THE MOTIVIC ZETA FUNCTIONS OF A MATROID
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ABSTRACT. We introduce motivic zeta functions for matroids. These zeta
functions are defined as sums over the lattice points of Bergman fans, and
in the realizable case, they coincide with the motivic Igusa zeta functions of
hyperplane arrangements. We show that these motivic zeta functions satisfy
a functional equation arising from matroid Poincaré duality in the sense of
Adiprasito-Huh—Katz. In the process, we obtain a formula for the Hilbert
series of the cohomology ring of a matroid, in the sense of Feichtner—Yuzvinsky.
We then show that our motivic zeta functions specialize to the topological zeta
functions for matroids introduced by van der Veer, and we compute the first
two coefficients in the Taylor expansion of these topological zeta functions,
providing affirmative answers to two questions posed by van der Veer.

1. INTRODUCTION

In this paper, we introduce a notion of motivic zeta functions for matroids. In
the realizable case, these coincide with the motivic Igusa zeta functions of hyper-
plane arrangements. Matroids, which generalize the combinatorics of hyperplane ar-
rangements, have become a topic of renewed interest in algebraic geometry. Recent
developments have shown that many seemingly geometric properties of hyperplane
arrangements are in fact not geometric at all, arising instead from the combinatorics
of matroids [FY04, AHK18, EPW16, Eur20, LRS17]. This is striking because the
vast majority of matroids cannot be realized by hyperplane arrangements [Nell8].

The motivic zeta functions for matroids satisfy many properties predicted by the
geometry of motivic Igusa zeta functions. For example, we prove that these zeta
functions are always rational. Even in the absence of a realizing hyperplane arrange-
ment, we show that these zeta functions satisfy a functional equation coming from
Poincaré duality for matroids in the sense of Adiprasito-Huh—Katz [AHK18]. This
functional equation implies an identity in terms of the characteristic polynomials of
matroids. We also prove that the motivic zeta function specializes to the topological
zeta function of a matroid recently introduced by van der Veer [vdV18]. We show
that motivic zeta functions satisfy a recurrence relation in terms of matroid minors,
and we use this to compute the first two coefficients in the Taylor expansion of the
topological zeta function, giving affirmative answers to two questions posed by van
der Veer [vdV18]. In section 9, we demonstrate how our definition of motivic zeta
functions allows us to prove that certain expressions in terms of building sets do
not actually depend on the chosen building set.

Throughout the paper, we always assume that a matroid has a finite and non-
empty ground set. Everything in this paper applies to matroids regardless of realiz-
ability, but we often give geometric interpretations in the realizable case. For ease
of exposition, when we say that a matroid is realizable, we always mean realizable
over C. Similarly, if we say that A is a hyperplane arrangement, we will always
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mean that A is a central essential hyperplane arrangement in some affine space over
C.

1.1. The motivic zeta functions of a matroid. We now introduce motivic zeta
functions of matroids. We refer the reader to Definition 2.5 and Definition 3.4 for
the relevant notation.

Definition 1.1. Let M be a matroid with ground set E. We define the motivic
zeta function of M to be

Zu@T) = 3 xar(ghg M-V Thel € Z]g#1 ],

wezgo
we define the local motivic zeta function of M to be
Zou(@T) = > xar,(@)g Ml € 7[g=1]T],

weZ’,
and we define the reduced motivic zeta function of M to be

7M(Q,T) — Z YM,U (q)q—(rkM—l)—ﬁM(v)Thﬁ c Z[qil][[T]].
veZF /71

Remark 1.2. See Proposition 3.3 below for a simple relationship between Z/ (g, T),
Z9,(q,T), and Z (g, T). Specifically, both Zys(g,T) and Z%,(q, T) can be obtained
from Z (g, T) by multiplying by explicit rational functions. Because of this, The-
orem 1.6 and Theorem 1.12 below could be stated in terms of any of the three zeta
functions, and our choices are based purely on elegance.

Remark 1.3. The motivic zeta function of a matroid is a strictly more refined
invariant than its characteristic polynomial. To see this, we give an example in
section 8 of a pair of matroids with the same characteristic polynomial but dis-
tinct motivic zeta functions. We also give an example of a pair of non-isomorphic
matroids with the same motivic zeta function.

Remark 1.4. If a matroid contains a loop, then its characteristic polynomial is
equal to zero. Thus the sum defining Zps(g,T) (vesp. Z%(q,T), Zn(q,T)) may be
taken over those w € ZE (vesp. w € ZZ, v € Z¥ /Z1) where M,, (vesp. M,,, M,)
is loopless. B

We briefly explain why it is appropriate to call these “motivic” zeta functions.
Let Ko(Varc) denote the Grothendieck ring of complex varieties, let L € Ky(Vare)
denote the class [A{] of the affine line, and let .#¢ denote the ring obtained from
Ky(Varc) by inverting L. Kontsevich introduced “motivic integration” [Kon95], a
theory of integration modeled on integration over p-adic manifolds. In this motivic
integration, the p-adic manifold is replaced by the so-called arc scheme of a complex
variety, and the integrals take values in the localized Grothendieck ring .#Z¢. Denef
and Loeser then used motivic integration to define the motivic Igusa zeta function
of a hypersurface (sometimes also called the naive motivic zeta function of Denef
and Loeser) [DL98]. This zeta function is a power series with coefficients in .Z¢.
The motivic Igusa zeta function specializes to both Igusa’s local zeta function and
the topological zeta function of Denef and Loeser. We refer to [DL01] and [CLNS18]
for more information on the motivic Igusa zeta function and its applications.

If a matroid M is realized by a hyperplane arrangement A, then Zy;(L,T) and
Z9,(L,T) are equal to the motivic Igusa zeta function and the motivic Igusa zeta



THE MOTIVIC ZETA FUNCTIONS OF A MATROID 3

function at 0, respectively, of the arrangement A [KU18, Theorem 1.7]. Similarly
if A is the projective arrangement obtained by projectivizing A, then Z(L,T)
is equal to the motivic Igusa zeta function of A (see Remark 3.2). Thus we call
Zu(q,T), Z9(q,T), and Z (g, T) motivic zeta functions because, in the realizable
case, they coincide with the motivic Igusa zeta functions of hyperplane arrange-
ments.

1.2. Rationality of the motivic zeta functions. Whenever a new zeta function
is introduced, it is reasonable to return to the Weil conjectures. Specifically, one
should ask whether the zeta function is rational, find a functional equation induced
by Poincaré duality, and conduct a careful analysis of the function’s zeros and poles.
In this paper, we study the first two of these questions. In section 3, we prove the
following.

Theorem 1.5. Let M be a matroid. The motivic zeta functions Zy(q,T), Z%(q,T),
and Z i (q,T) are all rational functions in q¢ and T'.

Indeed, Theorem 3.1 gives an explicit formula for each of these three functions as
rational functions. In the realizable case, this formula agrees with that obtained by
applying [DLO01, Corollary 3.3.2] to the log resolution given by a wonderful model
of the corresponding hyperplane arrangement. In particular, this corresponds to
considering the wonderful model with respect to the “maximal building set”. There
are other wonderful models corresponding to other “building sets” [DCP95], and
these other building sets have been defined for non-realizable matroids by Feichtner
and Kozlov [FKO04]. In section 9, we generalize our results to other building sets.
In particular, Theorem 9.5 gives alternate formulas for Zy;(q,T), Z%(q, T), and
Z (g, T) as rational functions in terms of arbitrary building sets. These formulas
provide a straightforward proof that certain expressions do not depend on the
choice of building set. This illustrates another philosophical parallel with motivic
integration, which is often used to prove that certain constructions in terms of log
resolutions do not actually depend on the choice of log resolution.

1.3. A functional equation. The motivic Igusa zeta function of a projective hy-
persurface satisfies a certain functional equation [CLNS18, Chapter 7 Proposition
3.3.10]. The functional equation is in terms of a duality morphism .#c — ¢
introduced by Bittner [Bit04, Corollary 3.4], which can be thought of as a motivic
incarnation of Poincaré duality [CLNS18, Chapter 2 Remark 5.1.9]. Our second
main result shows that the reduced motivic zeta function of a matroid M satisfies
this functional equation even when M is not realizable.

Theorem 1.6. Let M be a matroid. The reduced motivic zeta function of M
satisfies the functional equation

Zu(qT7Y) = ¢ M1 Zy(q, T).

The proof of Theorem 1.6 relies on the fact that certain polynomials Pl\f/[(q),
defined in section 4, are palindromic. In section 4, we give a proof of this fact
which uses Poincaré duality for matroid cohomology, in the sense of Adiprasito—
Huh-Katz [AHK18]. The relationship between the duality morphism .#c — ¢
and Poincaré duality for smooth projective varieties suggests that our functional
equation is “morally” a consequence of matroid Poincaré duality. More precisely,
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this palindromicity is a consequence of the following relationship between the poly-
nomials Pi}(q) and the matroid cohomology algebras defined by Feichtner and
Yuzvinsky [FY04]. (See Definition 4.1 and Definition 4.3 for the definitions of
Pr(q) and the matroid cohomology algebra D*®(M), respectively.)

Theorem 1.7. Let M be a loopless matroid. Then

Pu(q®) = rkg D'(M)q'.
i>0

We refer the reader to Theorem 9.12 for a generalization of Theorem 1.7 for
arbitrary building sets.

The functional equation specializes to an identity involving the characteristic
polynomials of matroids. We first set some notation. If M is a matroid on ground
set F/, then the lattice of flats £ of M has maximal element F and minimal element
cl(@). Let N(M) denote the order complex of L (). In other words, N'(M) is
the collection of flags of non-minimal flats of M. We also set

N*(M)={FeNM)|FE e F},

and
NO(M) = N(M)\N*(M).

In [DL98, DL02] Denef and Loeser use a specialization of a closely related motivic
zeta function to define the motivic nearby fiber and the motivic Milnor fiber (see
also [DLO1, Definition 3.5.3] or [CLNS18, Chapter 7 Definition 4.2.3]). Applying
this specialization to our functional equation, we obtain the following identity. (See
Definition 2.8 for the definition of Mx.)

Corollary 1.8. Let M be a matroid. Then

Z (_1)#FYM;(Q) = ¢ M1y (g ).
FeN°(M)

We refer the reader to Corollary 9.6 for a generalization of Corollary 1.8 for
arbitrary building sets.

1.4. The topological zeta function. Our final main results concern the topo-
logical zeta function of a matroid, which we define as a certain specialization of
our motivic zeta function Zy;(q,T'). The topological zeta function was introduced
by Denef and Loeser [D1.92] as a “l-adic” version of Igusa’s local zeta function. It
was only later that Kontsevich introduced motivic integration, and the topological
zeta function of a hypersurface was shown to be a specialization of its motivic Igusa
zeta function [DLO1, Section 3.4]. The situation for zeta functions of matroids par-
allels this story—in [vdV 18], van der Veer introduces a topological zeta function
for finite, ranked, atomic lattices. In the case where the lattice is the lattice of
flats of a simple matroid, we show that van der Veer’s topological zeta function is
a specialization of our motivic zeta function. We refer the reader to section 7 for
the definition of the specialization fitop.

Definition 1.9. Let M be a matroid. We define the topological zeta function
of M to be

Z;\/C[)p(s) = /u'top(ZM(qa T)) € Q(S)
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Theorem 1.10. Let M be a simple matroid with lattice of flats L, and let Z,(s)
be the topological zeta function of L, in the sense of [vdV18, Definition 1]. Then

231" (s) = Ze(s).

Our next result gives the first two coefficients in the Taylor expansion of Zﬁp(s)
at s = 0. This gives affirmative answers to Questions 1 and 2 in [vdV18].

Theorem 1.11. Let M be a loopless matroid with ground set E. Then
Zy(0) = 1,

(G

The key ingredient in the proof of Theorem 1.11 is a recurrence relation for the
local motivic zeta function in terms of matroid minors.

and

— —#E.

s=0

Theorem 1.12. Let M be a matroid with ground set E and lattice of flats L. The
local motivic zeta function of M satisfies the recurrence relation

(q _ 1)q7rkMT#E - B .
1 — q rk MT#E XJW(q) + Z X]M/F(Q)q k(M‘F)Z?\/ﬂF(Qa T) ’

Fel

*MZ3(q,T) =

where L = £\ {cl(0), E}.
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2. PRELIMINARIES

In this section we recall basic notions, set notation, and establish some elemen-
tary lemmas. Throughout this section, let M be a matroid with ground set E and
lattice of flats £. Let rky: 28 — Z>q denote the rank function of M, and let
war: £Lx L — Z be the Mobius function of the lattice £. When the context is clear,
we write rk and p instead of rkj; and ppy, respectively. We write rk M for rky, E.

We shall use standard notation for lattices when working with £. In particular,
if F' and G are flats of M, then their meet F' A G is the flat F'N G and their join
F VG is the flat cl(FUG). The maximal element of £ is E and the minimal element
is cl(f). We will primarily be concerned with matroids that have no loops, in which
case cl(f)) = 0. We let £ = £~ {E,cl(0)} denote the interior of the lattice £. If M
is a loopless matroid, then L is the poset consisting of the non-empty proper flats
of M.

For flats Fy C Fy, we recall that the interval [Fy, Fy] = {F € L | F} C F C Fy}
is isomorphic, via F — F'\ Fy, to the lattice of flats of the matroid minor M|Fy/F;.
By slight abuse of notation, we shall identify flats in the interval [Fy, F»] with flats
in M|Fy/F1. It S C L and F € £, we will let S<r denote the set {G € S |G C F}.
We will use the notation S>r, S<r, and Ss r analogously.
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2.1. The characteristic polynomial of a matroid. Recall that the character-
istic polynomial of M is defined as

XM(Q) — Z (_1)#SquM—rkS e Z[q]
SCE

If M contains a loop, then xas(¢) = 0. Otherwise, x s (¢) may be written in terms
of the Mobius function p as

X (q) =Y p(cl(0), F)gM—r,
Fel

The reduced characteristic polynomial of M is defined as

- xm(q)

Xor(g) = == = D> (=1)# [tk M — 1k S], € Z[g,

q SCE

where for any n € Zx>g, the polynomial [n], € Z[q] is the g-analogue of the integer
n,

=1+q+---+q""€Zl

[n]g = -1

Remark 2.1. If A is a hyperplane arrangement realizing M, then xas(L) €
Ky(Varc) is equal to the class of the complement of A, and X,,;(L) € Ko(Varc) is
equal to the class of the complement of the projectivization of A. For any n € Z>1,
the class of P! in Ky(Varc) is equal to [n]y.

The following identity is a consequence of Mobius inversion.

Proposition 2.2. For any two flats Fy C Fs in M,
[rk(F2) — rk(F1)]q = Z Xt 7(Q)-
I CFCF>
Proof. For any flats Fy C Fy in M, the matroid minor M|Fy/F; is loopless, so
XM|Fy/Fy (@) = Z [(Fy, F) gk =k,
F1CFCF;

By Mobius inversion, we have

g F2) —rk(F) Z XM|Fy/F ()
FCFCE,

To obtain the desired formula, subtract x a7 r,/r, (¢) = 1 from both sides and divide
by (¢ —1). O
The following special cases of Proposition 2.2 will be of use to us.

Corollary 2.3. Suppose that M is loopless. Then
X (@) = [rk(M)]q — Z Xty r(q)-
Fel

Proof. This is Proposition 2.2 with F; = () and F; = E. O

Corollary 2.4. Suppose that M is loopless. Then
> (#F)Xaryr(a) = (HE)[rk(M) — 1],

Fel
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Proof. Let e € E. Because M is loopless, the flat cl(e) has rank 1. Since a flat F
contains e if and only if cl(e) C F', we may apply Proposition 2.2 with F; = cl(e),
F5 = FE to see that

Z Xar/r(a) = [rk(M) — 1.

e€eFCE
Therefore,
Z(#F)YM/F(Q) = Z ZYM/F(Q)
Fel Fel ecF
= Z Z Xar/r(Q)
e€E eeFCE

= (#E)[rk(M) — 1],

2.2. The Bergman fan of a matroid.

Definition 2.5. For w = (w,)ccr € RY, set
Wea(0) = D
Let M, denote the matroid with ground set E whose bases are the bases B of M
satisfying > .. 5 we = wtas(w). Note that M, = My a1 for any A € R.
For v € RF /R1, set
whar(v) = wtpr(w) — (tk M) min(w),
where w € R¥ is any lift of v. Let M, be the matroid M, for any lift w € R¥ of v.
Definition 2.6. The Bergman fan of M is
Trop(M) = {w € R¥ | M,, is loopless} C R¥.

We now describe two unimodular fans determined by a matroid M on E. For any
S C E, let vg € RE denote the indicator vector of S. That is, the eth coordinate
of vg is 1 when e € S and 0 when e € E'\ S. For any S C 2%, let 05 C R¥ denote

the cone
gs = Z Rzovs.
SeS
Let (M) be the fan
(M) =A{or|F e N(M)},
and let X°(M) be
S°(M) = {05 | F € N°(M)}.
It is straightforward to check that 3(M) and X°(M) are unimodular fans. The
supports of X(M) and X°(M) were given by Ardila and Klivans.

Theorem 2.7. [AK06, Theorem 1] Suppose that M is loopless. Then the support
of X(M) is
U or = Trop(M) N Rgo,
FeN (M)
and the support of X°(M) is
U or =Trop(a)noRE,,
FeN° (M)
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where 8R£0 = Rgo \ RZ, is the boundary of the positive orthant of RE.

For each flag F € N (M), the function w — M, is constant on relint(ox) [AK06,
Proposition 1]. We therefore may make the following definition.

Definition 2.8. For F € N(M), we let Mr denote the matroid M, for any
w € relint(or).

We will frequently use the fact that, for any F € N°(M), we have an equality
of matroids Mz = Mry¢gy. Throughout, we let zx(F) = max(F.r). We state a
useful result about matroids of the form M.

Proposition 2.9. [AK06, Propositions 1 and 2] Suppose that M is loopless, and
let F € N*(M). Then
My = @ M|F/z5(F).

FeF

In particular, Proposition 2.9 implies that for each F € N (M), the characteristic
polynomial y s, (q) is divisible by (¢—1)#7. Similarly, for each F € N°(M) we have
Mz = Mry¢py, and so the reduced characteristic polynomial X, (q) is divisible
by (¢ — 1)#7.

Remark 2.10. In the statement of Proposition 2.9, the ground set of the matroid
minor M|F/zx(F) is identified in the standard way with F \ zx(F) C E. This
identification will be implicit in several of the statements below.

We will also need the following refinement of Proposition 2.9.

Proposition 2.11. Suppose that M is loopless, and let F,G € N*(M) such that
F CG. Then
Mg = @) (M|F/z5(F))g,,
FeF
where Ggp € N*(M|F/zx(F)) is the flag

(GeG|25(F)CGCFY).
Proof. By Proposition 2.9,

Mg = P M|G/z(C) = P P (MIF/25(F))|G/z6,(G)

Geg FeF Gegr

= @ M|F/zx(F))g,-

FeF
g

2.3. Wonderful models and the Bergman fan. In the realizable case, the
Bergman fan and X(M) are closely related to the wonderful models of De Concini
and Procesi introduced in [DCP95]. Because we do not assume that our matroids
are realizable, the ideas in this subsection will not be used directly in any of our
proofs. Nevertheless, Proposition 2.12 suggests the definitions of Poincaré and
Euler-Poincaré polynomials given in Definition 4.1 and Definition 7.3 below.

Suppose that M is loopless. The fan (M) defines a toric variety with dense
torus GE, and the image $(M) of (M) in RE/Rug defines a toric variety with
dense torus GZ /G,,,, where the quotient is taken with respect to G,, acting on GZ
by the diagonal action.
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Now let A be a hyperplane arrangement realizing M, and let Y (resp. Y) be
the wonderful model of the complement of A (resp. the complement of the pro-
jectivization of A), with respect to the maximal building set. Embedding by any
choice of linear forms defining the hyperplanes in A, we obtain a linear subspace
V C AP such that the hyperplanes in A are the intersections of V with the co-
ordinate hyperplanes of A”. The complement of A is equal to V N GE, where
GE is naturally identified with the complement of the coordinate hyperplanes of
A¥ and the complement of the projectivization of A is equal to P(V) N (GZ /G,,),
Where (GE /G,,) is naturally identified with the complement of the coordinate hy-
perplanes in P(A¥). Then Y is isomorphic to the closure of V N GE in the toric
variety defined by ¥(M), and Y is isomorphic to the closure of P(V)N(GE /G,,) in
the toric variety defined by ¥ (M). Under these identifications, Y has the structure
of a tropical compactification, in the sense of Tevelev [Tev07]. Similarly, if we set

S(M) = (M) U {or +Rso(—vg) | F € N°(M)},

then Y is an open subset of a tropical compactification in the toric variety defined
by E(M ). In fact, Y is the intersection of this tropical compactification with the
torus-invariant open subvariety defined by 3(M).

Under these identifications, if 7 € N (M) (resp. F € N°(M)) and Yr (resp.
Y ) is the corresponding locally closed stratum in Y (resp. Y), then Yz (resp.
Y ) is equal to the intersection of Y (resp. Y) with the torus orbit corresponding
to oF € (M) (resp. the image of o7 in R¥ /Rug). Thus by [HK12, Lemma 3.6],
we have

Yr x G ~in, (VNGE),  YrxGH ~in,(P(V)N(GE/G,)),

where in,, (resp. in,) denotes taking initial degeneration with respect to any w €
relint(o7) (resp. any v in the relative interior of the image of o7 in RF/Rug).
Therefore because [Yr] € Ko(Varc) (resp. [Y ] € Ko(Varc)) is a polynomial in
L, we obtain the following proposition computing the classes in Ky(Varc) of the
locally closed strata of Y and Y.

Proposition 2.12. If F € N (M) (resp. F € N°(M)), then
-(a) - X (9)
v = (e ) (o = (2555 )

qL) .
3. RATIONALITY OF THE MOTIVIC ZETA FUNCTIONS

Let Z[g™|[T]as be the Z[gT!]-subalgebra of Z[¢T!][T] generated by elements
of the form

T ~ kbka
(Q*l)l_iquu*(Q*l)kzq ™,

for a € Z~o and b € Z. In this section, we will prove the following thoerem, which
gives expressions for our motivic zeta functions as elements of Z[g= ][] vat-

Theorem 3.1. Let M be a matroid. Then

—rk FT#F

_ —rkM XMr
Zu(q,T)=q"" > #J—' [[« TpT#p
FeN(M FeF
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0  _ykM XM (Q) q el
Z5(¢,T) =q > oD H(qfl)l_q_rW’
FeN*(M) FeF
and
—_ —rk Frp#F
— kM) X (9) T
ZM(Q7T)_q Z (q_1>#]-‘ H(q 1)1_q—rkFT#F'
FeN° (M) FeF

Remark 3.2. Let A be a hyperplane arrangement realizing M. Let Y be the
wonderful model of A with respect to the maximal building set, and let Y be the
wonderful model of the projectivization of A with respect to the maximal building
set. The maps Y — A™M and Y — P(A™M) are log resolutions of A and the
projectivization of A, respectively, and applying [DLO1, Corollary 3.3.2] to these
resolutions gives Theorem 3.1 in the case where M is realizable.

Before we prove Theorem 3.1, we give formulas relating Zy(q, T), Z%,(q,T), and
Proposition 3.3. Let M be a matroid with ground set E. Then
_ 1 —=
Zu(q,T)=q '(g—1) (1_q—rkMT#E> Zm(q,T),

and
0 1 q- rkMT#E o
20 == (1 e ) Zula 7).

Proof. This follows immediately from Theorem 3.1. Alternatively, this proposition
can be shown directly using Remark 3.5 below. O

3.1. Proof of Theorem 3.1. Let M be a matroid with ground set E. If M has a
loop, then both sides of the equations in Theorem 3.1 are equal to zero. Therefore,
for the remainder of section 3, we will assume that M is loopless.

We begin with some notation that will be required for the proof of rationality.

Definition 3.4. For w = (w,)cer € RY, set
|w| = Z We.
ecE

For v € R /R1 with lift w € R, set

o] = ] — (#E) min(w).

Remark 3.5. The projection map 7: R — RF/Ruvg induces a bijection from
ZP N ORE to Z” /Zvg. For each w € ZF NORE ) we have

jw| = [m(w)] € Zzo,

and

wtar(w) = wiar(m(w)) € Z>o.

Lemma 3.6. Let o be a cone in R¥ such that w v+ M, is constant on relint(c).
Then there exists a linear function RF — R that coincides with wty on o.
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Proof. Let M, be the matroid such that M, = M,, for all w € relint(c). Let B C F
be a basis of M,, and consider the linear function

wtp i RE = R (we)eer — Zwe.
ecB
Then wtp (w) = wtp(w) for all w € relint(c). The lemma then follows from the
fact that wty; and wtp are continuous. O

‘We now prove Theorem 3.1.

Proof of Theorem 3.1. Because X(M) is a unimodular fan supported on Trop(M)N
Rgo, we have

ZUCKEL D DR O
wGTrop(M)ﬁZgo

_ q7 rk M Z Z Xar,, (q)q7 th(w)T|w\

FEeN (M) werelint(ox)NZE
:qfrkM Z XM}-((]) Z qfth(ZFk?F’UF)TIZFk)F’UFl'

FEN (M) (kr)ezZ,
Because
Trop(M) NRE; = U relint(or),
FeN*(M)

we also get that
Zu@T) =g "N 37 xple) Yo g v EekrenqiTekeer]
FeN*(M) (kr)ezZ,

Similarly, by Remark 3.5 and the fact that X°(M) is a unimodular fan supported
on Trop(M) N 8R§0, we have

Zn(q, T) = q ®MD > Xar, (@)g~ W lv]
wETrop(M)ﬂZEﬁaRgo

= q*(rkal) Z Yo, (9) Z qfth(ZF krve)p|l X krvr|
FeN°(M) (kr)reZZ,

Note that the rightmost sum in all three expressions is the same. It therefore suffices
to compute this sum. By Lemma 3.6, for each F € N (M), we have

Z q—th(zF kpve)pl S p keve| — H Z (q‘WtM(vF)Tlvﬂ)k
(kr)€ZT, FEF k=1

q— Wtju(UF)T|UF|

= H 1— g vt e Tlorl”

FeF
Theorem 3.1 then follows from the fact that for each flat F' of M,
wtp(vp) = 5 pmax, M#(B NF)=r1kF,
and
|’UF| = #F
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4. THE POINCARE POLYNOMIAL OF A MATROID

In this section, we define certain polynomials that can be associated to a ma-
troid, and prove that these polynomials are palindromic. This will be an essential
ingredient in the proof of Theorem 1.6. In the course of the proof, we establish
Theorem 1.7, which gives a formula for the Hilbert series of the cohomology ring
of a matroid, in the sense of Feichtner and Yuzvinsky [FY04].

We begin by defining Poincaré polynomials of matroids.

Definition 4.1. Let M be a matroid. For each F € N°(M), we define the
Poincaré polynomial of M at F to be

Pu@= Y (qxngl()i)gez[q}-
GeEN®° (M)
GoF

We define the Poincaré polynomial of M to be

- _ X, ()
Pulq) = FE%M) e Z[q).

In other words, Pj(q) is the Poincaré polynomial of M at the empty flag.

Note that ?ﬁ (¢) is a polynomial of degree tk M — 1 — #F.

Remark 4.2. Let A be a hyperplane arrangement realizing M. Let Y be the
wonderful model, with respect to the maximal building set, of the projectivization
of A. Let Dz be the closure of the stratum in Y corresponding to F. By Propo-

sition 2.12, FE(IL) = [Dx] € Ko(Varc). Because D is smooth and projective,
?}@ (¢?) is the Poincaré polynomial of Dz. In particular, Pys(¢?) is the Poincaré
polynomial of Y.

We now recall the definition of the cohomology ring of a matroid (with respect
to the maximal building set).

Definition 4.3. [FY04] Let M be a matroid with lattice of flats £. The coho-
mology ring of M is the graded algebra

D*(M) = @ D (M) = Zl{arbrec. /T,

where each xr has degree 2, and 7 is the ideal generated by

k
Hme fOI'{Fl,‘..,Fk}¢N(M),
i=1

and

Z rr, for A an atom of L.
FDA

Remark 4.4. Let A be a hyperplane arrangement realizing M. Let Y be the
wonderful model, with respect to the maximal building set, of the projectivization
of A. Then D*(M) is isomorphic to the cohomology ring of Y [FY04, Section 4
Corollary 2].
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Remark 4.5. In the case where M is realizable, Theorem 1.7 follows from Re-
mark 4.2 and Remark 4.4.

Before proving Theorem 1.7, we prove that it implies palindromicity of the
Poincaré polynomials.

Theorem 4.6. Let M be a loopless matroid. For each F € N°(M),

Puylg™") = ¢~ M #OP (g) € Z[eH)
Proof. When F = (), this follows from Theorem 1.7 and [AHK18, Theorem 6.19],
which states that D®(M) satisfies a version of Poincaré duality.
Now let F € N°(M), and let E be the ground set of M. For each F' € FU{F},
let MFp denote the matroid minor M|F/zry¢gy(F). For each F' € F U {E} and
G € N°(M) such that G 2O F, let Gr € N°(Mp) denote the flag

(G €| zrum)(F) S G € F).
Then by Proposition 2.11,

X g (q) _ XMguimy (9) . H X(Mr)gpuiry ()
(q—1)#9  (q— 1)#IUE} (¢ — 1)#GrFD

FeFU{E}

H X(Mrp)g, (q)

(4= )7

FEFU{E}

Therefore,
5 PeTAC) X(ar)e (@)
Pyle)= C _gl)#g = 1II > (q— 1)#9

GeEN® (M) FeFU{E} GEN°(MF)
GOF

(1) = H P (q).

FeFU{E}

Thus by the case where the flag is empty,

7.7: _ J— _ _(r _ B
Pylg™) = H Pu(gh) = H g~ Me=DPy(g)

FeFU{E} FeFu{E}
C(rk M—1— —F
=q (ke M -1 #f)PM(Q),

where we note that Proposition 2.9 implies that

tk M =1kMrypy = Y, kMg
FeFU{E}

O

Remark 4.7. When M is realizable, Theorem 4.6 is a consequence of Remark 4.2.

In general, Theorem 4.6 states that Pf/[(q) behaves under ¢ — ¢! like the class of
a smooth projective variety of dimension rk M — 1 — #F.
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4.1. Proof of Theorem 1.7. For a matroid M, let Hj;(q) be the polynomial

Hu(q Z H [tk F' —rk 27 (F)]q — 1) € Z[g].

FeN (M) FeF

Feichtner and Yuzvinsky show [FY04, Section 3 Corollary 1] that for any matroid
M, a Z-basis of D*(M) is given by the set of monomials of the form

H zmp
FeF

where F € N(M) and each mp € {1,...,tk F—rk zx(F)—1}. Using this monomial
basis, it is straightforward to see that

> kg DY(M)q' = Hy(q?).
i>0

To prove Theorem 1.7, it suffices to show that Pys(q) = Hps(q) when M is loopless.
To do this, we will show in the next two lemmas that both of these polynomials
satisfy the same recursive formula.

Lemma 4.8. Let M be a matroid with lattice of flats L. Then

Pu(q) )+ > Xuyr(a) Parir(a)-
Fel

Proof. If M has a loop, then both sides are equal to 0, so we may assume that M is
loopless. Let E be the ground set of M. If F € N°(M), then the maximal element
of F is a proper flat. Thus, Proposition 2.9 implies

My = ED M|F/zrumy (F)
FeFU{E}

= (M/max F) & € M|F/zx(F)
FeF
= (M/max F) ®© (M| max F) £\ {max F}

where by slight abuse of notation, we let F \ {maxF} denote the corresponding
element of A°(M|max F). Thus for any F € N°(M),

Tt (@) = (X1 e 7@ ) (Ra11 e 7)1 ey (@) (€= 1)-

Now, in the sum defining Pys(q), we sort flags by their maximal element:

— X (4) X ()
Pu(@= D>, o ZpE=xm@+), D g
FeN° (M) Fel FEN°(M)

max F=F

_ X(m|ry - (@)

= q) + Z XM/F((J) Z #
Fel FeN°(M|F)

)+ Z Xy r(a q) Prrr(q)-
Fel
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Lemma 4.9. Let M be a loopless matroid with lattice of flats L. Then

Hu(q) = Xnm(a) + Z Xt/ (0) Harr(q)-
Fel

Proof. Let E be the ground set of M. By Corollary 2.3,

X (q) + Z Xt p(2) Harr(q) = [tk M, + Z X/ r(4) (HM|F(Q) - 1)

Fel Fel
=k My + Y Xagel@) Y [T (kG = 1k 2£(G)]y — 1)
Fel FeN(M|F)\{0} GeF
= [rkM]q + Z Z YM/F@) H ([rkG —rk ZJ-'(G)]q - 1) .
FeN°(M))\{0} FeLl GeF
max FCFCE

By Proposition 2.2, the above string of equalities continues
=[kMlg+ Y kM —rk(maxF)], [] (fkG —rkzr(G)], - 1)
FeN°(M)\{0} GeF
= Hu(q),

where the last equality can be seen by rewriting
[tk M], = 1+ (tk B — rk z; gy (E)]q — 1),
and
[tk B — rk(max F)], = 1+ (tk E —rk zru1py (E)]g — 1)
for each F € N°(M) \ {0}. O

The following corollary completes our proof of Theorem 1.7.

Corollary 4.10. Let M be a loopless matroid. Then
Pule)=Hu(@) = > ] (tkF—rkzz(F), - 1).

FEN(M) FEF

Proof. This follows from Lemma 4.8, Lemma 4.9, and induction on the rank of
M. O

5. A FUNCTIONAL EQUATION FOR THE REDUCED MOTIVIC ZETA FUNCTION

In this section, we prove Theorem 1.6. As a consequence, we obtain Corollary 1.8
as well. If the matroid M has a loop, then both sides of the equations in Theorem 1.6
and Corollary 1.8 are equal to 0. We therefore assume in this section that M is a
loopless matroid.

Theorem 1.6 is a matroid analogue of the functional equation [CLNS18, Chapter
7 Proposition 3.3.10], which holds for the motivic Igusa zeta function of a subscheme
of a smooth projective variety. Our proof is based on the proof in [CLNS18]. For
readers familiar with this argument, we note the following adaptations, which are
necessary in the setting of non-realizable matroids.

e The formula for Zy(q,T) given in Theorem 3.1 takes the place of the
formula for a motivic Igusa zeta function in terms of a log resolution.

e Each Poincaré polynomial Pﬂ(q) plays the role of the closure of a stratum
in a log resolution.
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e The class of a locally closed stratum in a log resolution is replaced by the
polynomial X, (¢)/(q — 1)#7. In the geometric setting, the class of a
locally closed stratum of a log resolution can be written as an alternating
sum of closures of strata. A combinatorial analogue of this statement is
given by applying Mobius inversion, on the poset of flags of flats, to the
definition of the Poincaré polynomials. Explicitly, if 7 € N°(M), then

) D DI 10}
GeEN® (M)
GoF

Note that Z[qT!][T].at is contained in the field Q(q)(T), where the latter is
considered as a subfield of Q(q)[T][T~']. Thus for any f(q,T) € Z[qg=][T]:at
there is a well defined f(g,77') € Q(q)(T). It suffices to prove that Theorem 1.6
holds in the field Q(q)(T), so throughout our proof, we will freely manipulate our
expressions as rational functions. We begin with the following lemma.

Lemma 5.1. Let M be a matroid. We have

— _(r _ —F
Zu(q,T) =q (e M=) Z (*1)#IPM(Q) H
FeN°(M) FeF

1— qf(rkal)T#F
1— q- rk FT#F

Proof. For each G € N°(M),

wr 7 la= Vg T (q = 1)g~ ™ FT#F
Z (=1) H 1 —q XFT#F H 1= 1—q <FT#F -
FEN° (M) FeF Feg
FCg
By Theorem 3.1,
¥ —tk Fp#F
Z EETTRY UV » OPEI B
ZM((LT)_q Z (q_ﬁ)#]: H(q 1)1_q_rkFT#F'
FEN° (M) FeF
By (2), this is equal to
~ ek M~ . (¢ —1)g ™ FT#F
q (rk M—1) Z (_1)#9 #]:PI\/[((]) H o
F,GEN® (M) FeF q
FCG

which, by the above, is equal to

. — 1k F#F
—(rk M—1 #9 pY (a—1)g T
q ( ) E (=1)" Py,(q) H (1 - 1 — g "KFT#F
GENO°(M) Feg

1— q—(rk F—I)T#F

_ —(kM-1 #F B
=4q ( ) Z (_1) PM(q) H 1_q_rkFT#F
FeN°(M) FeF

We now complete the proof of Theorem 1.6.
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Proof of Theorem 1.6. By Theorem 4.6 and Lemma 5.1,
ea _ _ . _ —_F 1— quF—lT—#F
ZM(q 1;T 1):qu ! Z (_1)#]:PM(q 1) H 1_quFT,#F
FEN° (M) FEF
(rkal)T#F -1

= Z (—1)#17??\;((1)(1#; H (;Eq—rkFT#F —1)

FeEN° (M) FeF
o _ —(rkF—l)T#F
_ #F pT 1-4
- Z (=17 Py (q) H 1 — g 'kFT#F
FeN°(M) FeF

= ¢ M Zu(g, ).
O
We will use the remainder of this section to prove Corollary 1.8. Note that, if

f(q,T) € Z[gF[T]rat, then f(q, T71) is an element of Z[qT!][T],a¢ as well. This
is because

qb(Tfl)a

—ba
T— T ) —(g—1) (1 + q_j;Ta) € Z[gE[T]ras-

(¢—1) -

Let
lim : Z[qil][[T]]rat — Z[qil]
T—o0

denote the Z[g*']-algebra map obtained by composing the involution

Zlg [Tl = 2l [ TTrat : (@, T) = f(0,T7)
with the map
ZIg T Tae — ZIg*') : f(a, T) v f(q,0).
We will prove Corollary 1.8 by applying limy_., to both sides of the functional
equation in Theorem 1.6.
Proof of Corollary 1.8. We see that for any a € Z~¢ and b € Z,
ba
. T o
Jin (- 075 ) = -
Therefore by Theorem 3.1,
: tk M—177 _ _\#TF—
Jim (M 7y D) = Y (D R (0)-
FeN° (M)
Because T+ T~! is an involution, for any f(q,T) € Z[g*'][T]rat,
Jim f(q,T71) = f(q,0),
—00

and by definition

g~ kM =D=War(0) — o=k M=D)% (g).

7]\/[ (q7 O) = YMO (Q)
Thus
Jim Za (g T = Zu(g7h0) = ¢ MR (g,
—00

The desired result now follows from Theorem 1.6. O
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6. A RECURRENCE RELATION FOR THE LOCAL MOTIVIC ZETA FUNCTION

In this section we prove Theorem 1.12, which gives a recurrence relation satis-
fied by the local motivic zeta function of a matroid. We note that, aesthetically,
Theorem 1.12 and its proof are quite similar to Lemma 4.8 and its proof above.

Proof of Theorem 1.12. Let M be a matroid with lattice of flats £ and ground set
E. If M has a loop, then both sides of the equation in Theorem 1.12 are equal to 0,
so we will assume that M is loopless. If F € N*(M), then Proposition 2.9 implies

Mz = @D M|F/z5(F) = (M/z5(E)) & (M|2£(E)) 7\ 2y,
FeF
SO
XM(9) = Xt/27(8) (@) - X(M|2r(B)) 1 (3 (D)

where by slight abuse of notation, we let 7\ {E} denote the corresponding element
of N*(M|zx(E)). Thus by Theorem 3.1,

rk M 0 g T
M@ = > xu@ ] T e
FeN~ (M) FeF
— 1k Em#E —rk G#G
q T q T
= + 2. 2. 0@ |1 T —werwe
Fel FENT (M) Ger
zr(E)=F
=yl )M
XM\9) 7 ¢ "MT#E
—rk Mp#E —rk Gp#G
q T q T
+> X/ (O] e EE > xanms@ ] T g kOT#G
Fel FEN*(M|F) GeF
— Tk M #E
q T _ — r
= (¢~ 1)W X () + Z Xa/r(2)q k(MlF)ZRﬂF(q,T)
Fel

7. THE TOPOLOGICAL ZETA FUNCTION OF A MATROID

By [CLNS18, Chapter 7 Proposition 3.1.4], there exists a ring morphism

Htop * Z[qil][[T]]rat - Q(s),

such that
Utop(Q) =1
and
ba
q°T 1
o -1 =
Mtp((q )1—qu‘1> as—>b

for all (a,b) € (Zso,Z). Recall that the topological zeta function of a matroid M
is defined to be Z30°(s) = fitop(Zar(q,T)) € Q(s). In this section, we will prove
Theorem 1.11 and Theorem 1.10.
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7.1. Taylor series of the topological zeta function. We begin by showing that
the topological zeta function of a matroid is a specialization of the local motivic
zeta function of that matroid.

Proposition 7.1. Let M be a matroid. Then
th\(/)[p(s) = Htop(ZJ%(qu))-
Proof. By Theorem 3.1,
1

o X7 (q)
Z3P(s) = mop(Zu(@.T) = > —=I=| 1 :
) —_O#F |
Fexon (g — 1)#F lg=1 ror (#F)s +1k F
Let E be the ground set of M. For any F € N°(M),
Xz (q) (-1 XMy (9) o
(g — D#FF lg=1 (g — 1)#FUHEY | lg=1
Therefore
o XM (Q) 1 0
Zip= Y M ] e rer(Z0(@T)).
_1\#F |, _ p\“M\Y4>
FeN™*(M) (=1) =l pF (#F)s + 1k F

O

Theorem 1.12 and Proposition 7.1 immediately imply the next corollary, which
gives a recurrence relation satisfied by the topological zeta function of a matroid.

Corollary 7.2. Let M be a matroid with ground set E and lattice of flats L. Then

. 1 _ _ 0
20 = Gy e (o) 2 Ty (V200
€

We may now complete the proof of Theorem 1.11.

Proof of Theorem 1.11. Let M be a loopless matroid with ground set E. We begin

by proving that Z;7°(0) = 1 by induction on the rank of M. Corollary 7.2 implies

. 1 [ _ 0
Z3P(0) = Y (1) + Z X]V[/F(l)Z]twlrF(O)
FeLl
1 _ _
= M X (1) + ZAX]\I/F(l)
Fel

:1’

where the last equality follows from Corollary 2.3. Next we prove that

d top _
(dSZM (s)) = —#E.
By Corollary 7.2,
Lgers) = (B2 + 3 Xayr() - 20 (5)
ds M (#E)s + 1tk M M XM/ERE) g &l r

Fel
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Thus by induction on the rank of M, we have

d to 1 —
— 7P = —— | —#F — F 1
( A (s)) o= mar | THE = 2 Xy (1)
Fecl
_ —#HE— (#E)kM - 1)
N rk M
= _#Ea
where the second equality follows from Corollary 2.4. O

7.2. The topological zeta function of van der Veer. In this section we prove
Theorem 1.10, which states that in the case of simple matroids, our definition of
the topological zeta function of a matroid is equivalent to the definition introduced
by van der Veer in [vdV18]. To do this, it will be useful to define the following
polynomials.

Definition 7.3. Let M be a matroid. For each F € N(M), we define the Euler-
Poincaré polynomial of M at F to be

Pi;(q) = ge%(:M) gy €L
GoF

We define the Euler-Poincaré polynomial of M to be

Pu(a)= ) (;Afflgi)JTEZ[q}
FEN*(M)

In other words, Py/(q) is the Euler-Poincaré polynomial of M at the flag consisting
of only the ground set of M.

Remark 7.4. If F € N°(M), then the definitions immediately imply that Py;(q) =

qﬁﬁ (q) and P]\];U{E} (q) = Ff/[ (q), where E is the ground set of M. See Remark 7.5

below for a geometric interpretation of this fact.
Although this implies that the Poincaré polynomials and the Euler-Poincaré
polynomials give equivalent information, they evoke different geometric intuitions.

Remark 7.5. Let A be a hyperplane arrangement realizing M, let Y be the
wonderful model of A with respect to the maximal building set, and let D
be the closure of the stratum in Y corresponding to F. By Proposition 2.12,
Pi;(L) = [D#] € Ko(Varg), so Py;(¢?) is the Euler-Poincaré polynomial of Dz.
Furthermore, suppose that F € N°(M), and let Dx (g be the closure of the
stratum in Y corresponding to F U {E}, where E is the ground set of M. Let Y
be the wonderful model, with respect to the maximal building set, of the projec-
tivization of A. Let Dz be the closure of the stratum in Y corresponding to F.

By [DCP95, Theorems 4.1 and 4.2], D is isomorphic to a line bundle on D# and

D gy is isomorphic to Dy. Thus PJ{;(L) = Lﬁf\}(L) and PA];U{E}(IL) = ?L(L)

by Remark 4.2.

We will now set notation for certain polynomials whose evaluations at 1 can be
used to express van der Veer’s topological zeta function. For any matroid M and
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flag F € N*(M), let Hy,(q) denote the polynomial

Hi)= > ][] (tkG —rkzgu7(G)l, — 1) € Z[g].
GeN(M) Geg
GUFEN (M)

For any flag 7 € N°(M), let H{;(g) denote the polynomial
H{;(q) = qHy, " (g),

where F is the ground set of M. These polynomials are generalizations of the
polynomials Hj;(q) defined in subsection 4.1. Specifically, we have

Hu(g) = HiF (g).

If M is a simple matroid with lattice of flats £ and Z.(s) is the topological zeta
function of £ in the sense of [vdV18, Definition 1], then [vdV18, Proposition 1]

implies
1
Z Z 1)#9-#F Y (1) H FEF)s Tk F

FeN(M) GEN (M) FeF
GDOF

At the same time, Theorem 3.1 and Md&bius inversion imply

729 = Y Xz (9)

1
q=1 H (#F)s+rkF

(¢—1)#F
FeN (M) (q 1)
1
SED DR DI Ci 0/ ACHN | [ —
FEN(M) GEN (M) i (#F)s +1k F

Theorem 1.10 therefore follows from the next proposition.
Proposition 7.6. Let M be a loopless matroid. Then for any F € N (M),
Piy(q) = Hi;(9)-

Proof. Let E be the ground set of M. We first prove the special case F = {E}. By
Corollary 4.10 and Remark 7.4,

P g) = Pulg) = Hulg) = HE g).

Now we will prove the case where F € N*(M). In the proof of Theorem 4.6, we
showed in (1) that

f\{E}
P{i(q) =Py = 11 Puniryzriry(@) = [ Prtirszr o (@)-
FeF FeF
Also
Hig)= > [] (tkG —rkzgu7(G)l, — 1)
GeN(M) Geg
GUFEN (M)

_ H Z H ([rkG —1kgurry(G)]g — 1)

FeF GEN(M|F/zx(F)) GEG

= H Huyrpyzr ) ()
FeF
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Therefore by the case where the flag consists only of the ground set, we have

Pi(@) = [[ Puipszrey(@ = [ Huprszry (@) = Hig(q)-
FeF FeF

Finally when F € N°(M), Remark 7.4 implies
FU{E FU{E
P{i(q) = aPy " (q) = a3 g) = T (g),

and we have completed the proof in all cases. O

8. EXAMPLES

The motivic zeta function of a matroid M determines the characteristic polyno-
mial of M, because

xm(q) = M Zy(q,0).

In this section, we show by example that the motivic zeta function is in fact a
strictly finer matroid invariant than the characteristic polynomial. We also exhibit
a pair of non-isomorphic matroids with the same motivic zeta function.

Example 8.1. Consider the rank 4 simple matroids M; and Ms in Figure 1.

My M,

FIGURE 1. Two simple matroids with the same characteristic poly-
nomial but different motivic zeta functions

These matroids have the same characteristic polynomial,

o (@) = xan (q) = ¢* — 7¢® 4+ 19¢* — 23¢ + 10.
Indeed, they have the same Tutte polynomial. However,
B —120s% 4 20s° 4 120s* — 12953 — 2952 + 1625 + 72

Ztop(s) _
My (s +1)3(3s +2)(4s + 3)(5s + 3)(7s + 4) ’
and
top —120s% + 225° + 120s* — 12952 — 2952 + 1625 + 72
ZM2 (s) =

(s+1)3(3s+2)(4s +3)(5s + 3)(7s + 4)
Since ZRZ?(S) # ZR‘E(S), it follows that Zys, (¢,T) # Zp,(q, T).

Example 8.2. Consider the rank 3 simple matroids N; and Ny in Figure 2.
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N1 N2

FIGURE 2. Two non-isomorphic simple matroids with the same
motivic zeta function

The matroids N; and Ny are not isomorphic. For instance, N7 contains two 3-
element flats of rank 2 with empty intersection, whereas no such pair of flats exists
in Na. Nevertheless, Zn, (q,T) and Zn,(q,T) are both equal to
1
(¢—1)
(q—T)%(q> —T3)(q* — T7)

(3q4T3 — BT - 1125 + ¢ + 54°T

+ 3¢ T% — 6¢°T3 + 18¢°T* + 6¢T° — 64°
—18¢*T + 64°T? — 3¢*T® — 5¢T* — T

+11¢* + T — 3q2T2>.

9. BUILDING SETS AND MOTIVIC ZETA FUNCTIONS

The main results of this paper may be viewed as statements in terms of the max-
imal building set in the lattice of flats of a matroid. In this section, we indicate how
our results may be extended to the more general framework of arbitrary building
sets. For an example of the utility of such generalizations, consider Definition 1.1.
One might reasonably ask why we choose to define the zeta functions in this way,
as opposed to directly defining them as the rational functions appearing in Theo-
rem 3.1. An answer is given by Theorem 9.5: the definition of a zeta function as
a lattice sum is more “intrinsic,” while the expression of it as a rational function
depends on a choice of building set.

9.1. Building sets. Before giving the generalizations of our results, we first survey
the basic definitions and properties of building sets. Building sets and nested sets for
(semi)lattices were introduced by Feichtner and Kozlov [FK04] to generalize notions
used in De Concini and Procesi’s work on wonderful compactifications [DCP95].

Definition 9.1. Let M be a matroid, and let £ be its lattice of flats. A subset ¢
of L ci(p) is a building set if for any X € L. (g) the set max%<x = {G1,...,Gx}
satisfies the following: there is an isomorphism of partially ordered sets

k
eoxi [ 60,6 > [6l(0), X]

such that ox(cl(0),..., Gy ...,cl(B)) = G; for i = 1,...,k. The set facty(X) =
max %< x is called the set of factors of X in ¢.
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We note that there is always a maximal building set %,ax = Lsc(g)- There is
also a minimal building set %, which consists of all G € L) such that the
interval [cl(()), G] cannot be decomposed as a product of smaller intervals. That
is, a flat G is in %y, if and only if the restriction M|G is a connected matroid of
positive rank.

Definition 9.2. Let ¢ be a building set in £. A subset S C ¢ is nested if|
for any set of pairwise incomparable elements G1,...,G; € S with ¢t > 2, the join
G1V---VG; does not belong to 4. The nested sets in ¢ form an abstract simplicial
complex, the nested set complex, which we denote by N (M, ¥).

We set
N*(M, %) = {S € N(M, %) | facty(E) C S}
and
NC(M,9)=N(M,9)\N*(M,9).
If S € N(M,¥9) is a nested set and F' € S, then we let z5(F) = \/ S<p.

Remark 9.3. A subset F of £-(p) is nested with respect to the maximal building
set if and only if F is a flag of flats. That is,

N(M,%max) = N(M), N*(M,%nax) =N*(M), and N°(M,%max) = N°(M).

As in subsection 2.2, we have fans

Y(M,9)={0os | SeN(M,9)}
and
S (M, %) = {05 | S € N°(M,9)}.

When M is loopless, the support of ¥(M,%) (resp. ¥°(M,¥)) is Trop(M) N Rgo
(resp. Trop(M) N ORE;) [FS05, Theorem 4.1]. The fans ¥(M,¥) and £°(M,¥)
are also unimodular by [F'Y04, Proposition 2].

For each § € N(M,¥), the function w — M, is constant on relint(cs) [FS05,
Theorem 4.1]. We let Mg denote the matroid M, for any w € relint(os). It is clear

that Ms = Msugacty, (E), where E is the ground set of M. Feichtner and Sturmfels
give the following direct sum decomposition of Mg, generalizing Proposition 2.9.

Proposition 9.4. [FS05, Theorem 4.4] Let M be a loopless matroid, let 4 be a
building set in Ly, and let S € N*(M,9). Then

Ms = P M|F/zs(F).

FeS

We note that Proposition 9.4 implies that yars(g) is divisible by (g — 1)#S.

9.2. Building sets and rationality of the motivic zeta functions. We are
now prepared to generalize the results of the paper to arbitrary building sets. We
begin with a generalization of Theorem 3.1, which shows that each choice of building
set yields a rational formula for the motivic zeta functions of a matroid.

Theorem 9.5. Let M be a matroid, and let 4 be a building set in its lattice of
flats. Then

—rk FT#F

_ —rkM XM (Q) q
Zu(g,T) = q > - DF [~V
SEN(M,9) FeS
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0 _ kM X (q) g RETHEE
Zy(a,T) =q Z m H(Q*l)wa
SeN™*(M,4) Fes
and
- —rk F#F
7 _ M) s @) gy 4T
ZM(Q,T)—Q Z (q—l)#s H(q 1)1_q,rkFT#F'
SEN°(M,9) FeS

Proof. The proof is identical to the proof of Theorem 3.1, with the fans (M, ¥)
and 3°(M,¥) replacing 3(M) and X°(M), respectively. O

One consequence of Theorem 9.5 is the following. If M is a matroid and ¥ is
a building set in its lattice of flats, then any additive group homomorphism out of
Z[gFY[T]rar induces a specialization of Zy(q,T) (vesp. Z8,(q,T), Z(q,T). This
specialization is equal to a sum over N'(M,¥) (resp. N*(M,9), N°(M,9)), and
the value of this alternating sum is independent of the choice of building set ¢.
We note that this is analogous to the situation in algebraic geometry, where the
motivic Igusa zeta function of a hypersurface X may be used to prove that certain
expressions in the Grothendieck ring, which are written in terms of a chosen log
resolution of X, are in fact independent of the choice of log resolution.

For example, Theorem 9.5 may be combined with the functional equation of
Theorem 1.6 to obtain the following generalization of Corollary 1.8.

Corollary 9.6. Let M be a matroid, and let 4 be a building set in its lattice of
flats. Then

S CD)Fxs(@) = M g,
SEN©(M, %)

9.3. Building sets and Poincaré polynomials. The Euler-Poincaré polynomi-
als Py;(q) defined for the maximal building set are easily generalized to arbitrary
building sets.

Definition 9.7. Let M be a matroid on ground set F, and let ¢ be a building set in
its lattice of flats. For a nested set S € N (¥4, M), we define the ¥-Euler-Poincaré
polynomial of M at S to be

xarr (9)
Pjsw,g(Q) = Z W € Z[g).
TEN(M,94)
TS

We define the ¥-Euler-Poincaré polynomial of M to be

facty (B XM (9)
Py (q) = Pz\?[(,:st;( "(a) = Z W
SEN*(M,9)
Remark 9.8. If M is a matroid on ground set £ and § € N(M,¥), then it
follows from the definition that P§ 4 (q) = g#(facts NS porincts(B) Note that, in
all cases, wa is a polynomial of degree rk M — #S.

Remark 9.9. If M is realized by a hyperplane arrangement A, then there is
a wonderful model Yy determined by the building set ¢4. The model Yy is a
compactification of the complement of A, with strata indexed by the nested set
complex N (M,¥4) [DCP95]. If Dg is the closure of the stratum in Y¢ corresponding
to S € N(M,¥), then Py, 4 (L) = [Ds] € Ko(Varc).
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As in section 4, we shall see that the ¢-Euler-Poincaré polynomial Py« yields
the Hilbert series of a certain cohomology ring, the following generalization of
D*(M).

Definition 9.10. [FY04] Let M be a matroid, and let ¢ be a building set in its
lattice of flats £. The ¥-cohomology ring of M is the graded algebra

D*(M,%) = P D'(M,%) = Z[{zc}ces] /Ly,
where each x¢ has degree 2, and Z« is the ideal generated by

k
HJSG“ for {Gl,...,Gk}é./\/’(M,g),
i=1

and

Z rg, for A an atom of L.
GDA

We now define analogues of the polynomials Hy,(q).

Definition 9.11. Let M be a matroid, and let ¢ be a building set in its lattice of
flats. For S € N*(M,9), let

Hyg@= [T ik F =tk zos(F)], - 1) € Z[g]
TEN(M,9) FeT
TUSEN (M,9)

and for S € N(M, g), set
2 SUfac E
HS P (q) _ q#(fmctg(E)\S)H 7 tifi( )(q)

Define also

Hyale)=Hyd D@ = > J] (bkF —rkzs(F)],—1).
SeEN(M,4) FeS

It follows from [F'Y04, Section 3, Corollary 1] that
Hyra(q?) =Y tkg D' (M, 9)q".
>0

Therefore, the following generalization of Theorem 1.7 may be proved by showing
that P« (q) = Hamg(q) for every loopless matroid M.

Theorem 9.12. Let M be a loopless matroid, and let G be a building set in its
lattice of flats. Then

Prrag(q?) = Zrkz D' (M, 94)q".
i>0

More generally, the polynomials PI‘EI,% and H 1‘\9/1,% agree for any nested set S.

Theorem 9.13. Let M be a loopless matroid, let 4 be a building set in Ly, and
let S € N(M,9) be a nested set. Then

Piig(q) = Hyy 4(q).
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The proofs of Theorem 9.12 and Theorem 9.13 are broadly analogous to the
proofs of the special cases, Theorem 1.7 and Proposition 7.6, respectively, given
above. For brevity, we omit these proofs here. However, we note that in order
to generalize the methods used for %,.x to arbitrary building sets, it is useful to
understand how a building set for M gives rise to a building set for any matroid
minor of M. The following proposition accomplishes this.

Proposition 9.14. Let M be a matroid on ground set E, let 4 be a building set
in its lattice of flats L, and let X € L be a flat. Then

YIX=9x={Ge¥9|GC X}
is a building set in the lattice of flats of the restriction M|X, and
Y/ X ={GVX|Geb\Y%x}
is a building set in the lattice of flats of the contraction M/X.
We remark that Proposition 9.14 may be proved using the main results of [FK04].

9.4. Building sets and the topological zeta function. In [vdV18], the topo-
logical zeta function of a finite, ranked, atomic lattice £ with respect to a building
set ¢ is defined to be

Zea0= TS 0 10 ] e

SEN(M,4) TEN (M,94) Fes
728

The main theorem of [vdV18] is that this definition is independent of the choice of

building set 4. In the case where L is the lattice of flats of a simple matroid M, the

results of this section provide an alternate proof of this independence, as follows.
By definition of PASLg and Mobius inversion in N (M, %), we have

XM (q) -
onFs = 2 DR,
q TEN(M,9)

T2S

Therefore, by Theorem 9.5 and Theorem 9.13, we have

top _ X S(Q) 1
ZM (3) - Z (quwlqzl H W

SeEN(M,9) FeS
1
= > S 0T FPL ) ] e
SEN(M.9) TEN (M,9) pes (#E)s +1k F
T2S
= Zﬁ}g(S).

That is, the various rational expressions given by van der Veer are equal because
each is equal to pop(Za(g,T)).

REFERENCES

[AHK18] Karim Adiprasito, June Huh, and Eric Katz. Hodge theory for combinatorial geome-
tries. Ann. of Math. (2), 188(2):381-452, 2018.

[AKO6]  Federico Ardila and Caroline J. Klivans. The Bergman complex of a matroid and phy-
logenetic trees. J. Combin. Theory Ser. B, 96(1):38-49, 2006.

[Bit04]  Franziska Bittner. The universal Euler characteristic for varieties of characteristic zero.
Compos. Math., 140(4):1011-1032, 2004.



28

DAVID JENSEN, MAX KUTLER, AND JEREMY USATINE

[CLNS18] Antoine Chambert-Loir, Johannes Nicaise, and Julien Sebag. Motivic integration, vol-

[DCPY5]
[DL92]
[DLOg]

[DLO1]

[DL02]
[EPW16]
[Eur20]
[FK04]
[FS05]
[FY04]
[HK12]

[Kon95]
[KU18]

[LRS17]

[Nel1g]
[TevOT)

[vdV18]

ume 325 of Progress in Mathematics. Birkhduser/Springer, New York, 2018.

C. De Concini and C. Procesi. Wonderful models of subspace arrangements. Selecta
Math. (N.S.), 1(3):459-494, 1995.

J. Denef and F. Loeser. Caractéristiques d’Euler-Poincaré, fonctions zéta locales et
modifications analytiques. J. Amer. Math. Soc., 5(4):705-720, 1992.

Jan Denef and Frangois Loeser. Motivic Igusa zeta functions. J. Algebraic Geom.,
7(3):505-537, 1998.

Jan Denef and Francgois Loeser. Geometry on arc spaces of algebraic varieties. In Euro-
pean Congress of Mathematics, Vol. I (Barcelona, 2000), volume 201 of Progr. Math.,
pages 327-348. Birkh&user, Basel, 2001.

Jan Denef and Francgois Loeser. Lefschetz numbers of iterates of the monodromy and
truncated arcs. Topology, 41(5):1031-1040, 2002.

Ben Elias, Nicholas Proudfoot, and Max Wakefield. The Kazhdan-Lusztig polynomial
of a matroid. Adv. Math., 299:36-70, 2016.

Christopher Eur. Divisors on matroids and their volumes. J. Combin. Theory Ser. A,
169:105135, 2020.

Eva-Maria Feichtner and Dmitry N. Kozlov. Incidence combinatorics of resolutions.
Selecta Math. (N.S.), 10(1):37-60, 2004.

Eva Maria Feichtner and Bernd Sturmfels. Matroid polytopes, nested sets and Bergman
fans. Port. Math. (N.S.), 62(4):437-468, 2005.

Eva Maria Feichtner and Sergey Yuzvinsky. Chow rings of toric varieties defined by
atomic lattices. Invent. Math., 155(3):515-536, 2004.

David Helm and Eric Katz. Monodromy filtrations and the topology of tropical vari-
eties. Canad. J. Math., 64(4):845-868, 2012.

Maxim Kontsevich. String cohomology, December 1995. Lecture at Orsay.

Max Kutler and Jeremy Usatine. Motivic zeta functions of hyperplane arrangements.
arXiv e-prints, page arXiv:1810.11552, Oct 2018.

Lucia Lopez de Medrano, Felipe Rincon, and Kristin Shaw. Chern-Schwartz-
MacPherson cycles of matroids. arXiv e-prints, page arXiv:1707.07303, Jul 2017. To
appear in Proc. Lond. Math. Soc.

Peter Nelson. Almost all matroids are nonrepresentable. Bull. Lond. Math. Soc.,
50(2):245-248, 2018.

Jenia Tevelev. Compactifications of subvarieties of tori. Amer. J. Math., 129(4):1087—
1104, 2007.

Robin van der Veer. Combinatorial analogs of topological zeta functions. ArXiv e-
prints, March 2018.

DAvVID JENSEN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY
E-mail address: dave. jensen@uky.edu

MAX KUTLER, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY
E-mail address: max.kutler@uky.edu

JEREMY USATINE, DEPARTMENT OF MATHEMATICS, BROWN UNIVERSITY
E-mail address: jeremy_usatine@brown.edu



	1. Introduction
	1.1. The motivic zeta functions of a matroid
	1.2. Rationality of the motivic zeta functions
	1.3. A functional equation
	1.4. The topological zeta function

	2. Preliminaries
	2.1. The characteristic polynomial of a matroid
	2.2. The Bergman fan of a matroid
	2.3. Wonderful models and the Bergman fan

	3. Rationality of the motivic zeta functions
	3.1. Proof of Theorem 3.1

	4. The Poincaré polynomial of a matroid
	4.1. Proof of Theorem 1.7

	5. A functional equation for the reduced motivic zeta function
	6. A recurrence relation for the local motivic zeta function
	7. The topological zeta function of a matroid
	7.1. Taylor series of the topological zeta function
	7.2. The topological zeta function of van der Veer

	8. Examples
	9. Building sets and motivic zeta functions
	9.1. Building sets
	9.2. Building sets and rationality of the motivic zeta functions
	9.3. Building sets and Poincaré polynomials
	9.4. Building sets and the topological zeta function

	References

