LEONHARD EULER

Euler fell ill with what he described as a “fiery fever” i, 173
ishing the work just described. He recovered to full health after
Neither the fever nor the long recuperation slowed Euler’s Mathemgy; i
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The people of Kénigsberg wondered if someone could take a walk crossing
of the bridges once, and only once. This became known as the Seven Bridg;.\' if
Konigsberg Problem. Most people doubted that such a walk was possible, but noor
could prove it. Euler did! Our second Euler selection presents his analysis of this vey
problem.

Euler realized that he could solve the problem of the bridges simply by e
merating all possible walks that crossed bridges no more than once. However tha

approach held no interest for him. Instead, he generalized the problem t conside

any configuration of the river and the branches into which it divides
as well as any number of bridges, to determine whether or not it ¥
possible to consider each bridge exactly once.
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Euler commented that he would first consider the sequence of |
versed without considering which bridges were used. If A, B, Ca

¢ 0
4 . se uenc
land areas in the seven bridges problem, then ABDC represents a '?1erin€ i
z 1 3 . ons!
crossing from A to B to D to C. Euler begins his analysis by ¢ o it
rDIthe™

i a
extremely simple case: two land areas, A and B, connected by an

ber of bridges.
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If one bridge connects to land area A, then A can appear in a crossing sequence only
e if that bridge is to be crossed only once. If two bridges connect to A, then A can
ppett in a crossing sequence only twice if each of those bridges is to be crossed only
once: Generally, if an odd number NV of bridges connect to A, then A can appear in a
ossing sequence only (N + 1)/2 times if each of the bridges is to be crossed only once.

Rerurning to the particular details of the Kénigsberger’s problem, Euler noted
hat an odd number of bridges connected to each of the land areas: 5 to A, and 3
0B C and D each. Given the result just described, the crossing must contain A
free times and B, C, and D twice each, for a total of nine letters in the crossing
sequence. However, if each of the seven bridges is to be crossed only once, such a
cossing sequence can only contain A, B, C, and D a total of eight times. Although
Fuler had solved the Konigsberger’s problem, he did not stop there.

He continued by noting that if an even number NV of bridges connect to A, then
A can appear in a crossing sequence only 2N +1 times if A is a starting point for the
ourney, and only AV times if A is not a starting point for the journey (if each of the
bridges is to be crossed only once.) Having established that Euler recognizes that

Every route must, of course, start in some region, thus from the num-
ber of bridges that lead to each region I determine the number of times
the corresponding letter will occur in the expression for the entire route
as follows: When the number of bridges is odd I increase it by one and
divide by two; when the number if even I simply divide it by two.
Then if the sum of the resulting numbers is equal to the actual num-
ber of bridges plus one, the journey can be accomplished, though it
must start in a region approached by an odd number of bridges. But
if the sum is one less than the number of bridges plus one, the journey
is feasible if starting from a region approached by an even number of
bridges, for in that case the sum is again increased by one.

Modern topology now treats land areas and bridges as vertices and edges con-
lecting vertices,

Euler’s fever returned shortly after he finished his work on the Seven Bridges
Problem. By 1738, he had lost vision in his right eye.
e }flvleanwh‘ile, Peter the Great’s widow, the Empress Catherine I, was continuing

usband’s liberalizing from the Russian throne. However, she died in 1727, the
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Germa” Princess.. It Fontains (3’“ 200 letter-s on fields as diverse as logic, language,
_onomys 8raViCY light, sound, and magnetism. In addition, there are letters on par-
. Jar questions such as why the sky is blue, why the moon looks larger when it
s and why it 18 CO'ld at the tOP. (?f 4 mountain in the tropics. Finally, because
puler was also responsible for .PI.'O‘”dmg .mOral training to the Princess, the Letters
dude his thoughts on the origins of evil and the conversion of sinners.

[n addition to his writing, Euler also found time to perform many other, more
PractiCﬂl works. The King assigned Euler many tasks for the kingdom’s benefit. These
ncluded correcting the level of the Finow canal, a major conduit for commerce in
stern Prussia, organizing state lotteries, and advising the government on issues con-
rning insurance, annuities, and widow’s pensions. Euler also supervised the acad-
emy’s observatory and its botanical gardens. Frederick even asked Euler to supervise
work on the plumbing system at Sans Souci, the royal summer residence.

Euler hoped to be named the Academy’s president after its first president, Pierre
de Maupertuis, died in 1759. After all, he was the greatest scientist in Europe at

IC

mid-century. However, Euler lacked several key qualifications required by the king.

" He was Swiss rather than French. Moreover, by then Euler and his family were liv-

. ingon a farm outside of Berlin, hardly a sign of the worldly polish that Frederick

. gready valued. In the end King Frederick named another Frenchman, Jean le Rond
dAlembert, to be the academy’s new president. The disappointed Euler immediately
determined to leave Berlin.

Euler had remained on extremely cordial terms with his former colleagues in St.
Petersburg throughout his quarter century in Berlin. In recognition of the services
hehad previously rendered, the Academy in St. Petersburg sent him a regular stipend,
ewen while Russia and Prussia were engaged in the Seven Years War.

By the mid-1760s the ascent of Empress Catherine the Great had restored enough
political order to Russia that Euler gladly accepted an offer to return to St. Petersburg

. ofcourse, Euler needed Fredericks assent to leave Berlin. When he first wrote the King
f’sking for his release, the King simply refused to answer. After two more letters of res-
‘§hation, the King wrote back that Euler should withdraw his resignation and stop
bo[hering him. Only Catherine the Great’s intervention persuaded Frederick to release
Eiler. The King did this by sending a terse note that read “With reference to your let-

L of April 30, T am giving you permission to resign in order to go to Russia.”

1hoThe Eulers returned to St. Petersburg in the summer of 1766 and moved inFo

- ¢on the embankment of the River Neva, not far from the Academy. Back in

E I.)e[mbllrg the Fulers’ life would not be easy. Leonhard had developed a cataract

" g0od Jefy eye during his last years in Berlin. It became much more severe after

turned g Russia and decided to have the occluded lens removed surgically. At
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first it appeared as though the surgery had been a success, Howwe
arose and Euler soon lost the use of his left eye, leaving ik W‘Ver
meager vision for the rest of his life. ith
Shortly afterwards Katherine’s worst fears would be realized. |y, M
fire swept through St. Petersburg destroying over 500 houses along dl}’ 1771
the Eulers. Only the efforts of Peter Grimm, a brave craftsman ey é\levai
nearly blind Euler and his manuscripts from perishing as his house e, el,. e
Two and a half years later Euler became a widow when in NOVembet Up in flam
suddenly died at the age of 66. Euler persevered in his work in spite 0;;773 his W
sight and his wife. In 1775 he wrote an average of one mathemaricg € log off
dictating them to a scribe. No doubt Euler’s prodigious memory, 3
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research. The second example of Euler’s work presented here, his proof ¢, ¢ by
At every iy,

I pe dates from ¢ 5
n 1621 the French mathematician Claude Bachet conjectured thy e
Every pog.

ger can be expressed as the sum of no more than four squares
Y

tive integer can be expressed as the sum of no more than 4 squares. Th
ematical amateur Pierre de Fermat made some progress on this bei g
unable to provide a satisfactory proof. Euler did. i

In his proof I.Eulef makes ‘us'e‘of modular arithmetic. His proof depends iy
on the fact that if 4 is not divisible by N, then (aN + £)* and (aN - R bave h‘
same remainder when divided by N. Therefore, if NV is an odd prime then halt'[ oi'
the numbers of the form aN + & for 6 =1, 2, ..., N — 1 are squares modulo
and half are not.

At abouF the same time that Euler published this proof the English mathematcin
Edward \Warmg extended Bachet’s original conjecture and asserted without proof
every positive integer can also be expressed as the sum of no more than 9 cubes, 0 f
more than 19 fourth powers, and that in general, for any power K there is value§
such that every positive integer can be expressed as the sum of no more than § K pov .
ers. In 1909 the German mathematician David Hilbert proved Warings conjectute

Euler lived another decade following his wife’s death, marrying her half-ise
July 1776. During early September 1783 he began to suffer from bouts of iz
The 7" of that month began as a normal day for Euler, spending the morning m-xor-
ing one of his grandchildren and then working out calculations for the orb 0.“6
re.cently discovered planet Uranus. Later in the day while raking tea and smokmtlz
pipe, the pipe fell out of his hands. When he tried to pick up his pipe he i J:ﬂ
o collapsed crying “I am dying.” He had suffered a stroke. He died Jacer *
night without regaining consciousness. It took the Academy’s jou” d
to publish all of his remaining manuscripts.
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