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n the U.N. Security Council must contain g five
(a total weight of 35) and at least four nonperma,
al weight of 4). Hence, any winning coalitig,
£ 39. A losing coalition, on the other hang
r, and thus has weight at most ¢

A winning coalition i
permanent members
nent members (an addition
meets or exceeds the quota o
either omits a permanent membe!

(7x4)+(1x10)=28+10=38,

or contains at most three nonpermanent members, and thus has weight
at most
(7x5)+(1><3)=35+3=38.

Hence, any losing coalition falls short of the quota of 39. This completes

the proof.

t if one alters any weighted voting system by giving
er, the resulting yes-no voting sys-
Exercises 5 and 6 at the

It turns out tha
one or more of the voters veto pow
tem is again a weighted voting system. See
end of the chapter:

A natural response to what we have done
every yes-no voting system is weighted. Perhaps, for example, even for
the U.S. federal system, we can do something as clever as what we
just did for the U.N. Security C ouncil to find weights and a quota that
work. Alas, this turns out not to be the case, as we will see in the next

so far is to conjecture that

section.

B 2.4 SWAP ROBUSTNESS AND THE
NONWEIGHTEDNESS OF THE FEDERAL SYSTEM

The U.S. federal system, it turns out, is not a weighted voting sys
tem. But how does one prove that a system is not weighted? Surely
we cannot simply say that we tried our very hardest t0 find weight®
and a quota and nothing that we tried aPP'eared to work. Asserting
that a system is not weighted is saying no one will ever find weight®
and a quota that describe the system. h.\loreover we cannot check
possible choices of weights and quota since thex:e are infinitely man
such choices.

2.4. Swap Robustness and the Nonweightedness of the Fege, IS
ral System
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iy .one answer. To prove that the U.S, federal
weighted, it suffices to find a property that we can pr system is not
ove

1. holds for every weighted voting system, and

2. does not hold for the U.S. federal system
One such property is given in the following definition:

DEFINITION. Ayes-no voting system is said to be swap robust if a

for-one exchange of players (a “swap”) between two winning coaliti(::::eA
X and Y leaves at least one of the two coalitions winning. One of th:
players in the swap must belong to X but not Y, and the other must

belong to Y but not X.

Thus, to prove that a system is swap robust, we must start with two
arbitrary winning coalitions X and Y, and an arbitrary player x that is
in X but not in Y, and an arbitrary playery that is in ¥ but not in X. We
then let X’ and Y” be the result of exchanging x and y. (Thus, x is now
in ¥’ but not X/, while y is in X" but not Y”.) We must then show that
either X or ¥’ is winning. To illustrate this, consider the following.

PROPOSITION. Every weighted voting system is swap robust.

PROOF. Assume we have a weighted voting system and two arbitrary
winning coalitions X and Y with X containing at least one voter x not in
Y and Y containing at least one votery not in X. Suppose now that voter
x from the winning coalition X is exchanged for voter y from the winning
coalition Y to yield X’ and Y’ as above. If x and y have the same weight
then both X’ and Y’ are winning, since X' weighs the same as X and
Y’ weighs the same as Y. If, on the other hand, x is heavier than y, it

then follows that Y’ weighs strictly more than y, since Y’ was obtained
e weight of Y’ certainly

by deleting y and adding the heavier X. Thus th :
exceeds the quota, and thus Y’ i winning as desired. (In this latter
case, X' may or may not be winning.) If ¥ S heavier than x, then thfe
argument is analogous to what we just ave- This completes the proot:
ing system—-the

ow t ata pal [lcu]al ye: —1Nn0 vot
7 to 51 v ] 5
To d() hlS we must p’OdllCe

U.
S. federal system—is 1ot swap robust.
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X and Y and a trade between them that rendey
X and Y should both be “almost losing” (in the
sense that we hope to make both actually losing by a one-for-one trade)
Thus, we will try to find appropriate X and Y among the mininmi
winning coalitions. (Results related to this are in Exercise 17.)

The key to showing that the U.S. federal system is not swap robust
is the following observation: if one begins with two minimal winning
coalitions in the U.S. federal system and swaps a senator for a House
member, then both coalitions become losing (as desired) since one
of the resulting coalitions has too few senators (although a surplus of
House members) and the other has too few House members (although
a surplus of senators). If we simply formalize this slightly, we have:

two winning coalitions
both losing. Intuitively,

PROPOSITION. The U.S. federal system is not swap robust.

PROOF. Let X consist of the president, the 51 shortest senators, and
the 218 shortest members of the House. Let Y consist of the president,
the 51 tallest senators, and the 218 tallest members of the House.
Now let x be the shortest senator and let y be the tallest member of
the House. Notice that both X and y are winning coalitions, and that x
is in X but not in Y and y is in Y but not in X. Let X’ and Y’ be the result
of swapping x for y. Then X' is a losing coalition because it has only 50
senators, and Y’ is a losing coalition because it has only 217 members
of the House. Thus, the U.S. federal system is not swap robust.
Notice that a “swap” cannot involve a voter who is a member of
both of the coalitions with which we begin. We avoided this in the
above proof by making x the shortest senator whereas Y’ involved the
51 tallest senators. This is why x was definitely in X but not inY.

An immediate consequence of the above theorem is the following
corollary:

COROLLARY. The U.S. federal system is not a weighted voling
system.

PROOF. If the U.S. federal system were weighted, then it would b€
swap robust by the first proposition in this section. But this would thef
contradict the proposition we just proved.

25. Trade Robustness and the Nonweightedness of the Canad|
adian System

§ 2.5 TRADE ROBUSTNESS AND THE
NONWEIGHTEDNESS OF THE
CANADIAN SYSTEM

Gection 2.4 provided us with a very nice way to show th
federal system is not weighted—we simply sh'0\\'ed lh‘1vtl‘ al -
robust. But will this technique always \v01:k? That is if‘a 4w -
system is truly not weighted, can we always prove ’it i };e;_ n? YOtmg
(assuming we are clever enough) by showing that it is not swa“e]iht?(;‘
Here is another way to ask this same question. The first prg r:: .U.Sl'
in Section 2.4 asserts that if a yes-no voting system is weighledp 13::104“
is swap robust. The converse of this “if-then” statement i the fo{low’iqnlgt
fzssemon (which we are .not claiming is true): if a yes-no voting system
is swap robust, then it is weighted. (Equivalently, if a yes-no voting
system is not weighted, then it is not swap robust.) Ju‘st because a;
if-then statement is true, we cannot conclude that its converse is also
true. (For example, the statement: “if a number is larger than 10, then
it is larger than 8,” is true, but the number 9 shows that its converse is
false.) Thus, the question in the previous paragraph can be recast as
simply asking if the converse of the first proposition in Section 2.4 is
true. If the converse were true, this would say that weightedness and
swap robustness are fully equivalent in the sense that a yes-no voting
system would satisfy one of the properties if and only if it satisfied the
other property.
It turns out, however, that the converse of the first proposition in
Section 2.4 is false. That is, there are yes-no voting systems that are
not weighted, but nevertheless are swap robust. Hence, we cannot
prove that such a system fails to be weighted by using swap robust-
ness as we did for the U.S. federal system. This raises the question of
exactly how one shows that such a system is not weighted. Answering
this question is the primary goal of this section, but we begin with the
following.
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