
MA561 – Modern Algebra

Homework set # 3

The due date is September 26 (Friday), 2008.

17. Let G be any group. Prove that the map from G to itself defined by g 7→ g−1 is an

homomorphism if and only if G is abelian.

18. Let D2n = 〈r, s | rn = s2 = 1, rs = sr−1〉.

⋆ Show that if x is not a power of r then rx = xr−1.

⋆ Show that any such x has order 2.

⋆ If n = 2k is even and n ≥ 4, show that rk is an element of order 2 and that it

commutes with all the elements of D2n.

19. Prove that the order of GL2(F2) is 6. Note that F2 = Z2.

20. Prove that a group G cannot have a subgroup H with |H| = n−1, where n = |G| > 2.

21. Let H1 ≤ H2 ≤ · · · be an ascending chain of subgroups of a group G. Prove that
∞⋃

i=0

Hi is a subgroup of G.

22. Let G be an abelian group. Prove that H = {g ∈ G | |g| < ∞} is a subgroup of G,

called the torsion subgroup of G.

23. Let G be a finite group of order n. Use Lagrange’s Theorem to show that the map

γ : G −→ G, g 7→ γ(g) = gk

is surjective for any integer k relatively prime to n. That is, for such integer k any

element g ∈ G has a kth root in G.

24. Use Lagrange’s Theorem in the multiplicative group (Z/pZ)× to prove Fermat’s Little

Theorem:

If p is a prime then ap ≡ a mod p for all a ∈ Z.
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