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Georg Cantor
(1845-1918)

HIS LIFE AND WORK

abysses of the mind: mental depression.

Georg Ferdinand Ludwig Phillipp Cantor was the firstborn son and name-
sake of a Protestant father and a Catholic mother. His father, Georg Waldemar Can-
tor, was a German-born Protestant who moved to St Petersburg, the capital of Tsarist
Russia, to become a stockbroker. Cantor ultimately became famous because of the
mathematical talent on his father’s side. However, he first achieved notoriety for his
fine violin playing, no doubrt a talent derived from his mother, Marie Béhm, a native
Russian who came from a musical family renowned for its violin virtuosi.

Any records of Cantor’s early schooling in St Petersburg must have been lost when
the family moved back to Germany and settled in Frankfurt so that his father would
"0 longer have to endure the harsh Russian winters. Cantor had a distinguished record
& Gymnasia in Frankfurt and nearby Wiesbaden. Cantor’s father thought that young
Georgs love of mathematics could enable him t©© be “a shining star in the engineer
Mament.” Cantor acquiesced to his father's firm suggestion that the Polytechnic school
o i o b i
‘he[? : a.ll-y summoned up the courage t© ask his father’s p

iversity of Berlin, where he could study pure m
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Georg Cantor scaled the peaks of infinity and then plunged into the deepest

athematics.



e Cantor's SUTPIise; his father agreed to the change, |y,
b ar in Zurich, Cantor learned of his fathers sudde

ishing his ye
was finishing ! 5 ;
tor would never know of even his son’s first accomplishmens

the mathematical firmament! Cantor sped tl'lrough the mathep,
Berlin where he was pupil of the great We“?rmass' newly residen; ;
mathematics. Within four years he had both his undergraduate ang ds

After teaching at a local girls school for two years, Cantor rece,
versity teaching appointment at the Umversnt.y in Halle, the birthplace
poser George Friedrich Handel, about 100 miles south of Berlin, Ten y,
full professorship. He would remain there for the rest of his
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When Cantor arrived at Halle, his new colleague, the machematicigy g,
einrig

Heine, challenged him to prove the uniqueness of a functions representa,
trigonometric series, a gcncralizatlon of a Fourier series. This was the resear,

led Cantor to his study of the infinite in the 1870s.

Cantor was not the first mathematician to formalize the concept of the ify,
Prior to Cantor, Richard Dedekind (1831-1916) made the first gianc step by dmd:
ing how to recognize the infinite, rather than comstruct it, thereby avoiding ohi.

tions such as the following one made by the great Gauss:

I protest against the use of infinite magnitude as something completed,
which in mathematics is never permissible. Infinity is merely a fagon de
parler, the real meaning being a limit which certain ratios approach indef-

initely near, while others are permitted to increase without restriction.

Dedekind took the natural numbers, 0, 1, 2, 3, 4, ..., as the paradigm example of s I

infinite set and defined a set as infinite if the natural numbers could be put inwo o

to-one correspondence with that set, or a subset of it. Thus, the natural numbes 2t

infinite by definition and so are the integers, the rational numbers, and the real numbes 3

because every natural number is also an integer, a rational number, and a real nunter
With Dedekind having accomplished that, Cantor asked two interestitg qu
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tions: First, can infinity be recognized without making reference to the natural v ‘

2 3 e
bers? Second, are there different degrees of infinity?
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). Therefore, any set that satisfies Cantor’s definition |

. ‘ th
1y mathematics called “the Axiom of Choi :e,

of Cantor’s gm“"dbre_ald“g work concerned his secong uesti i

er to the first question, By making the infinite more g(]ener:l:l) [:;l andhl :
bers, Cantor opened the POSSibiliW of there being different deprees al; [he
tor defined two sets as being equinumerys if ¢ ;

hey could be put j

i put Into a one-
- dence with each other. Thus, the positive integers are equinumerous
ative integers by the mapping 75— (for 4 positive integer 7)

the positive .rea.l numbers.are equinumerous with the negative real
o a similar mapping. (Try proving to yourself that the positive integers are
with all of the integers.)
‘made these proofs, Cantor introduced the distinction between a set’s car-
finalitys that is, how many -meljnbers it has, and its order-type. He noted that although
e posicive and the negative integers have the same cardinality, they have a differ-
at order-type. There is a first positive integer but no last one using the standard
grcamr.than/lcss-than ordering. In contrast, there is a last negative integer but no first
one using the standard greater-than/less-than ordering. Cantor used Hebrew letcers

6 . . .
ppOSl[E requnres a plece

»

| ) denote cardinal numbers. Ro (The Hebrew letter Aleph with a subscript of 0
[ jenotes the first infinite cardinal.) Greek letters denote order-types. The Greek letter
T o denotes the order-type of a set like the positive integers with a first element bur
10 last element and @* (e with an asterisk as a superscript) denotes a set like the
[ negative integers with a last element but no first element. (The order-type @ + 1
| describes a set like the positive integers plus a single element greater than all of the
positive integers. The integers as a whole have order-type ®* + @. Can you guess
| what kind of set the order-type @ + @* describes? It is not hard. It is just not one
| Joute used to dealing with!)

Then Cantor demonstrated the power of his definition based on equinumeros-

ity. Fi - : i rous with
| it First, he demonstrated that the positive rational numbers are equinume;

N . . v - 't be
| the posicive integers. Cantor realized that the positive rational numbers couldn’t b
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started enumerating ¢ w '
thereby Jemonstrating that the positive rational numbers are o
positive integers-

Cantor then tackled the real numbers and proved that they are
ous with the integers. There are strictly more real numbers thap . no
gist of Cantor’s proof (for real numbers greater than zero and less
positive real numbers greater than zero and less than one are equinu,
then they can all be listed out in a sequence gy, a:rouS

gers, Here i

the positive integers,

Lst 0.2092119644443. ..

ond  0.3108131969619...
3rd 0.2425129315441...
4th 0.3480075650872....
Sth 0.0415810010525...
6th 0.4702742494171...
7th 0.6598371022485...
8th 0.4153943669555. ..
9th 0.8832597362598. ..
10th  0.2475646576200...
11th  0.7400378254561...
12¢th  0.6523095434371...
13th  0.3513962470851...

Now comes Cantor’s great insight. He considers the highlighted digits on the di
if the value is 0 through g

0.3231952777682 Ih:
| number listed in the uh‘: [

onal and he changes all of their values adding 1
changing a 9 to a 0. This constructs the real number
cannot be in the table because it differs from every rea
Cantor used a particular form of a reduction ad absurdum pro
ization argument to demonstrate that there are strictly more real numbers ¢
are integers. We will see diagonalization arguments reappear with g
of Kurt Godel and Alan Turing. 4,0
‘ Because the word infinity had a long history with much baggag® e
introduced the term #ansfinite numbers to denote all of his infinit® -
the cardinal numbers and the ordinal numbers (order—l')’Pes)'
ﬂ.len Cantor asked a question that remains open t© this
are stricely more real numbers than integers, how many diffe
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i il 1893 when he had his next round of depression-
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al numbers are there? Are (f,
bers, those equinumeryg to etT)3 .
he integers? Or are there more ty] ez 3
believed that there are only twop .
he could not prove it. The resolu:i};P

—_— s
J '¥pes of infinite subsegs
Numbers and

fs i
ubsets in between these two

es of infinjte subsets of the rea
n of this conjecture, now know:

sed Cantor, In 1940, Kure Géd::
be disproved using the standard
proved that it cannor be proved

those equiny-

theory; then in 1963, Paul Cohep
joms either!

arly years in Halle m :
m}:m):), a friend of hilsm‘ have been iled with joy. In 1874, he mar.
: sister. They honeymooned in Switzerl d

: ouse Cantor had built with the inheritance from his fath [an .
e the bire iplace of their five children over the next twelve years Py
Cantor’s growing family must have made financial demands (;n a professor paid
g clatively meager provincial standards. Hoping to alleviate these problems Cai:r
sought @ professorship at his alma mater in Berlin. Cantor’s work on xransﬁni‘te num-
bers had drawn wide praise in the world of mathematics, praise that he hoped would
win him an appointment at a prestigious university such as Berlin. Weierstrass, his

od mentor, had been particularly full of praise for Cantor’s work. Bu there were

| pockets of those opposed to any talk of actual infinities. Among them was Leopold

Kronecker, a high-ranking professor in Berlin.
Mathematics, according to Kronecker, dealt with constructions, precisely what
Cantor and Dedekind had avoided in their treatment of the infinite. In spite of

| Weierstrass’s efforts, Kronecker was able o block all attemprs to get Cantor a math-

| ematics professorship at Berlin.

of personal and professional stresses
first bout of deep mental depres-
s release, Cantor wrote t0 2 fel-

Just before turning forty, the combination
bI€came t0o much for Cantor to bear. He had his
sion, spending a few weeks in a sanitarium. After hi
low mathematician:
continuation of my scientific work.
it, and limit myself to
happier I would be to

mental freshness.
ed. Perhaps recognizing this,

on of mathematicians across
nding in 1890

1 don’t know when I shall return to the
At the moment I can do absolutely nothing with
the most necessary duty of my lectures; how much
be scientifically active, if only | had the necessary

Ind
e .
d, Cantor’s best years as a mathematician had end
ANt " i nciatl
® r devoted significant energy to building an associa! -
. 5 f 1ts 10
"eWly unified Germany. He served as it first president from
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e in and out of mental hospitals for he
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The German mathematical community had planned to have 5 B CPrrson!.

in 1915 in honor of Cantor’s seventieth birthday. However, the Pfi"ationse;bﬂ"on

War I made that impossible. Cantor entered a mental hospital for ¢he b tiWor!d

June 1917. On January 6, 1918, he died, unaware that Imperial Germany ::t;n

also perish by the end of the same year. oulg
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§1
THE CONCEPTION OF POWER
OR CARDINAL NUMBER

fyan “aggregate” (Menge) we are to understand any collection into a whole (Zusam-
nenfassung zu einem Ganzen) M of definite and separate objects m of our intuition
or our thought. These objects are called the “elements” of M.

In signs we express this thus:

In thege kg

M= {m} (1)
We denote the uniting of many aggregates M, N, B, ..., which have no com-
mnon elements, into a single aggregate by
M, N, P,...). ()
The elements of this aggregate are, therefore, the elements of M, of N, of P,...,
uken together.
We will call by the name “part” or “partial aggregate” of an aggregate M any
other aggregate M, whose elements are also elements of M.
If M, is a part of M, and M, is a part of M, then M, is a part of M.
Every aggregate M has a definite “power,” which we will also call its “cardinal
number,”
We will call by the name “power” or “cardinal number” of M the general con-
“ptwhich, by means of our active faculty of thought, arises from the aggregate M
"hen we make abstraction of the nature of its various elements 7 and of the order

0 which they are given.
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