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ored out. Oné readily sees that x = 2 is indeed a solution
0!
C[ly 20
o 6 =
¥

4
of
son solving Equations

one solution to the cubic, we are now in a
gbser¥® thf;_l;l J any others. For instance, since x = 2 solves the specific
ion 1O o, we know that x — 2 is one factor of x° + 6x — 20, and
RO the other, second-degree factor. In this case,

ef Topic
aving found

jon @
quatio® ©  will generate
longd‘V’SlonO 5 (gx —2)(* + 2x+ 10). The solutions to the original
p ise from solving the linear and quadratic equations

pic thus &
e 2 and X +2x+10=0

ich is easily done. (This particglar quadratic has no real solutions, so
e cubic has as its only real solution x = 2.)

To the modern reader, the next two chapters of Ars Magna seem
superfluous. cardano titled Chapter XII “On the Cube Equal to the First
power and Number’—that is, X’ = mx + n—and Chapter XIII was “On
4 Cube and Number Equal to the First Power’'—that is, x* + n = mx.
Today, we would regard these as having already been adequately cov-
ered by the formula above, for we would allow m and 7 t0 be negative.
Vathematicians in the sixteenth century, however, demanded that all
wefiicients in the equation be positive. In other words, they regarded
#+6x=20and »° + 20 = 6xnot just as different equations, but as
ntinsically different kinds of equations. Such squeamishness about
:ﬁk“”‘_’e numbers is hardly surprising, given Cardano’s tendency to
1e;gthm lﬁrms of three-dimensional cubes, where sides of negative
A éna e no sense. Of course, avoiding negatives led to a prolifera-
S rz;ses and made Ars Magna considerably longer than we now find
sionS:, §:rdan° could solve the depressed cubic in any of its three ver-

t what about the general third-degree equation of the form

T & + d = 0? It was Cardano’s great discovery that, by
(elate, dea suitable substitution, this equation could be replaced by 2
Before exaﬁlr-es.sed cubic that was, of course, susceptible to his formula.

ining this “depressing’”’ process for the cubic, we might take

“Quick |
ook at it : :
Uit o, 201t in 2 more familiar setting—as applied to solving qua-

pquat10nsz
Pose w, .
€ begin with the general second-degree equation

Means of

ax’ + bx 4+ ¢ = 0 where a # 0

— B
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To depress it—that is, to eliminate its first.

the new variable y by substituting x = y —

e intr()du
(

Y
b b |
a(y X .Z—a) + b()’ 2a) + c= which gives

b v v
a(}’z—;y+4—a;)+by 25 Hemo

¢

Or

4 v
= — 4 by~ t o n
ay by+4a y 5T = 0

Then, canceling the by terms, we get the depressed Quadratic

-i—i— &—E—_‘i‘a‘:‘_bz‘ﬂiac
7 T 4a 4a 44 rpe
Hence
¥ — 4ac d V¥ —4ac
yz—T an y= o
Finally
b V¥ —4ac b —b+ VP -da
X Y e = =

2a 2a 2a 2a

which is of course the quadratic formula once again. -
As this example suggests, depressing polynomials can provee:]\ergJ

useful. With this in mind, we return to Cardano’s attac;k on t?des 8

cubic. Here, the key substitution is x = y — b/3a, which yie

3 2
b b ﬁ d=0
a(y—;;) +b(y—-§;) +c(y—3a)+

Upon expanding, this becomes

s, e 81
(af—b);+§; —ﬁ>+(byz 3ay o

L”)H”O
+ (Cy“aa

‘
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e critical observation we need to make regarding this
o8 put s, namely, that the »* terms will cancel out. Thus, the
1 7 of le“es’i‘s second-degree term (as desired). If we divide
" ulting equation takes the form »* + py = ¢ we
xnhef"”g s for’}' by Cardanb(;'ss formula and from there have no difficulty
e ths ™ g2 YT Q.
fﬁlﬁzxerfe“[‘l;?f p’ioceﬁs in action, consider the cubic

oS
23 — 300 + 162x — 350 = 0

ic lo
Wb " he res

e bstitution X = ¥~ b/3a =y — (—=30/6) = y + 5, we get
Wi

2yt Y — 300y 5)2 + 162( y + 5) — 350 =.0

4hich becomes

39 +- 12y = 40-= 0 orsimply » +6y=20

gt this is, of course, the very depressed cubic we solved earlier, and so
« know that y = 2. Hence x = ¥y + 5 = 7, and this checks in the
riginal equation.
Ars Magna did not handle the general cubic quite so concisely as we
iidhete. Instead, demanding only positive coefficients, Cardano had to
wde through a string of different cases, such as “On the Cube, Square,
ud First Power Equal to the Number,” “On the Cube Equdl to the
Square, First Power, and Number,” “On the Cube and Number Equal to
the Square and First Power,”” and so on. At last, 13 chapters after solving
the depressed cubic, he brought the matter to its conclusion. The cubic
tad been solved.
Um;: hfld itz Although Cardano’s formula seemed to be an amazing tri-
deprelss:d lnteruced a major mystery. Consider, for instance, the
Usin s
8m = —15and n = 4 in the formula developed above, we get

3
x=\V2FV=i2l—- V—2+ V-121

Obvig :

sléilzl’;g "le)gative numbers were suspect in the 1500s, their square
A l“lsolvablea so.lutely preposterous, and it was easy to dismiss this as
h\jﬁlhree diff cubic. Yet it can easily be checked that the cubic above
dS..W at waerem and perfectly real solutions: x = dand x = —2 %
Leble cygq . Cardano to make of such a situation—the so-called “irre-

Case . : .
of the cubic? He took a few half-hearted stabs at investi-

— 2
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Ll «imaginary” Of complex” NUmbeg

we Nno rise as being “a Ut .
at e whole enterp 8 “as suby, . ki

g wh .
gating V' missed th i

mately dis
useless.” peration before Rafael Bombe]j; A

her g€ (ca
It woulq 113272“3;[5 eg Algebra, took the bold step of regarding f.

a5 2 Necessary vehicle th?tt v:;):llgo::?spon - malhg.
the real cubic equation .to ; fs 1 blons; thati il B
end in the familiar domain O r.ea n}x m_ers, We seem g,
g to the unfamiliar world of 1magmar_1es to complete i
pelied to MO l}? maticians of the day, this seemed incredibly gir,, er
journey. To mat nfine briefly what Bombelli did. Temporarily distegy
VZi; }Eileﬁ:{aprejudice against V/—1, we cube the expression |

ing

V—1 to get
2+ vV=1) = 8 + 12V—-1—6— V-1

2 +11V=1=2+V-121

we begin

S .\/:_1)3 w3 4+ V=121, thea it surely makes sense to s
ut i
that

2 ¥ V121 =2+ V-1

3 —
Similarly, we can see that V—2 + \F12} =.-—2 + V 1]Ttl:)e;1
reexamining the cubic 8> — 15x = 4, Bombelli arrived at the soluti

3
x \/’2+\>Eﬁ— V=2 + /121

Q+V-D—(—2+V-D=4

which is correct!

3 il
Admittedly, Bombelli’s technique raised more quesuonsh;:‘a; :
resolved. For one thing, how does one know beforehand t e un
—1 is going to be the cube root of 2 + V/— 1217 It would no[ld gived
the middle of the eighteenth century that Leonhard Euler Couhermorﬁ
sure-fire technique for finding roots of complex numbers. 1:uﬂhave e
what exactly were these imaginary numbers, and did they e
their real cousins? i

g o B

It is true that the full importance of complex numbers :,le I

become evident until the work of Euler, Gauss, and Cauchy ™ ilog¥

tWo centuries later, and we shall meet this topic again in the : (s

to Chapter 10. Still, Bombelli deserves credit for recogniz o 5 the #
ot have a role to play in algebra, and he thereby 300

In the line of the great Italian algebraists of the sixteenth cen

y
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: ould be stressed here. Contrary to po ief i
one [;;oleﬂrs entered the realm of mathemati?; nol: agglféotﬁgfzfn st
i ﬂ“;,'cs put a5 4 tool for solvlflg cubics. Indeed, mathemati -
p adraasil)’ dismiss \/:—1—27 when it appeared as a solution to x? +le ; ;
il ff)r ‘his equation clearly hgs no real solutions). But they could :
ga(s igno 5 \/fﬁf when.nt playec.i such a pivotal role in yieldinnO[
2 e % fOF the previous cubic. So it was cubics, not quadmg

jution o i am
e complex numbers their initial impetus and their now

t sh

H
50
e 5O
o sed legitimacy:
ve should make a
X, cardano intro

final observation about Ars Ma
: gna. In Chapt
duced the solution of the quartic with the wol:desT

(KXl
There is another rule, more noble than the preceding. It is Lodovico Fer-
ari's, who gave it to me on my request. Through it we have all th i
for equations of the fourth power. Ean
while the procedure is quite complicated, its two key steps should
g a bell:
1, Beginning with a general quartic ax* + bx* + e’ +dx+e=0

depress it using the substitution x = y — b/4a and then divide through
by 4, to generate a depressed quartic in y:

yrotiamythaniy = D

by vy ioducing ausiliary varibles,eplace s quric by
widabive: Hére ich then can .be solved using the techniques devel-
i ciurs again, Ferrari invoked the rule-of-thumb that the way
in equatio qfu ation of a given degree is to reduce it to the solution of

Those ;ho one degree less.
licoveries i;? ;V:SILCapable of reading through this, and all of the ot
Nished. The art of agna, must 'have been breathless by the time they
lugg Paciol's o] ‘equation solving had been taken to new heights, and
jond the feachg:flall assessment that cubics, let alone guartics, were
a0 engeq hi algebra had been shattered. It is little wonder that
‘ is book with the enthusiastic and rather touching state-

men[, IW .
© WIltten { .
in five years, may it last as many thousands.”

her

BI’ﬂ"g'le

Uest;
dlge q tion th
brajc .. tnat the Cardano-Ferrari work left unanswered was the

U+ - SOLUL]
"] Sugge:tr;gf the quintic, or fifth-degree, equation. Their efforts
that such a solution by radicals was possible and
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even gave an o

bvious hint as to how to begin. Tha 5 -
t
quintic

lhe‘
ax’+bx‘+cx’+dx2+ex+f=0

introduce the wransformation x = y — b/5a to depress it y,
y+mpt+nf+tpy+g=0

and then search for some auxiliary variables to .reduce this tq Qg
) hich is known to be solvable by radicals. Such 5, ,. i
equation, W : ly because it mimicked the 5o S0y
was especially appealing not only be: AL eaPPIOach(ha[
had proved so successful in disposing of cubic and quartic €Quatg,
but also because, as was well known, any fifth-degree (or, indeeq
odd-degree) polynomial equation must have at least one ey Solutigp
This follows because the graphs of odd-degree equations look Some:
thing like that of the specific fifth-degree equation shown ip Figure ¢ |
That is, they rise ever higher as we move in one direction along the ,
axis and fall ever lower as we move in the other direction. Consequen,
such functions must be positive somewhere and must be negative some. h
where else, and we conclude—using a result technically known g,
intermediate value theorem—that the continuous graph must some.
where cross the x-axis. In the diagram of the quintic above, c is such;
point, and hence x = cis a solution to x* — 4x> — x> + 4x—2=0}4

y=xd4xdxls ax g FIGURE 6.2
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ntees that any odd-degree polynomial equation

fla on real solution: :

siﬂ‘(,,t jeast) ever, that Jlthough the intermediate value theorem says

e ons 0r QUINELE exist, it by no means gives them explicitly
uch solutions that the algebraists who

formula for 8

were seeking.
his direction—and they were numerous—met

effOf(S int

. assed, and another, yet no one could provide. a
i fallufb' cadicals” for the quintic. This came in spite of the fact that
lutio ematicians found a transformation to reduce the general quin-

e ";?:e of the form
2+ pzr=q

d the earlier equation “depressed,” this one must have been
ndent.” Yet even this highly simplified quintic resisted the
who attacked it. The situation was frustrating, if not slightly

ung Norwegian mathematician, Niels Abel (1802~

Then, in 1824,2Y0
119), shocked the mathematical world by showing that no “solution by
adicals” was possible for fifth- or higher-degree equations. The search,

i short, had been doomed from the start. Abel’s proof, which can be
found in D. E. Smith’s Source Book in Mathematics, is quite advanced

andnot at all easy to follow, yet it certainly stands as a landmark in math-

ematics history.
It is worth noting what Abel’s result did and did not imply. He did
bviously can get lucky and

mt say that no quintic is solvable, for we o
olve such equations as x° — 32 = 0, which clearly has the solution x
r;qiel’sugger, Abel did not depy that we might solve quintics using tech-
e aea than thg algebraic ones of adding, subtracting, multiplying,
" intrgziull d extracting roots. Indeed, the general quintic can be solved
Nthons égg fentities called “elliptic functions,” but these require
debrg, 10 adg?lfierably x:nore complicated than those of elementary
sltions fo tion, Abel’s result did not preclude our approximating
Wi I quintic equations as accurately as we—or our computers—

Wh :
inmlvi?&lﬁly?l’]d do was prove that there exists n0 algebraic formula,
: ! Qaranteeq e coeficients of the original quintic equation, that wi'll
si"“llla for Seco-r?; nerator of solutions. The analogue of the quadratic
m‘:pl 0€s not _'degfe? equations and Cardano’s formula for cubics
S of fingin Xist—it is impossible to provide a universally effective
The Situatj g sf)l“tmns by radicals for quintics.
On is reminiscent of that encountere

. I

d when trying tO
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circle, for in both cases matbematiCians or

fgglzrih?; can employ. For circle fq“a""& as noted i, clrl?;:‘ed by .
compass and straightedge are simply m‘)‘t plow.erful €nougt, ople' Ly
done. Likewise, it is the res'triction‘to solutions by ra diCals'-get ‘hem
pers mathematicians in their pursuit of the qumn'c. The familithal h‘*m-
tions of algebra are incapable of taming something 54 Wil aasr :‘;‘n
uation. i
dcg\r;: :gem to be on the brink of a r1:aradoxl here, for althgy h

ans know that quintics must have solutions, Abe]
:E:::sils no algebraic way of ﬁndi.ng them. But it is that m(s)g(i’;ie ly
braic, that keeps us from plunging over the brink ing Mathe xa{ge.
chaos. Indeed, what Abel actually demgnstrated was that algeb::auw
have very definite limits, and for no obvious reason, these limitg dog,
precisely as we move from the fourth to the fifth degree. Ppey

Consequently, in a very real sense, we have come fy] Circle
pessimism of Luca Pacioli, obscured by the thrill of discovery i th, Q2
teenth century, turned out to have been prophetic. When v, !ﬁo;
beyond fourth-degree equations, the unequivocal triumph of algebyy |

lost forever.




