CHAPTER

H 5.1 INTRODUCTION

The central difficulty in solving most disputes is finding a solution ll.lal
all parties involved consider “fair.” Of course, fairness is a subjectitc
issue, and is very difficult to define or quantify. Surprisingly, howeiet

amathematical perspective can help identify what it means forasoli

tion to be fair and offer a variety methods or procedures for achieir:
a solution in many types of disputes.

We will focus primarily on fairness in two distinct realms: apl?ﬂfi
tionment and fair division. According to the United States Cons:‘“
tion, the number of congressional representatives per stat¢ shotl
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roblem of Apportionment
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Just as the search for a perfect social choice procedure proved
med in Chapter 1, so too does the search for a perfect method
doo , ortionment. We illustrate this in Section 5.4 with 5 weakened-
bflisti"_strikjng version of th.e Balir‘lski-Young impossibility theorem,
Another common type of C‘llspute involves fairly allocating a number
ofgoods among several }')artle-& such as that whi.ch occurs in the distri-
pution of marital assets in a'dlyorce or the division of an estate among
{o or more heirs. In fact, similar methods can be used for disputes in
whichitis nota physical set of goods that is under contention but a set
of issues that need to be resolved. For example, two political parties
deciding on rules for a debate between candidates might argue over
the issues of the length of the debate, the source of the questions, and
the time allowed for initial answers and rebuttals. We will look at what
it means for solutions to these types of disputes to be fair, and how to
achieve such a solution.

In Section 5.5, we discuss fairness in the context of dispute resolu-
tion, and some criteria by which we can judge the “fairness” of a partic-
ular method of dispute resolution or fair division. In Section 5.6, we
look at a specific method, the adjusted winner procedure, for disputes
involving two parties. In Section 5.7 we apply the adjusted winner
procedure to the Israeli - Palestinian conflict in the Middle East.

The U.S. House of Representatives has, at any given time, a fixed size—
Presently 435. Article 1, Section 2 of the Constitution specifies that
these seatg should be apportioned among the states “according to their
"espective numbers,” This suggests that a state with 10% of the U.S.
zozula.“"“ should have 10% of the 435 seats in the House. Alas, 10%
315435, and a fraction of a seat is quite impossible.

Uap?lumber S“C? as 43.5, arrived at as we did in tl.le previous para-
seats t’hls a state’s “ideal allotment” or “quota.” It is the numbe.r of
A State’:t ) Stat_e would ideally have, if fractional seats were possible.

duota is thus calculated by multiplying the size of the House

(435
Domzlb}f the fraction that corresponds to the percentage of the U.S.
4lon residing in that state.



154 5. FAIRNggg

The “apportionment problem” refers to the search for methog
replace these quotas by whole numbers in a way that is as fajr andeqm‘“
table as possible. Unfortunately, the naive solution of just 1'0undin.
each fraction to the nearest whole number fails because the “‘sulf
ing total will typically be either less than the fixed House size (leaving
seats unfilled) or greater than the fixed House size (thus apportiopiy,
non-existent seats). s

Alexander Hamilton, Secretary of the Treasury, proposed the fiy
solution to the apportionment problem following the initial U§
census in 1792. His proposal is easy to describe:

Hamilton’s Method of Apportionment: Begin by rounding all quot
down to the nearest whole number and allocate seats accordingh
leaving (typically) a number of seats not yet allocated. Now hand thes
additional seats out, one at a time, according to the size of the fra-
tional part of the quota (so that a state with a quota of 13.92 woult
get an extra seat before a state with a quota of 31.67, because 92is
greater than .67).

Hamilton’s method was not used in 1792 because President Geo®
Washington vetoed the bill (the first bill in U.S. history to suffer this
fate). It was, however, resurrected in 1850 and used for the next 4
vears. In Section 5.3, we say more of the history of apportionme
in the US,, and we'll see that the choice of method to be used ““:
often based more on political considerations than objective issu®
fairess.

For the moment, let’s ask what it might mean to sa¥ that ”\;
cific method, such as Hamilton's, for apportioning seats among the
states is “fair and equitable.” Without some attempt t0 fOI‘m“m_el
via desirable properties, we're back at the constitutional directi®”
do it “according to their respective numbers.”

’\S_"l starting point, Hamilton’s method possesses two Prl
certainly seem, at first blush, to be obvious desiderata:

pelﬁf?' tho

The Monotonicity Property
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;\a;:;i[h;d of apportionment satisfies the monoronicity pmp; eﬂ .

11002 monotone or monotonic) if no state receives feva s

@ state with less (or the same) population. That s, if St 7 aatef
seatsthan state B, then state A should have less population s
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5.3. Divisor Methods of Apportionment

The Quota Property

A method of apportionment satisfies the guota property (or, more
briefly, satisfies quota) if the number of seats allotted to a state never
differs from its (ideal) quota by more than one. Thus, if a state’s quota
is 13.92, it should receive either 13 seats or 14 seats.

Adding to the challenge of achieving fairness in apportioning seats
is the fact that a census is conducted every 10 years, and so seats will
typically have to be reallocated. Achieving fairness in view of such tran-
sitions turns out to be surprisingly difficult, and Hamilton’s method
comes up a bit short. In particular, it fails to satisfy the following (as
we will later demonstrate).

The Population Property

Amethod of apportionment satisfies the population property (or avoids
the population paradox) if, following a census, no state should gain
population and lose a seat while some other state loses population
and gains a seat.

It turns out that there is no shortage of apportionment methods
that satisfy the population property. These are the so-called divisor
methods.

In 1792, Hamilton's proposal was immediately met by a counter-
Proposal put forth by his chief political rival Thomas Jefferson.
Jefferson’s method (described below) seems to involve an enormous
m"“l?t‘l‘ of trial-and-error calculations, but this is not really true in
Practice. It is an example of a so-called “divisor method.”

::::Ls?"'s Method of Apportionment: Begin by choosing a }\'ho‘lle
"CO“E:.: (1.(Callec¥ a “divisor”) as the desired size (populatwin) (jhe::ni
Eress}o: Sll Or.lal _dlslrm-" Now allocate eaCh. state one seat ff); e‘au : ;ber
and ¢ aldistrict. (That is, divide the state’s population by thent
then round down to the nearest whole number to get that state’s

.\’nz'cf ton.) If l.he number of seats allocated is exactly the Ho)use sxzhe:
¢ done. 1f it’s less than the House size, €0 back and repeat the
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veiiahol rd. If it's more than the j ;

process with a larger choice fo ouse sjy, i

ice ford.
a smaller choice ]
! won out, and it wa
Politically, Jefferson’s method s used g appee

tion the House of Representatives f(?r more than 50 years, Howeyey b
always rounding down, it systematically favors large states— peq.
tion from an ideal allotment of 4?.9 to 49 lea\{es a state only abgy %
short of ideal, whereas a reduction from an ideal allotment of 49,
4 Jeaves a state about 20% short.

This favoritism of large states came to the forefront following the
census of 1830 when John Quincy Adams, the Representative fro;
Massachusetts, saw how badly the smaller New England states ye;,
faring in comparison with large states like New York. He propog
replacing Jefferson’s method with one now known as Adams’s metho

Adams’s Method of Apportionment: Proceed exactly as in Jefferso:
method except, where Jefferson rounds down to the nearest whok:
number, now round up to the nearest whole number.

Adams'’s method favors small states for exactly the same reason t!ufl
Jefferson’s method favors large states: a rounding up from 4.1 to3
a gain of roughly 20% while a rounding up from 49.1 to 50 is ag
of roughly only 2%. It was left to Daniel Webster to propose a mo
moderate alternative,

Webster's Method of Apportionment: Proceed exactly as i“AdamS,sand;
Jefferson’s methods except, where Jefferson rounds down and Adamé
rounds up, now simply round to the nearest whole number
would normally do. 184
Historically, Webster's method went into effect following the
census, but is was replaced a decade later by Hamiltonsnm " (lorl5
rediscovered by Samuel F. Vinton and often referred to s vmlfﬂ[
method.” One might expect this to be the end of the story—2t e

v il
ivisor way
divisor methods—bug there turns out to be one more natt eel
round numbers as beel ™

ida
one that h
the geom

»and the corresponding divisor method b

as been in effect since the census of 1930. It uses the
etric mean,

is ¥
DEFINITION, 7y

Squ
quare root of the Product AB. “Rounding according to the

; nd8°
geometric mean of two numbers A &

LA glimpse of Impossibility dad
5.4.

mean” means, for example, that a number x between 4 and 5 gets
rounded down to 4 if x is less than the geometric mean of 4and 5 (je
/20), and rounded up otherwise. This rounds x down if x - V0 and
up if x > +/20.

The Hill-Huntington Method of Apportionment: Proceed exactly as in
Adams’s and Jefferson’s and Webster's methods except, where Jefferson
rounds down and Adams rounds up and Webster rounds in the normal
fashion, now round according to the geometric mean.

The rationale behind the Hill-Huntington method can briefly be
described as follows. In 1911, Joseph A. Hill, then the chief statis-
tician in the census bureau, suggested a philosophical principle—as
opposed to a method—on which apportionment should be based. He
wanted to look at per capita representation, that is, a state’s population
divided by the number of seats. Thus, one state might have a per capita
representation of 1,740,000 while another might have a per capita
representation of 1,340,000 million. The difference, arrived at by sub-
tracting, is 400,000. But what one really wants to look at here is the
relative difference, in this case 400,000/1,340,000 = .2985 or 29.85%.
It may happen that transferring a seat from the state with the smaller
Per capita representation to the one with the larger would reduce this
relative difference, thus improving the equity. Hill's proposal was to
find an apportionment method with the property that no two states
could reduce the relative difference in per capita representation by
Such a transfer of  seat.

Shiﬁf\;ard V. Huntington, a professor of matht?malics at Har(\i'arq-
in facct [h‘_ﬂ the method now called the Hill-Huntington method does,
» Satisfy Hill's principle.
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A GLIMPSE OF IMPOSSIBILITY

Thepe :
YL]:]anl? aTemarkable result due to Michel L. Bulinsk'i al?le. l:ultloln
tion 1y, A the only apportionment methods ll}al satisfy 1dlc ]ial)zm;g
U, are :el‘ty are the divisor methods. But di\'ls?l"lne[’llj{) :.wc ha";\
Sityqy CVer guaranteed to satisfy the quota condition. Thu b
ls-an impossibility theorem—analogous to what we sa

¢ Conte.
Xt of social choice.
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While the Balinski-Young result is quite complicated, there
er result that is nevertheless striking. It shows that a searchf

we
perfect apportionment method is as doomed as the search fora perd
perfect

social choice procedure

THEOREM. There is no apportionment method that satisfie
monotonicity property, the quota condition, and the populs

property.

PROOF. Assume that we have an apportionment method that s:
the monotonicity property and the quota condition. We'll show
must fail to satisfy the population property.

Consider the situation in which there are 7 seats, 4 states |
and D), and a total population of 4200 distributed as follow
has 3003, B has 400, C has 399, and D has 398. We can (¢
late the quota for each in the usual way (for example, A's Quoi&
[3003/4200] x 7 = 5.005). The results are as follows:

State Population Quota
A 3003 5.005
B 400 0.667
c 399 0.665
D 398 0.663

notorc”

Itis easy to see that because of the quota condition and mo Exercs
e e

the only possible apportionments are 5,1,1,0 and 6,1,0,0 (s¢ o520
i S N
1).In particular, state A gets at least 5 seats and state DEE!S™°"

"
Now suppose that at the next census there are 1100 addtO

5’('
Ple, with state A gaining 1, state p losing 1, and states B and D
as show below:

State Population Quota
A 3004 (+1) 3.968
B 1503 (+1103) 1.985
c 396 (~3) 0.523
D 397 (1) 0.524

y -

|

5.5. Dispute Resolution and Fair Division 159
Again, it is easy to see that because of the quota condition and monot-
onicity, the only possible apportionments are 4,2,0,1 and 4,1,1,1 and
3,2,1,1 (see Exercise 2). In particular, state A gets at most 4 seats and
state D gets at least one,
Thus, state A has gained population and lost a seat, while state D
has lost population and gained a seat. This completes the proof.

In Chapter 1, we studied social choice procedures, and evaluated each

according to a set of reasonably fair criteria that we intuitively believe
a social choice procedure should satisfy. In the last few sections, we
looked at apportionment methods and again evaluated each accord-
ing to a set of reasonably fair criteria that we intuitively believe an
apportionment method should satisfy. Next we look at the issue of fair-
ness in a different realm—dispute resolution. We will consider several
methods of dispute resolution, and again evaluate each according to
different notions of fairness.

Even most children are familiar with the method of “divide-and-
choose.” If two people want to fairly divide a candy bar in two pieces,
one person will physically divide the candy, and the second person will
choose which picce to take. Since the divider doesn't know which piece
he will receive, it is clearly in his best interest to make the two pieces
f'qudl size, thereby guaranteeing that he will receive half. The chooser
IT also happy, of course, since she will definitely get the bigger piece.
This method of division works equally well if the item to be divided
'S heterogene

ous and the people’s valuations of each piece differ. For
“Xample

we may be dividing a birthday cake into two pieces—one of
ants as big a piece as possible, while the other would rather
asm
i :
= £ i i i 1 3 7
¢ !|“K|U might split the cake into two pieces of unequal siz
“Valueg o ¢ N : “ i
5g 1s each picee equally, he will still be happy in the end since he
laranteed 4 i
TI; Anteed a picee worth half the total value. »
N i . SRR it
o) (h\'d""“’d'k'hnosc method described above is well known an
Sl s 5! In the
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" aller picce if it contains more of the delicious frosting roses.
¢, but if

ed. In fact, it has been used for thousands of year
) ¢ . jears ago,

K text Theogeny written by Hesiod over 2700 years ag!

e rometheus
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