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M 1.1 INTRODUCTION

In the present chapter we consider the situation wherein a group of
voters is collectively trying to choose among several alternatives. When
people speak of the area of “social choice,” it is typically this context
that they have in mind.

In the case where there are only two alternatives, the standard
democratic process is to let each person vote for his or her preferred
alternative, with the social choice (the “winner”) being the alternative
receiving the most votes. The situation, however, becomes complicated
if there are more than two alternatives. In particular, if we proceed
exactly as we did above where we had two alternatives, then we are not
taking advantage of some individual comparisons among the several
alternatives that could be made.

As a simple example of the kind of complication caused by more
than two alternatives, consider the 1980 U.S. Senate race in New York
among Alphonse D’Amato (a conservative), Elizabeth Holtzman (a lib-
eral), and Jacob Javits (also a liberal). While we don’t have complete
information on the “preference orders” of the voters in New York at
that time, we can make some reasonable estimates based on exit polls
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(showing, for example, that Javits's supporters favored Holtzman over
D'Amato by a two-to-one margin). At any rate, for the sake of this
example, we'll assume that each of the six possible (strict) preference

orderings was held by the percentage of voters indicated below.

2% 23% 15% 29% 1% 4%
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In addition to reflecting the intuitions confirmed by the exit polls,
the above figures yield results coinciding with the known vote tallies of
45% for D'Amato, 44% for Holtzman, and 11% for Javits. The figures
in the last two columns reflect the results of the actual exit poll that
took place as described above. The middle two columns reflect a sim-
ilar assumption as to the preference of Javits over D’Amato among
Holtzman supporters, although the two-to-one ratio we use was not,
toourknowledge, verified by exit polls. The first two columns are based
(with no real justification) on the assumption that D’Amato supporters
woul.d be roughly evenly split between the two liberal candidates.
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1.1. Introduction

a social choice procedure is, intuitively, a fixed “recipe” for choosing
an alternative based on the preference orderings of the individuals.

The mathematical notion underlying the concepts to be treated here
is a simple one, but one of enormous importance in mathematics. This
notion is that of a function. The definition runs as follows:

DEFINITION. Suppose that X and Y are (not necessarily distinct) sets.
Then a function from X to Y is a procedure that accepts each member
of the set X as input and produces, for each such input, a single cor-
responding output that is a member of the set Y. The set X is called
the domain of the function, and we speak of the procedure as being a

function on the set X.

A “social choice procedure” is a special kind of function where a
typical input is a profile and an output is a single alternative, or a
single set of alternatives if we allow ties, or “NW” indicating that there

is no winner. 7
Because of the importance of this notion, we record it here formally

as a definition.

DEFINITION. A social choice procedure is a function for which a typical
input is a sequence of lists (without ties) of some set A (the set of
alternatives) and the corresponding output is either an element of A, a

subset of A, or “NW.”

ures, we refer to the output as

When discussing social choice proced i :
the “social choice

the “social choice” or “winner” if there is no tie, or
set” or “those tied for winner” if there is a tie. .

In Section 1.2 we begin with the case of two alter‘nat.}vcs and a
very elegant result (May's theorem) characteri?,mg mfzjorxty r:{le: In
Section 1.3 we will present six examples of social choice procedures.

The examples are chosen to represent not only viable alternatives for
are system and the Borda count),

real- ications (e.g., the H :
but z‘lzolrel:s?l::)l;l;:czel::)er(e Eosition (dictatorship) Ithat \\'111. rvt?ls.ul'"fa;]ce
later in two important theoretical contexts (Arrows m}possxbl ity lt}fe
orem and the Gibbard-Satterthwaite theorem). Section ‘l .ft, -OIT] :
other hand, introduces five apparently desirable pmpe;-“éq(ic;nﬁe;
ing independence of irrelevant alternatives and the Condorce
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a
ferred to below) that a given social chnch pro-
ave. Sections 1.5 and 1.6 then C”"“‘k‘l‘_lhe
obvious question: Which of the si;'t social .c!micc p"?:(;(::,"f:c:::::z
which of the five desirable properties? P(‘ysmvc :Csu“; presente
in Section 1.5 while negative results are in Section o .
In Section 1.7 we foreshadow one of the COT"CI"SI()IT( s ‘0 social
choice theory—Arrow's Theorem—that will be r?resenIC(‘l m\(,h‘apter 7
with the following impossibility theorem: There is no sc)u.al choice pro-
cedure that satisfies independence of irrelevant :{l(cmahvc‘s. the Con-
doreet winner critetion, and always produces a winner. In Section 1.8

we briefly discuss approval voting.

criterion, which are r¢
cedure may or may not h
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¥ 1.2 MAY'S THEOREM FOR TWO ALTERNATIVES

11 this section, we consider social choice proceditres itt which there are
utily fwo alternatives, The most cotnmon exaitiple of this is an election
it which there are two candidates, 1f one altertiative is represented by
e letter “a” and the other by the letter “b," then there are only two
possible preference lists (or ballots): the one that has o over b arid the
otie that hias b over n. We can thitik of the forirer preference list 4 4
vole for alternative a and the Tatter as o vote for altertiative b,

Muat people would agree that theie i really only orie social choice
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two-alternative case that also satisfy these same desirable properties?
Both of these questions arc answered by the following elegant theorem
of Kenneth May. :

THEOREM. (May, 1952) If the number of people is odd and each
election produces a unique winner, then majority rule is the omly social
choice procedure for two alternatives that satisfies the following three
conditions:

1. It treats all the voters the same: If any two voters exchange ballots,
the otitcome of the election is unaffected.

2. It treats both alternatives the same: If every voter reverses his or
her vote (changing a vote for a 1o a vote for b and vice-versa), thew
the election outcome is reversed as well.

3. It is monotone: If some voter were to change his or her ballet
front a vole for the loser to u vote for the winner, ther the election
otiteonte would be wchanged.

We do not give a proof of May's theorem here, bait a more geti-
etal version s proved in Chapter 7. Condition (1) in Mav's theorerr
is called anonymity and condition (2) is called neutrality. In rriany
ways, May's theoretn tells is thai for 1 alternatives, the seareh for a
petfect votitig system is really gtiite suasy. Alas, things change diatoat
ically when we tiove to the case of three or tore altetnatives, #4 we
will tierw ses,

W 1.2 SIX EXAMPLES OF S0CIAL CHOICE PROCEDURES
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Social Choice Procedure 1. Condorcet’s Method

The social choice procedure known as Conc'lorcet’s method tries to take
advantage of the success enjoyed by majority rule W.hen there are only
two alte;nati»es. It does this by seeking an alternative Fhat would, o
the basis of the individual preference lists, defeat (or tie) every other
alternative if the election had been between these two alternatives,
Thus, with Condorcet’s method, an alternative x is among the winners
if for everv other alternative y, at least half the voters rank x over ¥y
on their ballots. Although this method is typically attributed to the
Marquis de Condorcet (1743-1794), it dates back at least to Ramon
Llull in the thirteenth century.

To illustrate this idea of one-on-one competitions, suppose the
preference lists are:

| o0
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b
a
¢
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Then b defeats a in a one-on-one contest by a score of 3 to 2, since
the first three voters rank b over a, while the last two voters rank a

over b. The reader can also check that j defeats ¢ by a score of 3 t0 2,
and that ¢ defeats ¢ by ascore of 3 1o 2.

Social Choice Procedure 2: Plurality Voting
Plurality voting i the social chojce
alizes the idea of simple Mmajority v,
.nal%ves to the complicated case of t
1s simply 1o declare as the socj
largest numberofﬁrst-plac

Procedure that most directly gener-
ote from the easy case of two alter-
hr?e Ormore alternatives. The idea

First Popularized by J
.cholce procedure knéw
information Tegarding

Can-Charjeg

N as umu];? lde Borda ip 1781, the social
ndividyg) Tda count takes advantage of the
nensity of preference provided by
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Jooking at how high up in the preferenice list of an individual 2 given
alternative occurs. More precisely, one .
award “points” to each of n alternatives as follows: the alternative a1
the bottom of the list gets zero points, the altern

uses each preference list to

ative at the next to
the bottom spot gets one point, the next one up gets two points and
so on up to the top alternative on the list which gets n — | points. For
each alternative, we simply add the points awarded it from each of the
individual preference lists. The alternative(s) with the highest “Borda
score” is declared to be the social choice.

Social Choice Procedure 4: The Hare System

The social choice procedure known as the Hare procedure was intro-
duced by Thomas Hare in 1861, and is also known by names such as the
“single transferable vote system” or “instant runoff voting.” In 1862,
John Stuart Mill spoke of it as being “among the greatest improve-
ments yet made in the theory and practice of government.” Today, it
is used to elect public officials in Australia, Malta, the Republic of
Ireland, and Northern Ireland.

The Hare system is based on the idea of arriving at a social choice
by successive deletions of less desirable alternatives. More precisely,
the procedure is as follows. We begin by deleting the alternative or
alternatives occurring on top of the fewest lists. At this stage we have
lists that are at least one alternative shorter than that with which we
started. Now, we simply repeat this process of deleting the least desir-
able alternative or alternatives (as measured by the number of lists
on top of which it, or they, appear). The alternative(s) deleted last is
declared the winner.

Notice that if, at any stage, some alternative occurs at the top of
more than half the lists, then that alternative will turn out to be the
unique winner. However, an alternative occurring at the top of exactly
half the lists—even if it is the only one doing so—is not necessarily the
unique winner (although it must be among the winners).

Social Choice Procedure 5: Sequential Pairwise Voting

with a Fixed Agenda

One typically thinks of an agenda as the collection of things to be dis-
cussed or decided upon. In the context of social choice theory, however,
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onda refers to the order in which a fixed set ‘f""‘hings will e
decided upon. Thus, when we speak of a Il;fcd agenda”

have a specified orderinga,b,¢, .. .'ol the alterng,
hould not be confused with any of the individug|
) Sequential pairwise voling can be thought of
competitions among the alternatives as iy

the term ag
discussed or
we are assuming we
tives, (This ordering s
preference orderings.
as a series of one-on-one
Condorcet’s method,

The procedure known as seque
a runs as follows, We have a fixed ordering of the alternatives
ab,c,... called the agenda, The first alternative in the ordering is pit-
ted against the second ina one-on-one contest, The winning alternative
(or both, if there s a tie) is then pitted against the third alternative in
the list in a one-on-one contest, An allernative is deleted at the end
of any round in which it loses a one-on-one contest, The process Is
continued along the agenda until the “survivors” have finally met the
Jast alternative In the agenda, Those remaining at the end are declared
o be the social cholces,

ntial pairwise voting with a fixed

agend

Soclal Choice Procedure 6; A Dictatorship

Of Ihr she examples of soclal cholce procedures we'll have at hand,
this is the easiest (o describe, Choose one of (he "meople” pand call
this person the dictaton The procedure now runs as follows, Given the
sequence ol individual preference lists, we simply ignore i;“ the listé

except thit of the dict T

alor p, The alt p ,
e . cnitive on top ol p' list Is now
dechared 16 e the social holce P of p's lIst

We shall illustiate (e
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1.3, Six Examples of Soclal Cholce Procedures 9

For each of our six procedures, we shall calculate what the resulting
social choice is,

Condorcet’s method: 1f we look at a one-on-one contest between
alternatives a and b, we see thata occurs over b on the first three ballots
and b occurs over a on the last four ballots, Thus, alternative b would
defeat alternative a by a vote of 4 to 3 if they were pitted against each
other. Similarly, alternative b would defeat alternative ¢ (4 o 3, again)
and alternative ¢ (6 1o 1), Thus, we have so far determined that neither
o nor ¢ nor e is the winner with Condoreet’s method, But alternative d
would defeat alternative b by a score of 4 10 3, and so b is not a winner
cither, This leaves only alternative d as a possibility for a winner, But
alternative ¢ handily defeats alternative d (5 10 2) and so d is also a
non-winner, Hence, there is no winner with Condoreet’s method,

Plurality: Since a occurs al the top of the most sts (three), 1tis the
social cholce when the plarality method s sed,

Borda count: One way to find the Borda winner is 1o actually make a
vertical colummn of values 4, 3, 2, 1, 010 the left of the preference riank
ings, (Another way s (o count (he number of symbols occurring below
the alternative whose Borda score Is being caleulated,) For example,
alternntive a recelves a total of 14 points in the Borda systeny: foun
cich for belng in fivst place on the first thiee lists, none for being
i st place on the fourth list and the seventh list, and one ench for
being i next to last place on the Gt and shith Hsts, (O, scanming the
columns from left to right, we see that the number of symbols below
AU A4 A A4 041 10 Similar caleulations, apaln left for the
render, show that b gets 17 points, ¢ and d eneh gets 16 points, and ¢
petn only 7 polnts, Thus, ihe socinl cholee bs b when the Borda count
5 e,

e mystenn: We dectide which alternative oceurs on the top of the
Fewent Tiats and delete i fromall the lsts S o by the only aliernative
Dot ocenn g ad e top al any Tiat, it dedeted Trom each Tst leaving
e falfowing:
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« tied, each appearing on top of a single list, and go

Here, b and e ar L
ach list leaving the following:

we now delete both of these from e
aaacccc
c c c a a aa

Now, a occurs on top of only three of the seven lists, and thus is

eliminated. Hence, ¢ is the social choice when the Hare system is used,
Sequential pairwise voting with a fixed agenda a b ¢ d e: We begin by
pairing a against b in a one-on-one contest. Since b occurs higher up
than a on a total of four of the seven lists (the last four), a is eliminated
(having lost this one-on-one contest to b by a score of 4 to 3). Now, b
goes against ¢ and again emerges victorious by a score of 4 to 3, and
so ¢ is eliminated. Alternative b now takes on d, but winds up losing
this one-on-one by a score of 4 to 3. Thus, 4 is eliminated and the final
round pits d against e, which the reader can check is an easy win ford.
TlAms, (l-cmcrges as the social choice under sequential pair;vise voting
with this particular fixed agenda.
A dictatorship: g ic|
dictator, bu[?::)f;::i;:gﬂig::ny (l;ne oo gy g t'he
is simply the alternative on top ofutr}:]: ler Sef’en’ Th'en ['he S.OCiﬂ? chos
s el oo a el CT ast list, which is e in thls C.aSC-
en_t S ol P S 101ce.Pmccdures yield 5:1x dlffe'r-
raises the question of \\'hether‘SOmee particular preference lists. This
procedures might be strictly bet:

ter than others. B
. But better in w| .
next section. what ways? This we investigate in the

1.4. Five Desirable Properties of Social Choice Procedures 11

has been influenced, at least in part, by a desire to provide familiar-
ity with some of the important ideas underlying major theorems in
Chapter 7. In particular, a version of the property called “independence
of irrelevant altematives” will play a key role in Arrow’s impossibility

theorem.
The five properties are the following.

The Always-A-Winner Condition (AAW)

A social choice procedure is said to satisfy the always-a-winner condi-
tion (AAW) if every sequence of individual preference lists produces at

least one winner.

The Condorcet Winner Criterion

An alternative x is said to be a Condorcet winner if it is the unique
winner when Condorcet’s method is used. Thus, x is a Condorcet win-
at for every other alternative y, on¢ finds x occurring
an half the lists. This defines what we mean
“Condorcet winner

ner provided th
above y on strictly more th
by a Condorcet winner. For the definition of the
criterion,” we have the following:

A social choice procedure is said to satisfy the Condorcet winner
criterion (CWC) provided that—if there is
it alone is the social choice.

A sequence of preference lists o
ner, as we saw in the example in the lasts
preference lists that do have a Condorcet winner, i
be unique; the Condorcet winner criterion is saying th
the unique Condorcet winner should be the unique winner produced

by the social choice procedure. We should also point out that there
ot winner criterion that have been

are weaker versions of the Condorc :
considered in the literature; see Fishburn (1973) or Nurmi (1987).

a Condorcet winner—then

ften will not have a Condorcet win-
ection. For those sequences of
t always turns out to
at, in this case,

The Pareto Condition

A social choice procedure i
sometimes, for brevity, just Pareto

pair x and v of alternatives:
If evervone prefers x 0V,

s said to satisfy the Pareto condition (or
) if the following holds for every

then v is not a social choice.



1. SOCIAL ¢
- HoICE

If we were not allowing ties, we could have said “the” social choice
instead of “a” social choice in the statement of the Pareto condition
(named after economist Vilfredo Pareto, who lived during the early
part of the twentieth century). With ties, however, what we are say-
ing is that if everyone finds x strictly preferable to y (recall that we
are not allowing ties in the individual preference lists), then alterna-
tive y should not be the social choice and should not even be among

the social choices if there is a tie.

Monotonicity

A social choice procedure is said to be monotone (or monotonic)
provided that the following holds for every alternative x:

If x is the social choice (or tied for such) and someone changes his
or her preference list by moving x up one spot (that is, exchanging x’s
position with that of the alternative immediately above x on his or her
list), then x should still be the social choice (or tied for such).

The intuition behind the monotonicity condition is that if x is the
social choice and someone changes his or her list in a way that is favor-
able to x (but not favorable to any other alternative) then x should
remain the social choice. Monotonicity has also been called “non-
Pen'crsil)" in the literature. Indeed, a social choice procedure that
is not monotone might well be regarded as perverse.

Independence of irrelevant Alternatives

A socml,&‘_’;ﬂ“ procedure is said to satisfy the condition of indepen-

of 'm, ant alternatives (I1A) provided that the following holds

Ty pair of alternatives x and y:

;[:;:,al chfonce setincludes x but not y, and one or more voters
preferences, but no one changes his or her mind about

her x is preferred
toyory tox, then th . ) d
; e ’ e social shoul
bchange 5o as to include . choice set

€ point here is that if 5 preference |

/ lseons of x and y to each other are n
an be described as arisip

ist is changed but the relative
' . ot changed, then the new list
! natives other thap x and tg C(;,m “l?war d and downward shifts of alter-

- ~hanging preferences toward these other

' alternatiy .

es should, intyitiy 3

preference e tuitively, be irrelevant to th i f soci
ofxtoyory tox e question ol sO

1
q
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Of course, if we start with x a winner and y a nonwinner, and people
move some other alternative z around, then we cannot hope to con-
clude that x is still a winner. After all, everyone may have moved z to
the top of their list. Independence of irrelevant alternatives is simply
saying that y should remain a nonwinner.

To feel comfortable with these properties, one needs to see some
specific social choice procedures that provide illustrations of the prop-
erties themselves and—perhaps more importantly—examples of their
failure. This occurs in the next two sections.

B 1.5 POSITIVE RESULTS—PROOFS

From the previous two sections we have at hand six social choice
procedures (Condorcet’s method, purality, Borda, Hare, sequential
pairwise, and dictatorship) and five properties (always a winner, the
Condorcet winner criterion, Pareto, monotonicity, and independence
of irrelevant alternatives) pertaining to such procedures. Which pro-
cedures satisfy which properties? The answer is given in the follow-
ing table (where a “yes” indicates the property holds for the given

procedure).

AAW CWC  Pareto Mono 1A
Condorcet Yes Yes Yes Yes
Plurality Yes Yes Yes
Borda Yes Yes Yes
Hare Yes Yes
Seq Pairs Yes Yes Yes
Dictator Yes Yes Yes Yes

is to prove the nineteen positive result’s
in the chart. The first five positive results—that all but Condorcefs
method always produce at least one winner'—al.re (follected togeEthje}: 1r;
Proposition 1 and treated in a somewhat dlsr.msswe mann.er. ac ho
the other results will be stated as a proposition and pl‘OVfld}e]d 3/;; ni
complete proof that emphasizes the struc?tur.al asp;cts Z atr:dea]ing
tions of the properties. That is, we clearly mcfhcate }: at wi vk
with an arbitrary sequence of preference lists, that we

Our goal in this section



