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was in mathematics. In the year 1494, the
Bt 45-1509) produced a volume titled Summ,
pacioli (ca. 14457 dard math i
: it Ppacioli treated the stan hematics of j
tzca.hlaf;i; un solving both linear and quadratic equations. |
o & with a primitive symbolic alBebra BY Using o o deyy,
unknown quantity in his equations. is was short for cosg, the ik
word for “thing” —that is, the thing to Pe determined. p would beac?;3
tury or more before algebra evolved. into t.he symbolic system tha We"
recognize today, but Ssumma de Arithmetica had taken a step | li |
direction. ; |
pacioli’s assessment of the cubic equation—that is, an equaig
the form ax® + ba* + cx + d = 0—was decidedly pessimistic. Hety|
no idea how to solve the general cubic and expressed the belief thﬂ
such a solution was as impossible, given the state of mathematics,m‘
squaring the circle. This observation, actually something of a challeny |
laid before the Italian mathematical community, set the stage for i
remarkable tale that surrounds our next great theorem: the sixteent:
century Italian algebraists and their quest for the solution of the cubic |
The story begins with Scipione del Ferro (1465-1526) of the Univer |
sity of Bologna. Taking up Pacioli’s challenge, the talented del Fer
discovered a formula that solved the so-called “depressed cubic.” Thi
is a third-degree equation that lacks its second degree, Of quadalt
term. That is, the depressed cubic looks like ax® + ¢x + 4= 0. US“?”Y'];
we prefer to divide through by @ and move the constant term 0 the igh |

hand side of the equal sign, so as to convert the depressed cubic 0¥
standard form
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Wi e adversary: :
uﬂfort.ul-l e apparele did a good job of keeping his solution

Scxpxoﬂt his life, and it was only on his deathbed tha he pasZfo?‘

[hrougtgohis student Antonio Fior (ca. 1506-7). Although Fior was noy sg
008 ot athematician as his mentor, he rashly went on the offensiv.
good A neW-found weapon and in 1535 leveled 2 challenge at the noteg
it hlSn scholar Niccolo Fontana (1499-1557).
Bresclinfonunate childhood calamity had shaped Fontana’s life. During
he[ge“Ch attack on his homg town in 1512, a soldier, sword in hand,
[had Jelivered a savage, slashing wgund to the face of young Niccolo.
ccording 0 legepd, the boy -surv1ved only be.cause a dog licked the
norrible gash. But if tbe medicinal eﬂfects of canine s.aliva saved his life,
tey could not save his speech: So dnsfigured was Niccolo Fontana that
e could no longer speak with clarity. Tartaglia—the Stammerer—
hecame his nickname, and it is by this rather cruel epithet that he is best
known today.

Physical deformities aside, Tartaglia was a gifted mathematician. In
fict, he boasted that he could solve cubics of the form x* + mx? = n—
that is, cubics missing their linear terms—although Fior doubted that
Tartaglia had such a method. When the challenge from Fior arrived, Tar-
uglia sent him a list of 30 problems covering various mathematical top-
ics. By contrast, Fior had provided a list of 30 “depressed cubics” and
thereby placed Tartaglia in a bind. It was clearly a case of Fior’s putting
all his eggs into one basket; Tartaglia was either going to get a score of
Dor of 30 depending on whether or not he found the secret.

Not surprisingly, Tartaglia began a frantic, round-the-clock attack on
tch,e,depressed cubic. His frustrations mounted as the days passed and the
tlical deadline approached. Then, on the night of February 13, 1535,

Vith time almost exhausted, Tartaglia discovered the solution. His

]vrxlit;,nse efforts had paid off. He now could solve all of Fior's problems
mancgas? ‘.Vhile his less gifted challenger turned in a dismgl perfqr-
lianuy ;. his own. In a great public triumph, Tartaglia preyaxled bril-
Dlesg Fls feward was to have been 30 lavish banquets .prov1dfad by the
OPponep i b.u t Tartaglia, in a gesture of magnanimity, relieved his
€n of littof this commitment. The monetary savings to Fior must ha;lze
Qietly ¢ dtle value as compared to the total disgrace he had suffered; he
Byt ‘?1 €d from the picture. ' ]
rYofen Cntered perhaps the most bizarre character in tl}e whole
Mathematics, Gerolamo Cardano (1501-1576) of Milan. Car-
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d and remarkable turns.
i o ety lusion, however, we shqy
wing it to its conc uld
Bgforehfgliitraogdmary life of Gerola.mo Cardano. We 4, foryy,
ine ;irst_person account in his autoblography De Vita prp,, L‘:;’;;
to ha\goz k of My Life) written in 157§: This book is awasr-l With Cyy |
( Tbel lections, peeves, and superstitions, not to mention g ey,
rec:)emely pe’culiar anecdotes. More tha_n most autobiographies,
Ienxltlst be regarded skeptically; even so, 1t gIVES us a revealing glip
' lent life. ' . .
his tcu;rlzil;no began with a brief discussion of his forebears. His f
tree may have included Pope Celestino IV, not to mention a distap,
sin Angiolo, who, at the venerable age of eighty

|

d fr()'m lher

the story took unexpecte

exam

‘ i
Pse |

begot sons—infants feeble as if with their father’s senility . .. The eldes{a':
these sons has lived to be seventy, and I hear that some of his childs |
became giants. ‘

Then, in a chapter called ‘“My Nativity,” Cardano revealed lhll:,
“although various abortive medicines—as I have heard—were tried i
vain” he survived, only to be “literally torn from my mother’s womb’ |
This experience left him nearly dead, and a bath of warm wine ¥
required to bring the infant Gerolamo back to life. It appears that (¢ |
dano may have been illegitimate, thus explaining his unwelcome ari,
and tt'xe associated stigma played a key role in his life’s story.

With such a shaky start, it should come as no surprise that Cadi®
EV:S plagued .With infirmities throughout his life. In his autobiogf?Ph"'f
dis;‘:::; ;Zseltt::fd Hto describe.these afflictions, often in comglete ;fz?:;
from the stomack'u ar(:dt Ol}? Ofieleatheart P BIE0E, . £l Omen- »
tion a disease chara tc iy GPnigia goid hemsomtion b no{fwurine"i
yielding up to 100 ocuenzed by “an extraordinary discharge © T
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in” and, when not suffering physically, 4
" Sevel'i ocomes me, SO grievous that nothing coylgd
i no

h
’“gl'{lsc Onsequemly,
in

be more distress.

ir upon a plan of biting my lips, of twisting my fin

I hﬂin:*of the tender muscles of my left arm until the teq
the §

8€rs, of pinching
IS Come.

ing, more or less, that these self-inflict
(ardan® w C:?,):e 18[ felt so good when he stopped. e
: ysical (and mental) health Wwas not his only problem. After
iling an excellent record at the University of Padua on the way 1o
coml:nmg a physician, Cardano was refused permission to practice med-
m in his home of Milan. This refusal may have been due to his
jcine { illegitimacy or to his grating and bizarre personality, but what-

ute 3 ; i :
:gr its cause, it marked one of the low points in a life notable for its

y and downs.
Rejected by Milan, Cardano moved to the small town of Sacco, near

ndua, where he practiced medicine in the bucolic, if somewhat limit-
ing, confines of country life. One night in Sacco, he dreamt of a beautiful
oman in white. As one who put great stock in the meaning of dreams,
he was thus strongly affected when, some time later, he encountered a
woman exactly matching his dream apparition. At first, the poor Cardano
despaired at the impessibility of courting her:

ortures were

If 1, 2 pauper, marry a wife who has no dot save a troop of dependent broth-
ers and sisters, I'm done for! I can scarcely pay my expenses as it is! If I
should attempt an abduction, or try to seduce her, there would be plenty to
SPy upon me.

Stil!, his love made marriage irresistible. In 1531, he married Lucia Ban-
arini, the woman of his dreams.
_ Asthis episode suggests, dreams, omens, and portents figured prom-
glfemly throughout Cardano’s life. He was an ardent astrologer, a wearer
stoamlllets, and a seer of visions who predicted the future from thunder-
™. In addition, he often felt the presence of a protective spirit, of
dian angel, as he remarked in his autobiography:

At ‘

cot,fsndant or guardian spirits . . . are recorded as having favored certain men

induﬁmly\Socmes' Plotinus, Synesius, Dio, Flavius Josephus—and 1
© myself. AlL, to be sure, lived happily save Socrates and me . ..

Appal'en
L a‘tendant )S'i)

he did not hesitate to carry on lively conversations with

irit. Says Oystein Ore, Cardano’s twentieth century biog:

h
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indulged ! o Contritely, he acknowledged in his autobiog?asu}fme
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Cardano subjected this vice to a scientific scrygjg, , |
n Games of Chance, published posthumously inyi ]|
us treatise on the mathematics of probability, y

And so, casting horoscopes, constantly gambling, beginning famip
Gerolamo Cardano spent the years from 1526 to 1532 in Sacco. By
ther his pocketbook nor his ego could e.ndure the small-town g,
sphere for long, and by 1532 Cardano, with wife Lucia and son Gig,
battista, was back in Milan, still forbidden to practice medicine
ultimately consigned to the poorhouse.

Then, at last, fortune smiled upon him. Cardano began giving I
tures on popular science that were especially well received by the ed
cated and nobility. He wrot€ successful treatises on topics ranging fron
medicine to religion to mathematics. In particular, in 1536 he publishet
an exposé attacking the corrupt and inadequate practices of Iralian du
tors. This work, not surprisingly, was detested by the medical comn
nity but embraced by the public, and Cardano could be kept from i
ticing medicine no longer. The College of Physicians in Min |
grudgingly accepted him into their ranks in 1539, and soon he shot®
the top of his profession. By mid-century, Cardano was perhaps the m
famous and sought-after doctor in Europe, one who treated the Pope &
f;’eczrtefafvele;l to Scot.land—a long and arduous journ€y in those da%”

g é’; [S e Equhbxshop of St. Andrew’s.

i nec}’ Ig 122%mp-h were not to last, for perso
sons and a ;‘lau h , his wife died at age 31, leaving ‘Carda
T %hteg Of these, the elder son, Giambattista, V_VaSI feg®
Bl ok 0y roved dulee bright, taking his medict’ "
Grcei ppeared to be following his father into 2 brillian

But di i
disaster struck in the form of a ““wild woman” (Card

Fortunately,
resulting Book 0
was the first s€rio

nal tragedies 5001
no with [“‘L
ardan®®

' wofdje
H
d:sirrzl?[tzd 1lhat, on the night of December 20, 1557 - WI::;]“‘
10 trezmb] sleep) }Nas about to overcome me, my bed suddenlYmg’ o
€, and with it the whole bed-chamber.” The next mott

ano
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el revealed that no other townsperson had felt this noc-

s inquir® d CardanO took it as a very bad omen. No sooner had he

WA nclusion than his servant brought the unexpected news

[[eache. mbsattism had married a2 woman “utterly without dowry or
1

h proved to be an unfortunate one. Giambattista's
‘hree children, none of whom, she boasted, was Giambat-
e bore b infidelity, openly flaunted, brought the young man to the

5. Su¢ int. In retaliation, he prepared for her a cake laced with arse-
ing POt 'b all too well, and Giambattista was arrested for murder.

1 did its jO -

.Itdng l(ir::less efforts and great reputation were to no avail; his
ld“::g son Was convicted and beheaded in early April 1560.
0

“This was my supreme, my crow?vnir}g misfqrtune," the grieving Car-
a0 WrOte. pespondent, he lost his frlen'ds, his career, and his zest for
ife. Moreover, his other son, Aldo, was hnmsc?lf turning into a criminal,
xnd Cardano actually was “obliged to have him imprisoned more than
oce.” Heartbreak seemed to follow heartbreak.

1n 1562, he abandoned Milan, the city of his triumphs and tragedies,
ndaccepted a position in medicine at the University of Bologna. With
iim he took Fazio, Giambattista’s son. Between the old man and the boy
ihere developed a strong and loving relationship that perhaps, in his
wning years, gave Cardano some of the joy that his own offspring had
not.

But the young boy and the new city did not bring tranquility into this
sormy life. In 1570, Cardano was drrested and jailed on charges of her-
). At the time, of course, the Church in Italy had adopted a hard line
igﬂn’]ffwl tl_le unorthodoxies of the Reformation, and it certainly found no
i Pr(;r:g in Cardano’s casting the horoscope of Jesus or writing the book

Jaileg of ;Vet:'O al_)qut the hated, anti-Christian Roman emperor.

s g diasn umiliated, the aging Cardano seemed to have met with
adthe leng;mce. Yet, thanks to the testimonials of his illustrious friends
me, ang SZ“CY of the Church, Cardano soon got out of prison, went to
"Horatig 4] fgh‘,’,w wo“fld up with a pension from the Pope! His was
¥ his belovegd ra” story, if ever there was one. Thus resurrected, joined

0, he noteq grandsqn, Cardano spent his last years. Although an old
%N good teeg:o“dly in his autobiography that he still possessed *“four-
lime, | ik £ and one which is rather weak; but it will last a long
;el‘"i e [fanciu-?-r 1t still does its share.” Cardano spent his last years in
D 1596, tlity and died quietly, after a very full life, on September

=
=

Oth
lieggr, . MOde
se?: ' racterrn teader, Cardano remains a fascinating, if self-contra-
nthOusalnd - He was incredibly prolific; his collected works fill
Pages and cover a bewildering array of topics, scientific

-
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and otherwise. Yet even as he had one foot Planteq i, th
nal world, he had another squarely planted in the sy e Moge,
nality of the Middle Ages. Looking back a century latef":;suu%s :
opher and mathematician Gottfried Wilhelm Liebni, 'Sue re
quite aptly: ““Cardano was a great man with al| hjs faults.m. .
he would have been incomparable.”  Withy, , ¢
We now return to the story of the cubic €quation, jp v
was to play a major role. Recall that, in 1535, Tap
soundly bested Antonio Fior by discovering the so| ‘
of cubics. Cardano was intrigued. Again and again he Wrote tq Tln kig
begging for the solution, and again and again he was rebuffeq gy,
taglia vowing to write a book on the matter in his owp gOOdqulthTa:
tially, Cardano reacted with anger, but eventually more soothinme',lr‘:
brought Tartaglia to Milan as Cardano’s guest. There, on March 2% :oiﬁ
Tartaglia revealed the secret of the depressed cubic—albejt Wrilvle:;’-
cipher—to Cardano, who took the following solemn oath. :

. Ich
aglia of Bres calfa%f
ution of cep, by

I swear to you by the Sacred Gospel, and on my faith as a gentleman,
only never to publish your discoveries, if you tell them 1o me, but | 4y
promise and pledge my faith as a true Christian to put them down in ciphe
so that after my death no one shall be able to understand them.

A final character then appeared in this amazing drama. This was
young Ludovico Ferrari (1522-1565), who arrived at Cardano’s doors
ing for work. Cardano had that very day perceived a good omen if ttf
incessant squawking of a magpie and thus eagerly took the boy oo
servant. It soon became clear that the young Ludovico was extraordm{ﬁ;i
ily precocious. Their relationship quickly turned from master/sef"(’)‘“@f1 |
teacher/pupil and eventually, before Ferrari was 20 years O‘Id'b :-illwi‘
league/colleague. Cardano shared Tartaglia’s secret Wi[h'hlS rogrfﬁ“
young protégé, and together the two of them made astounding Prog™.

: nera s
For instance, Cardano discovered how to solve the g€
equation

X+ b+ cx+ d=0, p
e
where the coefficients b, ¢, and @ may or may not be zer toa r€5~j
Cardano’s work rested upon reducing the general CUb‘frarw Jia. Me,ﬁ;
form and thus ran up against his pledge of secrecy i ving the q”;f]:
while, Ferrari succeeded in finding a technique for 59 ior icoveubic
(or fourth degree) polynomial equation. This was 2 ™ v celared©

ot
algebra, but it depended upon reducing the quartic

o. Unfor®”

B



' ARDANO AND THE SOLUTION OF THE CUBIC = 141

C

o's oath forbade its publication. The two men, possess-
in cardaﬁl ebraic discoveries of their time, were stymied.

mdlﬂlf: greate?t 31543 Cardano and Ferrari traveled to Bologna where
iﬂggut them, mhe ai)efs of scipione del Ferro, with whom this whole
apected ¢ 1 nearly three decades earlier. There, in del Ferro’s
ey ad bfl%e solution to the depressed cubic. To Cardano, the
8, :{as clear: he nO longer was prohibited from publishing this
implicat'lof.‘ it was from del Ferro, and not from Tartaglia, that he would
,esult,,s‘ﬂce The fact that both solutions were identical did not partic-

is cu:; the eager Cardano. ' :
in the year 1545, there appeared Cardano’s mathematical
50, Ars Magna. To him, algebra was the “Great Art,” and the
sented 2 breathtaking advance over that which had been pre-
book reprewn Its 40 chapters begin with simple algebraic matters, but
siously knowr: X1, titled “On the Cube and First Power Equal to the

.1 in Chapter
:’;g]erc" tgat the world at last saw the solution of the cubic. It is worth
;l:ﬁng tﬁat Cardano prefaced this key chapter with the following:

Scipio Ferro of Bologna well-nigh thirty years ago discovered this rule and
handed it on to Antonio Maria Fior of Venice, whose contest with Niccolo
Tanaglia of Brescia gave Niccolo occasion to discover it. He gave it to me in
response to my entreaties, though withholding the demonstration. Armed
with this assistance, I sought out its demonstration in [various] forms. This
was very difficult.

Grdano had thus given credit where credit was due, which satisfied
gt;gyaon? except Tartaglia. He, on the contrary, raged furiously about
2sacr:§ E dﬁce" and treachery. In Tartaglia’s eyes, Cardano had violated
More no??é , Pllledgeq on his faith as a “true Christian,”” and was nothing
knand we::t an a vile scoundrel. Accusations poured from Tartaglia’s
,but by ¢ answer.ed not by Cardano, who managed to stay above the
Ol temper (hee tﬁn;Clous and loyal Ferrari. The latter was known for his
ok ad lost a few fingers in an especially vicious fight) and
Chemently. Accusatory, volatile letters flew between Bre-

Caang My p
lia g an. For instance, in a 1547 broadside, Ferrari blasted Tartag-

'+ S0megpe

llv{ere WPpio :]'2‘: spends the whole time . . . on trifles. I promise you that if

tadishes (g you 0 reward you, I would load you up so much with roots and
he 1 would never eat anything else in your life.

(Wi, >Ctence
DfOblems_) is 2 pun on the mathematical roots that permeate

-
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The conflict culminated in yet another publ;i
hetween Tartaglia and Ferrari in Milan on August 10 Cl Sd "
made much of Cardano’s absence, blaming him rOf'a 48 Tirtam“ %
“10 avoid being present at the dispute However ,hc%rd;y dem"
Perrari's home turf, proved a failure for the visjioy 'Tae COnteg, t‘m,_
on the rowdiness and partisanship of the crowd, wh::‘mu big d:
rally attributed the outcome to his own intellectyg) sun“_Fe . rn:
case, Tartaglia withdrew to return home, and Ferrar; ﬁf"nmuy I,
brilliant victor. Mathematics historian Howard Eves nmprrxlz.m,d &
crowd and Ferrari's hot headed reputation, says ‘M.Ta 'Ng the bomg
been fortunate to escape alive Maglia my ) *

These, then, were the events surrounding the solution of
a story at once complex, lusty, and absurd. It now femains f, the
sider the great theorem at the heart of this strange 1a]e o US 1 gy

Great Theorem: The Solution of the Cubic

Upon examining Chapter X1 of Ars Magna, the modern reader has
surprises in store. One is that Cardano gave not a general proo{b;;
specific example of a depressed cubic, namely

X+ 6x =20
aithough in our discussion below we shall treat the more general
X4+ mx=n

The second is that his argument was purely geometrical, involving lies
cubes and their volumes. Actually, the surprise here is minimized ¥
we recall the primitive state of algebraic symbolism and the exalied %
tion of Greek geometry among Renaissance mathematicians.

The key result of Chapter X1 is stated here in Cardano’s 0%0 Wz
and his clever dissection of the cube is presented. His wordy ““k
solving cubics at first sounds quite confusing, but recasting it in ?
familiar, algebraic light shows that it does the job.

THEOREM Rule 10 solve ¥ + mx = n-

g
Cube one-third the coeflicient of x. add to it the square of 07¢ amllll.’c
stant of the equation; and take the square root of the whole: Yo:umbﬂ g
Cate [repeat] this, and to one of the two you add m"mlm;,hcw" .
have aiready squared and from the other you subtract one-ha ofmcsﬁ‘v‘"
Then, subtracting the cube root of the first from the cube 109!

the remainder which is left is the value of x.



ROOF Cardano imagined a large cube, havin

g side AC, whose length
weshall denote by 2, as shown in Figure 6.1. Side AC s divided at B into

iegment BC of length # and segment AB of length ¢ — u. Here tand u
e serving as auxiliary variables whose values we must find. As the dia-

gam suggests, the large cube can be sliced into six pieces, each of
{ whose volumes we now determine:

¥ asmall cube in the lower front corner, with volume #’ 3
" 2larger cube in the upper back corner, with volume (¢ — #)
" W0 upright slabs, one facing front along ABand the other fac-

Ing to the right along DE, each with dimensions ¢ — u b}{ u
by ¢ (the length of the side of the big cube) and thus each with
volume tu(t — u)

Yatall block

in the upper front corner, standing upon the small
Cube, with volume u*(t — u)

'a f_lat block in the lower back corner, beneath the larger cube,
With volume u(t — y)?

ponilemy the large cube's volume, £, equals the sum of these six com-
Volumeg That is,

£ — u)?
e ) + 2tu(t — u) + (1 — w) + u(t— u)
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some rearrangement of these terms yields

i @)? + [20u(t — u) + 2t — u) + u(s - uy < 4
i e,

and factoring the common (£ = u) from the bracketeq €Xpressig, . |
l()n ;
e

(t-—u)5+(t—u)[2tu+uz+u(t—u)]=,3_u3 s
0r5imply
(= w?+ 3tu(t— u) = £ —

(.J
be del’ngd .

8€0meyy
Maticiapg i

(The modern reader will notice that this equation cap
instantly by simple algebra, without recourse to the arcane
cubes and slabs. But this was not a route available to mathe
1545.)

In (*) we have arrived at an equation reminiscent of the Origigy
cubic ¥* + mx = n. That is, if we let £ — u = x, then (*) becone
2 + 3tux = £ — «, and this instantly suggests that we set

Atu=m and P—w=n

If we now can determine the quantities zand « in terms of mand nfrn
the original cubic, then x = ¢t — u will yield the solution we seek.

Ars Magna does not present a derivation of these quantities. Rathe;
Cardano simply provided the specific rule for solving the *“Cube u
Cosa Equal to the Number” that was cited above. Trying to decipherfi
purely verbal recipe is no easy feat and certainly makes one apprecit
the concise, direct approach of a modern algebraic formula. Exactly wht
was Cardano saying in this passage?

To begin, consider his two conditions on #and u, namely

3tu=m and P—w=n

. i< into ¢
From the former, we see that » = m/3, and substituting this I'°
latter yields

m
£ty

. jon
Multiply both sides by £ and rearrange terms to get the equati®

t“—nt’—ﬁ=0
27

el
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ope rs to be no impfove.ment whatever, for we have
1 third-degree equation in x for a sixth-degree equa-
aved the day, of course, was that the latter can be
, Wha‘u; ratic equation in the variable #:

m’
(#) —n(t’)—E=0

i formula, which had been available to mathematicians for
o 08 fa[:h which we mentioned in the Epilogue to the previous chap-
a

n[uﬂes' ;
eer. then Y‘elded'
4m
o i
n,1 é_"i=f+ _’iz "_'3
=23 e e Ehd sty i

Then, using only the positive square root, we have

3 /'n w | om
2 kT
P

— n, and so we conclude that

Now, we also know that %’ =

e
-Z+-27—n or

+
3 n
2

N

£

W=
U=

|3

+ +

2

~

e’;‘ lat, we have the algebraic version of Cardano’s rule for solving
tpressed cubic 2* + max = n, namely

X:t‘u

3

» o 3 w o
+ LR LS i A IR

\[ \/4+2 +\/’4—+27

Q.E.D.

NS
I3

[ 3]

|-
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gsion is called a “solution by radicals” an vy
ojution” for the depressed Curl,m" TI:ztairs:,ditn involves only p, ff.b,“«
coefficients in the equation—that is, i d—_-alﬂ_d the algebmc'g’%
::ions of addition, subtraction, multiplication, division, ang Xty
woots, used only finitely often. A lm(lie study Shows that g o
yields precisely the same restit as CriRno 8 yechal “Rule Stateg .
Note that the key insight in Cgrdano § argument was tg replag 5
solution of the cubic by the solution of a related andratic €Quaigy
#). He thus found a way to lower the problem by “one degree- andm
move from the unfamiliar turf of cubics to the well-knowy e o
quadrat

ics. This very clever process suggested a path to follow in?,llz cf

ing equations of the fourth, fifth, and higher degrees wel]. :
As a concrete example, Cardano solved his prototype cubjc "

= 20. According to his recipe, he first cubed a third of the coefficien; ¢
xto get (% X 6)° = 8; next he squared half of the constant term (thati
half of 20) to get 100, and then added the 8, yielding a sum of 108 wj
square root he took. To this he both added and subtracted half of
constant term, to get 10 + V108 and —10 + /108, and finally his soly

tion was the difference of cube roots of these two numbers:

3
x = V10 + \/108 — V/—10 + \/108

Of course, we could simply substitute m = 6 and 7 = 20 it
pertinent algebraic formula. This yields

This expre

n
pisetin: e Y
4 27 108 and so

3
x = V10 + \/108 — /=10 + /108

which is clearly a “soluti i e
- on by radicals.” It may come as a SUP™
easily checked by a hand calculator—that this sophisticated'lo"kmﬁ

expression i ' i
pression is nothing more than the number 2" in disguise, & =

&cubns P- 6. rebus aqualis o,
2.

8 ao‘
e t—— 10.
108.
:- lo:. ﬁ. 10. m‘
108, m, 10. ’
VY. - Ars
Beveew y. 108, B 10. Cardano’s Rule for the cubic, m(’:;nson

m' . . -
"J“vi"“"\m&_f_ﬂ- 0. (photograph courtesy ofJ
T == Reprint Corporation)
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eadily sees that x = 7 i« :
i pointed out. One r ¥ atx = 2 is mdeed_a solution
C 20.

o
e

i

- Topics 08 Solving Equations

4
f tat, having found one solution to the cubic, we are now in a
observe < ﬂl"l d any others. For instance, since x = 2 solves the specific
3 iOn

st ove, we know that x — 2 is one factor of &* + 65 — 20, and
it Il generate the other, second-degree factor. In

- cion Wi n this case,
loﬂgdéwls,l 20 = (x — 2)(&* + 2x + 10). The solutions to the original
o ise from solving the linear and quadratic equations

x—2=0 and X+2x+10=0

nich is easily done. (This particular quadratic has no real solutions, so
: lcubic has as its only real solution x = 2.)
[heTo the modern reader, the next two chapters of Ars Magna seem
superfluous. Cardano titled Chapter XII “On the Cube Equal to the First
powerand Number”’—that is, x° = mx + n—and Chapter X111 was “On
e Cube and Number Equal to the First Power”—that is, 2* + 7 = mx.
Today, we would regard these as having already been adequately cov-
eed by the formula above, for we would allow 7 and 7 to be negative.
Mathematicians in the sixteenth century, however, demanded that all
wefficients in the equation be positive. In other words, they regarded
¥+6x=20and x> + 20 = 6xnot just as different equations, but as
nrinsically different kinds of equations. Such squeamishness about
legative numbers is hardly surprising, given Cardano’s tendency to
think in terms of three-dimensional cubes, where sides of negative
if:fthf make no sense. Of course, avoiding negatives led to a prolifera-
nece(:s :;Ses and made Ars Magna considerably longer than we now find
sio{f:»gstrdano could solve the depressed cubic in any of its three ver-
+ SUt what about the general third-degree equation of the form
Meang of e &+ d = 0? It was Cardano’s great discovery that, by
elateq : Suitable SUF{Stitution, this equation coulfi be rep.laced by a
Beforegxaﬁ:fs’,sed Cl.lb‘l‘c that was, of course, suscepnblg to his formull{a.
¥ Quick look ﬂlf}g_thns depressing” process for the CL}btc, we m{ght take
ratie equiitioar:sl.t In a more familiar setting—as applied to solving qua-

UPpos : ;
¢ We begin with the general second-degree equation

a’ + bx+ ¢c=0 wherea#0

-



