+2)(n+ 1)a" + Z epn(n — 1)z"™ — Z depna” 46 Z Cpa™
n=0 n=0

n=0
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(cnr2(n+2)(n+ 1) + co(n(n — 1) — 4n +6)) 2"
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(cri2(n+2)(n+1) + cu(n — 2)(n — 3))z"
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0  foreach z € (—1,1).

Thus we obtain the recurrence relation

(n—2)(n—23)
(n+2)(n+1)

Crnia = — Cn forn=0,1,2,---

For solution y;, we put ¢ = 1 and ¢; = 0. Then ¢y,,,1 = 0 for each m =0,1,2,---,

—-2)(-3
Cy = —MCO = —3, Cy = 0,
2
which implies cs,,, = 0 for m > 2. Therefore the power-series of y; terminates at n = 2,
and we have

g =1 — 322
For solution s, we put ¢ = 0 and ¢; = 1. Then ¢y, = 0 for each m =0,1,2,---,
(=1)(=2) 1
= —— _ —— — 0
C3 3.9 1 3’ Cs )

which implies co,,41 = 0 for m > 2. Therefore the power-series of y, terminates at
n = 3, and we have

1
ygzl’—gl’g.

The general solution of the given equation is given by

Y = a1y1 + oo, where a1 and ap are arbitrary constants.
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7. Boyce and DiPrima, Section 5.2, p. 263, Problem 10.
Solution: Let L(y) = (4 — 2?)y” + 2y. Substituting y = chzn into the equation

n=0
L(y) = 0, we have

(4—x2)§:cnn(n —1)z" % + Zicnaz"
—Z4cn (n—1)x chnn—lx +220n

= Z depio(n+2)(n+ 1)a" f: cpn(n —1)z" + Z 2¢,x"
n=0

n=0 n=0

I
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(4cni2(n+2)(n + 1) — co(n(n — 1) — 2))a”
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(4epio(n+2)(n+1) —co(n+1)(n—2))a" =0  for z € (—2,2).
n=0
Thus we obtain the recurrence relation
 (n—2)
2= Y+ 2)
For solution y;, we put ¢ = 1 and ¢; = 0. Then ¢y, 11 = 0 for each m =0,1,2,-- -,
—2 1
C2 = gCo = B
which implies ¢y, = 0 for m > 2. Therefore the power-series of y; terminates at n = 2,
and we have

Cn forn=0,1,2,---

C4:0,

1
y=1-— Z$2.
For solution 1, we put ¢ = 0 and ¢; = 1. Then ¢y, = 0 for each m =0,1,2,---,
-1 1 1 1 3 1
3= ——C=———, C53=—C = ——c
PT437 T 4y P as?T 225y T4t 8T
and |
ml = — fi =0,1,2,---
= T m e DEem—1)
Therefore the solution ys is given by the formula
_ L3 1 5 1 7 _ 1 2m+1
LT Rt T3t TEorst T mzo4m(2m+1)(2m—1)x '
The general solution of the given equation is given by
Y = a1y1 + aayo, where «a and ap are arbitrary constants.



