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1 Introduction

Algebra is the offer made by the devil to the mathematician. The
devil says: ‘I will give you this powerful machine, it will answer any
question you like. All you need to do is give me your soul: give up
geometry and you will have this marvelous machine.’

— Sir Michael Atiyah

Algebraic geometry is not just commutative algebra in disguise. We might
make a spectrum of topics from topology to noncommutative algebra, with
fields falling in between as follows.

Complex Commutative
Topology Geometry Algebra
Differential Algebraic Noncommutative
Geometry Geometry Algebra

Algebraic geometry and commutative algebra allow us to deal with singular
objects, whereas differential and complex geometry deal only with smooth
things. An example of something non-smooth in algebraic geometry is solutions
to the equations xy = 0 or y2 = x3, both with singularities at the origin.

Our main reference will be Ravi Vakil’s The Rising Sea, although we won't
follow it linearly. We’ll work with the 19th century version of algebraic varieties
in complex affine and projective space and then explain why we want to go
beyond these.

Administrative
e There is a course webpage here here.

e There will be homework if you need or want a grade. Posted online.

2 Varieties and their Dimension Theory
2.1 Algebraic subsets of C™ and the Nullstellensatz

Consider the following two sets and maps between them:

I
{subsets of C“} pR— {ideals in C[x1,...,xn]}.
v


http://math.stanford.edu/~vakil/216blog/FOAGapr2915public.pdf
http://www.math.cornell.edu/~allenk/courses/17fall/
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where

X = I(X) = {p €Clxq,...,xnl

p(¥) = OV v € x}

] V() = {ve cn

¥p € 1,p) =0
We have the following containments:

V(I(X)) 2 X IV =7,
but these are not necessarily equal.

Definition 2.1. If V(I(X)) = X, then X is an algebraic subset of C™.

Example 2.2 (Non-example). Z C C'. This cannot be an algebraic subset,
because any polynomial which vanishes on all of Z is necessarily zero.

But we can do this in complex geometry, because there is a holomorphic
function which vanishes exactly on the integers, namely sin(7rx).

Example 2.3 (Another non-example). R C C'. This cannot be an algebraic
subset of C', but it is also not an example from complex geometry; any analytic
function that vanishes on R vanishes on C.

Definition 2.4. Anideal I < Aisradicalifp™ €l = pe L
Theorem 2.5 (Nullstellensatz). I(V(])) = 1 if and only if I is a radical ideal.
More specifically, I(V(])) = vVI:= {p € Clx1,...,xn] | In € N,p™ € J}.

Example 2.6 (Non-example). Note that this theorem only works because we
have an algebraically closed field C. If we take the ideal (X? + 1) < R[X],
there are no points in IR where this polynomial vanishes, so I(V(I)) = R[X], yet
(X% 4-1) is a radical ideal.

2.2 Operations on Ideals
Fact 2.7. Let T be a set of ideals in C[x1, ..., xn]. We have that
\4 ( M7 > > UJv
Jer jer
But again, this is not always an equality.
Example 2.8.

V(ﬂ <xn>> =V(0)=C2 U V({x—n)) = U{n}:Z
nez

nez nez



Lecture 01: Operations on Ideals 22 August 2017

This example shows that the correspondence between subsets of C™ and
ideals of C[x1,...,xn] is not a lattice equality, at least not if we take union to be
the lattice join on subsets of C™.

Fact 2.9. Let T be finite set of ideals in C[x1,...,xn]. Then

(21
Jer Jer

Theorem 2.10. V(INJ) = V(1) U V(])

Proof. We already know that V(I) U V(]J) C V(IN]) by Fact2.7.
Let’s first show that V(I) U V(]) D V(I]). Take Z ¢ V(I) U V(J). We want to
show that z g V(I)). If Z ¢ V(I) U V(]), then there are f € I, g € ] such that
f(Z) # 0, g(2) # 0. Hence, fg(Z) # 0 as well. Hence, Z ¢ V(I]). (Here, we're
sneakily using the fact that C doesn’t have zerodivisors.)
Now we know that V(IJ) D V(IN7J),sowehave V(IN]) C V(I)UV(]). O

Remark 2.11. Since the collection of algebraic sets is closed under finite union,
arbitrary intersection, and V(0) = C™, and V(1) = O, the algebraic sets form the
closed sets in a topology.

Hence, for X to be an algebraic subset of C™, we only need that X is in the
image of V(—).

Definition 2.12. This topology is called the Zariski topology.

Example 2.13. In C, the Zariski-closed sets are the finite sets, and all nonempty
open sets are dense.

Example 2.14. Inside V((xy)) C C?, the open set {y # 0} is not dense.
Definition 2.15. Let I, ] <t A be ideals. The colon ideal (I: J) is
I:)):={aeA|a] <I}

These are some kind of division of ideals, as the following example shows.

Example 2.16.
(xy): () = (y)
(xy): (y) = (x)
(%) () = (x)
(x): (x) =(1) =A
Definition 2.17. Let I <1 A be an ideal, and let x € A. The saturation of I with

respect to x is the ideal

(I: (x*)):={a € A|In,ax™ € I}.
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Theorem 2.18. If | is a radical ideal, then I: ] = I(V(I) \ V(])).

Proof. Let f € I(V(I)\ V(])), which means that f vanishes on V(I) \ V(J). Equiv-
alently, fg = 0 on V(I) for all g € ]J. Now, since I is a radical ideal, this is
equivalent to fg € I. By definition, f € I: J. O

The following corollary is by definition, since the Zariski closure of X is
V(I(X)).

Corollary 2.19. V(I: ]) is the Zariski closure of V(I) \ V(]).

Example 2.20. Consider the ideal I = (x,z) N (y,z —x?). This describes the
union of a parabola in the xz-plane and a line. When we chop out the plane that
contains the parabola, we are left with just the line. In algebra, this is expressed
as follows:

I (y) = (x,2).

Fact 2.21 (Commutative Algebra Fact). Let I < C[x1,...,xn]. Then1is radical if
and only if I is the intersection of the collection I' of prime ideals containing I.

Moreover, if Q € T, then Q = I: (nPeF\{Q} P)'

On the geometry side, we have V(I) = Upcr V(P).

Let I < Clxy,...,xn] be an ideal. Then, using the Nullstellensatz, we can
think of the vanishing set of functions in I as follows:

vih= |J V(M)

M>1
M maximal

Fact 2.22. The following are equivalent.
(a) M is maximal;
(b) M = ({xi —A\i}]*;) for some A eCnh;
(c) Clxq,...,xn]l/ M =C;
(d) Clx1,...,xn]/Mis a field.

Definition 2.23. C-Alg is the category of commutative unital rings R with a
homomorphism C — R sending 1 to 1.

Definition 2.24. The C-points of a C-algebra R is
Homg_a14(R, C).

Taking the C-points is a contravariant representable functor C-Alg — Sets.
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sets; that is, for all X, Y € Ob(C),
Homc(X,Y) — Homp(T(X), T(Y))
is injective. T is called full if this map is surjective.

Remark 2.26. The C-points functor Homg. aig(—, C) is not full. We could change
the codomain to be the category Top of topological spaces, but even then it isn't
full. Part of the point of schemes is to find the correct target for this functor.

2.3 Subvarieties of Projective Space
Definition 2.27. Complex projective space is, as a set,
CP™ = (C™ 1\ {0})/C~

where C* acts on C™*! by scaling.
A point in CIP™ is written as an equivalence class

(z0,.--,zn) = Azo,...,Azn]
for any A € C.
Remark 2.28. We may decompose projective space as
CP™ ={[1,z1,...,z]} U{[0,1,22,...,zn]} U...U{[0,...,0,1]}
=cruc™'u...uc

This of course shows that CP™ = C UCP™'.
This is often clunky. Another useful decomposition is as an open cover by
sets Uy = {[zo,...,zn] € CP™ | z; #0}

Example 2.29. CPP' = S is a sphere, which consists of two copies Uy, U7 of the
complex plane C = D? = 2\ {pt} glued together along a copy of the punctured
complex plane C* = D2\ {pt}.

Remark 2.30. Why is CIP™ compact with respect to the usual topology and the
Zariski topology?
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For the usual topology, consider the diagram

cntl \{6’}

x
cpt

>

Here, ¢ is the quotient map by C* and v is the quotient map by {e*® | 8 € R}.
As the a quotient of a compact space, namely $?™+1, CIP™ is compact.

Since the Zariski topology is a coarsening of the usual topology, CIP™ is also
compact in the Zariski topology.

{\—;| |\—;|2 _ 1} _ SZn+1

Definition 2.31. Anideal I < Clzo,...,zn] is homogeneous if it is generated
by homogeneous polynomials.

Definition 2.32. Let X C CIP™. The affine cone over X is the union of {6} and
the preimage of X in cnt! \{6}. We denote this by X.

I(X) is automatically invariant under the action of C* on C™ 1\ {0}, which
means it must be homogeneous.

Definition 2.33. The irrelevant ideal of Clz, ..., znl is (zg,...,zn).

Remark 2.34. This ideal is called the irrelevant ideal because it corresponds to
the point 0 € C™*', which is irrelevant once we pass to projective space and
chop off {0}. In CIP™, it corresponds to the empty subset.

There is a correspondence in projective space
Definition 2.35. The projectivization of a subset X of C"*! is the subset IPX of
CIP™ given by
px=*\O0
Theorem 2.36 (Projective Nullstellensatz). If ] is a homogeneous ideal of Clz1, . . ., zn]
and ] # (1), then
L(PV() = VJ.
Given an inhomogeneous ideal | < Clzy,...,zn], we can create a subset of
CIP™ related to V(]).

vi) < C™ (z1,...,2n)
v() < cpr 0,z1,...,2n]

the inclusion C™ < CIP™ corresponds to CP™ = C™ U CP™ .

10
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Definition 2.37. Let ] < Cl[zy,...,zn] be an inhomogeneous ideal. The homog-
enization of /] is the

I (ﬁ) <Clzp,.+,2Znl.

Here, V(J) means the Zariski closure.

Example 2.38. Consider I = (z; —z2). This describes a parabola in C2, to which
we must add a point in CP' to get a Riemann sphere inside CIP?> = C2 LICP'.

V(D) ={(z1,22) |22 =27} C C*
In projective space, this corresponds to
X ={[,z1,22] | 22 = 27}

This is the same as

X—{(Zo,21,lz)

ONOMI

{lz0,21,22) | 2220 = 27 }.

The closure of this is

What did we add at oo (i.e. in the copy of CIP")? To answer this, we will intersect
the Intersecting with the copy of CIP! corresponds to adding ideals and then
taking the radical, and CP' = {[zo,z1,zz] ] zo = O} corresponds to the ideal

(zo)-

\/(Zzlo —2%) + (20) = \/(Zzlo —2%,20) = (21,20)
This corresponds to the point [0,0, 1] in CIP2, which is the one point we added.

Example 2.39. Consider I = (z1z; — 1) corresponding to a hyperbola in C2. If
we homogenize this, we get the ideal (z7z; — z%) corresponding to a Riemann
sphere in CIP?

The intersection with the copy of CIP! inside CIP? = C2 LICIP! corresponds

to the ideal

\/<Z1Zz —2§) + (z0) = \/<Z1Zz —2§,20) = (21,20) N (22, 20)-
This means we added two points: [0,0,1] and [0, 1, 0].

Example 2.40. Let[ = <(Z$ + z%) —12 4 Az + Bz;). Then the homogenization
is
J = (2% 423 —z5r% + Az120 + Bzy20)

The added point at infinity is calculated by

(22 + 25 fz%rz + Az1zo + Bzozp, 20) = (21 +1iz2,20) N ({21 —1iz2,20).

11
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Then

These two points lie on all ellipses!

Exercise 2.41. If ] < Clzo,...,zn] is an inhomogeneous ideal, what is PV(])?
Here P stands for removing 0 and projecting to CIP™. What is the relation

between the ideals | and I (P/\-/(\D) ?

Remark 2.42. Let ] = (x3x;). The vanishing set of ] is the union of the x; and
x5 axes in CIP2.

V] = (x1x2) = (x1) N (x2). The vanishing set of this is also the union of the
axes x1 and x3, but they’re not the same ideal!

We imagine that PV(]) is “fuzzier” than PV(/]). If we look not at the
vanishing set, but where x%xz is very small, then we learn either that x% or xy is
very small. However, knowing that x? is small isn’t as impressive as knowing

that x; is small. Hence the fuzz.

2.4 Some Classic Morphisms

Let R = C[xg,...,xn] and let S = Clyg,...,yml], withidealsI <R, ] < S. A
homogeneous map R/I — S/] is the same as a map R — R/] with kernel zero.

Maps g: S/] — C correspond to maximal ideals, which are points of V(]).
A map f: R/I — §/] therefore induces a map V(]) — V(I), since precomposing
with f givesamap go f: R/I — C.

Example 2.43. Consider R = C[x,y], S = Clt], [ =] = 0. Then V(I) = C? and
V(J) = C. The map
Clx,y] —— Clt]
X —— t2

y}—>t3

corresponds to the map on varieties

Cc?+———=C
(t2,13) «+— t
with image {(x,y) | x2 = g3}. Note that the first map Clx,y] — C[t] factors

through C[x,yl/ (x? —y3), and the ideal in the denominator describes the re-
sulting curve.

12
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Example 2.44. Consider the inclusion of the hyperbola into the plane and then
projection onto the line.

{(xy)lxy=1 —— C> —» C

This is not a surjection onto C, because it misses the origin, but it is an epimor-
phism because it has dense image.
These maps correspond to

Clyl —— Choy] — CXYY

(xy—1).

Remark 2.45. Why is the set of prime ideals called a spectrum? Let T: C™* — C™
be a linear transformations with minimal polynomial p. Then consider the map
C[x] — End(C™), x — T. Although End(C™) is not quite commutative, it kind
of looks like C[x].

Then

Specm (C [x] /<p>) = V((p)) = eigenvalues of T,

this is the spectrum of T.

What about the projective version of this? Given V(I) — V(]), we want a
map PV(I) — PV(]) that realizes IP as a functor. But there may be v € V(I) such
that v +— 0! These are called basepoints of the rational map IPV(I) — PV(]), and
turn out not to be so much of a problem.

Definition 2.46. The Segre embedding is the map CP™"~! x CP™~! — cpnm—!
from
C*"xC™ —— C(nm)

<column oW

, —— product
vector vector

This corresponds to the map

C[{Zl] |1I] = 1,...,“}] — C[X]/-~-/Xn/y]/-'-/yn}

Zij ! XiYj

This is only graded if deg(x;) = deg(yi) = 1 and deg(zi;) = 2.
What is the image of this map? In terms of matrices, the product of a row
and column vector is a rank 1 matrix, so the image of the Segre embedding is

IP (rank 1 matrices ) = PV((all 2 X 2 minors)).

13
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Definition 2.47. The Veronese embedding CP"~! — CP™ " comes from the
map

cn (Cn)®k
Vi—— V@ ®V

This corresponds to the map

Cvi,...,vnl +—— Clizi, 1. J]

k
H Viy < Ziq...ix
j=1

2.5 Hilbert Functions

For this section, let R = Clzgp, ..., zn].

Definition 2.48. Let S be a graded ring. Its Hilbert function is hg: N — IN
hi(d) :==dim ($)geg—q -
Example 2.49. Let R = Clzy, ..., zn]. Then hg(d) is the number of monomials

inzgp,...,zn of degree d.
n+d
h =
r(d) ( d)

More generally, we can define a Hilbert function hyy when M is a finitely
generated (Z-)graded R-module.

Definition 2.50. Let M be a graded R-module and let j € Z. The j-shifted
R-module M is M[j] with d-th graded piece (M[j])q := Mq_;.
WARNING: If M = R, then this is not a polynomial algebra.

Example 2.51. Consider R as an R-module and letj € Z.

n—l—d—j)

hegld) = ha(a—j) = (" 4

Theorem 2.52 (Hilbert Syzygy Theorem). Let R = Clz1, ..., zn]. If M is a finitely
generated, graded R-module then there is a finitely generated, graded resolution
of length <n+1

0—-Fup12Fao1—---2F =2F—->M—=0 (2.1)

where each F; is a free, finitely generated, graded R-module.

14



Lecture 04: Hilbert Functions 31 August 2017

Remark 2.53. Each F; being finitely generated doesn’t mean that it’s R™ for
some n; the generators may be shifted in degree.

Corollary 2.54. Let R = Clzg,...,zn]. If M is a graded, finitely generated R-
module, then hy, is eventually polynomial.

Proof sketch. We can compute the dimension of M as the alternating sum of
dimensions of Fy, ..., Fr, using the exact sequence (2.1), and each F; has a finite
number of generators. Because this is a finite resolution, there is a maximum
degree of a generator, and then hp, is polynomial after that point. O

Example 2.55. Let R = Clzy, ..., zn]. hr(d) is polynomial for d > 0, since

he(d) = (nzd) B (n+d)(n+dn_!1)...(d+1)

Definition 2.56. The Hilbert Polynomial HPp, of an R-module M is the poly-
nomial coming from the Hilbert function after its input is sufficiently large.

Exercise 2.57. Let f: Z — Z be polynomial, for example (%) := %=1 What

is the Taylor formula
deg(f)

fla)= Y ci<dji)?

i=0
How do we compute the c;?

Definition 2.58. If hpq(d) = C(d+m) + (lower order terms) for d > 0, then m

m

is called the Hilbert dimension Hdim(M) of M, and C is called the degree.
WARNING: the degree in this sense is not the degree of the Hilbert polyno-
mial.

Example 2.59. Let S = R/(p), for p a homogeneous polynomial of degree C.
Then we have a short exact sequence

O%R[CJLR*»R&M%O

where R[C] denotes R shifted in degree by C. We have that
hg/py = hr(d) —hg(cy(d)
_(d+n\ [d+n-—-C
S\ n n

—1
=C (d :;T_L : ) + (lower order terms)

The degree of the hypersurface PV (R/(p)) is C, which is the degree of this
Hilbert polynomial.

15
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Example 2.60. Let R = Cl[xp,...,xn]. Then

hg(d) = (dJrn)

n
and so Hdim(R) = n.

Example 2.61. Let ] = (x%xz). Let’s compute hg for S = Clxg,...,xn]/]. InS,
there are

e (d+ 1) monomials of degree d of the form xg’kxlf

e d monomials of degree d of the form 7<(‘§1"<><12< fork >0

d—k—1
0

e (d— 1) monomials of degree d of the form x x1x fork >0

for d > 2. For d = 0, there is one monomial, namely 1. For d = 1, there are two:
x71 and x5.
Hence, the Hilbert function of S is

1 d=0
hg =<2 d=
3d d>2

This is eventually polynomial, hs(d) = 3d for d > 2. Hence,
Hdim(S) =1
and the degree of S is 3.

Theorem 2.62. Hdim(R/]) depends only on V(]).

Proof. 1t is equivalent to show that Hdim(R/]) = Hdim(R/+/]). Let S = R/]J.

If ] = v/J, then we’re done. Otherwise, there is some r & J with r* € J. So r
is nilpotent in R/J. The lowest homogeneous component of r is also nilpotent
because, writing r = t 4 (higher degree terms), then

* = t* 4 (higher degree terms) € J.

So we may assume that r is homogeneous.

Let m be the least integer such that r™ € J. Let s = v™~ . We know s ¢ J,
yet s? € J. Let d be the degree of s in S.

Now consider the short exact sequence

O—><s>—>S—>S/<S>—>O.

This demonstrates hs = h) +hg /().

16



Lecture 04: Hilbert Functions 31 August 2017

We have another exact sequence
0 — anng(s) — S -5 S[d] — S/<S>[d} 0.

We must include degree shiftings (recall that S[d] is S shifted in degree, not a
polynomial ring!) to make multiplication by s a graded map. This gives us the
equation

harms (s) (t) —hs(t)+hs(t—d) — hS/(s) (t—d).

We have that (s) < anng(s) since s> = 0. Therefore,
hs(t) = hS/(s) (t) + h(s) (t)

< hS/(s) (t) + hanns(s) (t)
= hg,(s)(t) + hs(t) —hs(t—d) +hg /s (t—d)

Rearranging terms, we get
hg(t—d) < hS/(s) (t)+ hS/(s) (t—4d)

On the right hand side, because the polynomials are IN-valued, there cannot be
any cancellation of degrees. Moreover, the two summands on the right-hand-
side are the same degree, so

Hdim(S) < Hdim(S/(s)).
But on the other hand, S/ (s) is a quotient of S, so
Hdim(S/(s)) < Hdim(S).

Therefore, Hdim(S) = Hdim(S/ (s)).

If the new ideal ]’ = J + (s) is not yet radical, then repeat, giving an ascend-
ing chain of ideals contained in +/]. This must terminate since R is Noetherian,
and it terminates at /J.

Therefore, Hdim(R/]) = Hdim(R/+/]). O

Example 2.63. Consider ] = (x3x;), and let r = x1x;. Then the greatest power
of rnotinJiss = x%x%. We have

hs (t—4) < hS/(s) (t) + hS/(s) (t—4).
Considering leading terms, this looks like
At4... < (Bt+...)+Bt+...),

but the degrees of these polynomials (and therefore the Hilbert dimensions) are
the same.

17
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Recall that an ideal | is radical if and only if it is the intersection of the
minimal primes over it. The corresponding geometric fact is that

V() = U V(P).
P>]
P minimal prime

Theorem 2.64. If | is a radical ideal, then the Hilbert dimension of R/] is the
maximum of the Hilbert dimensions of R/P, for P a minimal prime over ].

Hdim(R/]) = max Hdim(R/P).
P minin(a% prime

Proof. Let S =R/1.

If I is not prime, then there is some product ab € Isuch that a,b ¢ I. The
same is true for their lowest degree terms in the grading, so we may assume
that they are homogeneous.

Now consider

SaﬂSb—>R/I_>R/[+<a>@R/I+<b>.

We should check that Sa N Sb is indeed the kernel of the second map. If s =
ma =mb € Sq N Sb, then s2 = manb = mnab = 0in R/I. Hence, s = 0 since
I is a radical ideal.
Then
hRr<hey o+ hey o < her/rt ey

Therefore, because these polynomials are IN-valued,

Hdim(R/I) = max { Hdim (R/I + <a>> ,Hdim (R/I + <b>) }

Now we may replace I + (a) and I+ (b) by their radicals.
We may repeat this process, giving ascending chains

I
/ \
I+ (a) VI+(b)

o PN

These chains must terminate since R is Noetherian, and they terminate at prime
ideals. a
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Example 2.65. Consider the union of a plane and a line corresponding to

(x1) N (x2x3) = (x1%2,%X71%3)-

The monomials not in this ideal yet in one of the two primes are X‘f, xgxg. The

Hilbert function is 5 ]
t t
hg(t)—< er >+< T )—1

Theorem 2.66. Let | be a homogeneous and prime ideal. If V(]) C V(I), then
Hdim(R/]) < Hdim(R/1).

Proof. By the Nullstellensatz, ] > I. Letj € J\ I be homogeneous. Then j is
not a zerodivisor in R/1, since R/ is a domain because I is prime. Let d be the
degree of j in R/1I.

Now ] > I+ (j) > L. Hence,

Let S = R/I. We have a short exact sequence
j S
0—-S—=S— /<j>—>0
yielding
hs — hS[—d] - h5/<j> .
Combining this with (2.2), we see that

Hdim(R/J) < Hdim(R/1). O

2.6 Bézout’s Theorem
Let k be a field.

Theorem 2.67 (Bézout). Let p, q € k[x,y, z] be homogeneous, coprime polyno-
mials. Let S = k[x,y, z]/(p, q). Then Hdim(S) = 0 and deg(S) = deg(p) deg(q).

Remark 2.68. Note that under the assumptions of this theorem, V({p,q)) =
Vip)NV(q).

If we omit the assumption that p, q are coprime, then say p = ra, q = rb.
Then V(p) = V(r) U V(a), and V(q) = V(r) U V(b), and

V({p,q)) =V(r)U(V(a)NV(b)).

This is supposed to be a (generalization of) statement about the intersection of
plane curves, so we really want V({p, q)) = V(p) N V(q).
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Proof of Theorem 2.67. Let R = k[x,y, zl. The Hilbert polynomial of R is

el = (43 7)

for d > 0. p is not a zerodivisor, so using the exact sequence

0 — R[—degp] l>R—>R/< -0

P)

we can compute
hg/(py = (deg(p))d+C,

for some constant C. Since p and q are coprime, then q is not a zerodivisor in
R/ (p). Therefore, we may use a similar short exact sequence to conclude

hR/(p,q) = (degp)(degq). O

Example 2.69. Note that we don’t require k to be algebraically closed.
Consider p =y —x?,and q = y + 1. We can homogenize these to get yz —x
and y + z. Then

2

]R[x,y,z]/ ~ ]R[x,y]/

(yz—x%,y +z) (x* +y?)

The Hilbert polynomial of this ring is constant after degree 2; the monomials
of degree d > 2 are the classes of x4 and xdqy. So the theorem holds, even
though R isn’t algebraically closed.

Example 2.70. Consider p =y and q = yz —x2. These are the projectivizations

of y = 0and y = x?, respectively. The only point of intersection here is at (0, 0),

and this also holds projectively, where the only point of intersection is [0, 0, 1].
Let’s see what Bezout’s theorem says. We have

(pa) = (yyz—x%) = (y,x).
The degree of the quotient ring is here

Exercise 2.71. Let R = k[xp,...,xn]. Letp1,...,pa € R be homogeneous. Let
[= <P]/-~-1pd>-

(a) Show that Hdim(R/I) > n—d.
(b) If Hdim(R/1) = n — d, show that deg(R/1) = [T ; deg(p:).

Definition 2.72. If deg(R/I) = Hid:1 deg(pi), then we say that V(R/I) is a
complete intersection.
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Example 2.73. Let X C My,3(C) = C® be the closure of the set of matrices of
rank 1. This is determined by the equations that all 2 x 2 minors vanish.

={l ¢

Hence, X is the vanishing set of the ideal I = (ae —bd, bf —ce, af —cd).
Claim that (ae — bd, bf — ce) is not a prime ideal. The element

aebd:bfce:afcd:O}

(af —cd)b = a(bf —ce) +c(ae—bd)

is in this ideal, yet neither of the factors are. Likewise, (af — cd)e is in this ideal,
yet neither of its factors are. Hence, this ideal is not prime.
But we can rewrite this ideal as the intersection of its minimal primes:

(ae —bd, bf —ce) = (ae—bd, bf —ce,af —cd) N (b, e).

This intersection can be interpreted as follows: The set of matrices

a b ¢

d e f
such that ae — bd = bf — ce = 0 is the union of the set X of all matrices of rank
1 with the set of matrices of the form

a 0 c
i s i)

The degree of (ae —bd, bf —ce) is 22 = 4, since it is defined by two quadratic
polynomials. The degree of (b, e) is 12 = 1, since it is generated by two linear
polynomials. Therefore, the degree of X must be three.

Yet there are three defining equations for the ideal I = (ae —bd, bf —ce, af —
cd), and each is degree two. In this case, Exercise 2.71 says that the degree of X
is 2% = 8.

Of course, the issue here is that Hdim(X) > 5 — 3 = 2. Actually, the Hilbert
dimension of X is 3.

Theorem 2.74 (Bertini). Let R = k[xo, ..., xn]. Let ] < R be homogeneous, and
let k be an infinite field. Then there exist linear polynomials f = Y 1" jkix; € R
such that f + | is not a zerodivisor in R/].

Corollary 2.75. If in addition | is either prime with dim(]) > 1 or radical, then
J + (f) is again prime or radical.

Remark 2.76. The geometric interpretation of Theorem 2.74 is that the intersec-
tion of V(J) with a random hyperplane drops dimension by 1, and preserves
degree. Therefore, deg(R/]) is the number of ways to intersect V(J) with a
random complimentary plane.
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Question 2.77 (Open since 1974). Let (M, N) be a pair of n x n complex ma-
trices, considered as an element in C2". Let I be the ideal generated by the
entries of MN — NM,; this is an ideal generated by n? equations. Then V(I) is
the set of pairs of commuting matrices; it has dimension n?4+nIsVi=I?

This question is asking whether or not there are secret equations that hold
for commuting matrices, but can’t be determined by the fact just that they
commute?

Theorem 2.78 (Knutson). Let ] be the ideal generated by off-diagonal entries of
MN — NM. Then

@ J=VT
(b) ] =1NQ, where 1 is the ideal generated by all entries of MN — NM and

Q is another ideal;

(c) V(R/1) is a complete intersection.

2.7 Krull Dimension

Let k be a field and R = k[x1,...,xn]. Let I be a homogeneous ideal, and write
S=R/L

Definition 2.79. The Krull dimension dim S of S is the maximum length of a
chain

Ay 7 #

SHDki)}Dk,] 0

Do

such that each Dj is a domain. The first map might be an equality, but thereafter
they are not.

Theorem 2.80. dimR/] = dimR/+/] = ,.max dim R/P.

>] prime

Proof. Nilpotents in R/] come from elements of \/] . Therefore, ker(R/ ] =
Dy) > +/J. So sequences for R/] correspond to sequences for R/+/J.

R DL
\ /“

The kernel of R = R/] — Dy is prime, and contains ], and therefore, contains
one of the minimal primes P > J. The chain

R/] R/P Dk #
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is longer, unless R/P — Dy is an isomorphism. In this case,
dim ®/; = dim(Dy) = dim */p O

Here’s another equivalent definition of Krull dimension. We make two
conventions: one for graded and one for ungraded rings.

Definition 2.81. The Krull dimension dim(R/I) of R/Iis the maximum length
d of a strictly ascending chain of prime ideals containing I,

[ICPoCPI &~ CPgCR

For an ungraded ring R, we allow the P; to be arbitrary, and for a graded ring R,
we require that they are homogeneous.

Tautologically, we have that the ungraded Krull dimension is at least the
same as the graded Krull dimension.

Theorem 2.82. Let R be a graded ring with homogeneous ideal 1. The Hilbert
dimension of R/1 is one less than the graded Krull dimension of R/1.

Proof. We will show that each is greater than or equal to the other.
To see that Hdim(R/I) > dim(R/I) — 1, recall that we proved that for a
chain
[CPoGCPI G- CPLCR

we have Hdim(R/P;) < Hdim(R/P;1). Then use induction.

Conversely, to see that Hdim(R/I) < dim(R/I) — 1, write VI =P; as the
intersection of its minimal prime ideals. Note that R/ /T has the same Hilbert
dimension and Krull dimension as R/1.

Claim that each P; is automatically homogeneous. Indeed given xy € [ with
x,y € I, write I = (I+ (x)) N (I+ (y)) and repeat on the factors. This terminates
because R is Noetherian, and, taking radicals, gives a decomposition of 1/T as
the intersection of its minimal primes.

We already showed that there exists some P with the same Krull dimension
as v/T; by the above, this means that they must have the same Hilbert dimension
as well.

Take P4 = P, and let a ¢ P4 be homogeneous of positive degree (unless
Pa = {(x0,---,%n))-

Let P4_1 be a maximal dimension prime component of P4 + (a). We proved
earlier that

Hdim(R/Pgq_1) = Hdim(R/P4) — 1.

Now continue by induction. This shows that Hdim(R/I) < dim(R/I)—1. O
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Definition 2.83. Let I < k[xq,...,xn] be an inhomogeneous prime ideal, and
define its homogenization I < k[xy,...,xn] by the following. Consider the
pullback of k[xy, ..., xn]-modules

b 1) —— 1

| J

klxo, ..., Xnl LN kix1,...,%xn]

N

Then

I:= @ (bi] (I) Nklxo, ... /Xn}deg:i)

i
The geometric interpretation of this is that in projective space IP™, we have
PV(I) = V(I).

Lemma 2.84. Let I < k[x1,...,xn] be a (not necessarily homogeneous) prime
ideal. Then

(a) I="0(D).
(b) 1is also prime.
Proof.

(a) We have that b(I) < I because b(I) C b(b~'(I)) < I. Conversely, I < b(I)
using homogenization of polynomials.

(b) Assumexy € T. We may assume as before that x and y are homogeneous.
Then b(x)b(y) = b(xy) € 1. Therefore, either b(x) or b(y) € I since I is
prime. Without loss, assume b(x) € I But x is the homogenization of b(x)
multiplied by some power of xg

x = (homogenization of b(x)) - x§

We also know that, I: (x0) = 1, and that the homogenization of b(x) is in
I, so therefore x € 1. O

Theorem 2.85. For a homogeneous ideal I, the ungraded Krull dimension of
R/1is equal to the graded Krull dimension of R/1.
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3 Geometric Operations on Varieties

3.1 Blowing up

Definition 3.1. Define the tautological bundle over CIP™ as
C™:= {0 eC" xCP™ |V € (}.
This comes with a projection C™ — CIP™ ! given by (¥, () ~— L.

There is another map C™ — C™ given by (¥, () — ¥. Generically, this map is
injective when v # 0, but when v = 0, there is a whole CIP™~! worth of lines in
the fiber above 0.

We have an inclusion

Ch — 5 Cv x CP™!

and, if C™ has coordinates v1, ..., vn and CP™ ! has homogeneous coordinates
X1,...,Xn, then the equations that demand v € { are

vixj —vjxy =0 foralli,j=1,...,m.
So the ideal that defines C™ inside Clvi, e o)V, X1, .-+, X0 18
<Vi_X]' 7V]'Xi | i,j = 1,...,T1.>.

Under the analytic topology (not the Zariski topology), we may consider C™
as a quotient of C™ \ 8(6, 1) by the action of the unit circle (multiplication by
¢'%) on the boundary. Here, B(0, 1) is the ball of radius 1 centered at the origin.

The inclusion of CIP™~! into C™ may be seen as follows. CP™ " is diffeo-
morphic to the unit sphere modulo this action of the unit circle.

Definition 3.2. Given an algebraic subset X of C™, the proper/strict transform
or the blowup of X is
X = 1(X\{0}).

This fits into a diagram
X —— C"
Lk
X —— C"

but this diagram is not a pullback. The total transform is the pullback of X
along 7.
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Example 3.3. Let X = V({ab)) C C? = Specm C[a, b]. This corresponds to the
axes in C2. The blowup X is then two lines that don’t meet, but pass over each
other.

The corresponding ring for C™ is

Cla,b,p, 4l
/ (aq—pb)

with a, b in degree zero, and p, q are in degree one, where the ideal is generated

by all 2 X 2 minors of [g g’]

To get the ring corresponding to X, we must quotient by a few more relations.

In particular, if we just took the pushout,

Cla,b]/{a,b) +———— Cl[a,b]

| |

P+ Cla,b,p,ql/{aq—bp)

then we would get
Clx,y,p,ql
/<aq —bp, ab)’
But this ideal is not prime, and we can’t just take a pushout because X is not a
pullback. Moreover, the ideal I = (aq — bp, ab) is not prime, since it contains
neither a nor b. But,

(aq — bp, ab) = (aq — bp, a) N {aq — bp, b)
— (a,p) N (a,b) "1 {q,b)

We don’t want (a, b) at all; this isn’t part of the blowup because it’s singular at
the origin, and the blowup has no singularities.
Therefore, the ring corresponding to X is

Cla,b,p, ql

fla,p) 1 (a,b)
Construction 3.4. An algorithm to determine the ideal corresponding to the
blowup X is as follows. Recall the saturation ideal from Definition 2.17. The
blowup is

(XA {0) =7 T (X)\ 7 1(0) = PV (I: (x1,...,xn)>),

where 1 is the ideal of C[x1,...,Xn,Y1,...,Yn] defining the blowup, generated
by the 2 X 2 minors of

{)q ... xn}

Y1 ... Ynl
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Example 3.5. In the previous example (Example 3.3), we can compute
{a,p) N {q,b) = (aqg—bp,ab): (a,b)*=

Definition 3.6. The blowup of C™ along C* is the product of C* and the blowup
of C" ¥ at 0.

Give C™" coordinates x1, ..., xn and say that Ck is the first k-coordinates of
C™. Then let I be the ideal generated by all 2 x 2 minors of the matrix
[xk+1,n.,xn}
Yk+1,-+-,Yn

inside C[X1,..., Xk, Xk41,+++,Xn, Yk+1,- . -, Yn] With x; in degree zero and y;
in degree 1. We may think of this ring as representing C* x C™~* x CP™—k~1.
The blowup corresponds to the quotient of this ring by I.

3.2 Specm and Projm

Let S =Clxq,...,xnl/I, where I is an inhomogeneous ideal. We think of each
maximal ideal as corresponding to a point in C™ by the Nullstellensatz.

Definition 3.7. Let Specm(S) be the collection of maximal ideals of S.
Now let S be an IN-graded ring.

Definition 3.8. The irrelevant ideal of S is

i>0

Definition 3.9. Let Projm(S) be the collection of ideals which are maximal
among homogeneous ideals not containing the irrelevant ideal.

If we did this construction on S = Clxy, . .., xn], each such ideal of Projm(S)
corresponds to a point in projective space CIP™.

Remark 3.10. Another description of Projm(S) is as follows. By analogy to the
construction of projective n-space from affine n + 1 space, we rip out the origin
and quotient by the action of C*.

Given an N-graded ring, let C* acton r € S of degree d by z - v = z%r, and
extend this by linearity.

The ring Sp = S/S~ ¢ corresponds to the origin in Specm(S), so we remove
that piece from Specm(S) and then quotient by the action of C*.

Projm(S) = (Specm(S) \ Specm(s/s>0)> /C* (3.1)

27



Lecture 08: Specm and Projm 19 September 2017

Proposition 3.11. If S is ungraded, then let Sy = S to give it an IN-grading. If
we adjoin a new variable { of degree one to get S[{], then

Projm(S[¢]) = Specm(S)

Note that if we just take Projm(S) with everything in degree zero, then
Projm(S) = @.
Proof. Use the description (3.1).
Projm(S[€]) = (Specm(S[{]) \ Specm(S))/C*.

Now, each maximal ideal of S[{] corresponds to the kernel of a surjective homo-
morphism from S[{] — C. To choose such a homomorphism, we may choose a
homomorphism from S — C and a destination for {. Hence, as sets,

Specm(S[t]) = Specm(S) x C

We may likewise consider Specm(S) as those homomorphisms S[t] — C sending
¢ — 0. So we have

Projm(S[{]) = (Specm(S[{]) \ Speecm(S))/C*
= (Specm(S) x C) \ (Specm(S) x {0}) /C*
= (Specm(S) x C*)/C*
= Specm(S) O

Example 3.12. This is an example of a space that is described as Projm(S), but
is not itself a projective space or affine space.
Ve B}

Consider the blowup C™.
We may also write this as the variety corresponding the ideal I generated by all
2 x 2 minors of [ 174" |. In the new language, using Projm, we have

c" = {(v,m cC" x Ccp!

c" = Proij[xgo),...,ng)),ygn,...,yg)] /1

Here, the superscript ng) means that the generator x; has degree j.

Example 3.13. There are also spaces that are not Specm(S) or Projm(S) of any-
thing, but are still perfectly reasonable. For example, C? \ {0}. This is not
Projm(S) for any S.
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3.3 Blowups, continuted

Let S = C[xq,...,x¢]/T and let ] < S be an ideal generated by g1,..., gn—x.
The blow up of Specm(S) along Specm(S/]J) is defined as follows.
First, re-embed Specm(S) C CX into C™ as the graph of

9=1(91,..-,9n_x): Specm(S) — C™ ¥,

This lives inside S x C"—% C Ck x C™ ¥, and moreover the intersection of the
graph of g with C* x 0 C Ck x C™~¥ is exactly Specm(S/]).
Now we blow up C™ along C¥ and take the proper transform of Specm(S).

Clxy,...,xn] —— S

l

C[X]/‘"/Xn/yk+]/-"/yn]/K ¢ N S[t]

Xk+1---Xn

where K is the ideal generated by all 2 x 2 minors of the matrix [yk o .--yn} ,

and the map ¢ is defined by

d(xi) =x¢ i=1,...,k
S (xx4i) = gi i=1,...,(n=k)
d(Yr+i) = git i=1,...,(n=Xk)

Definition 3.14. The image of ¢ is called the blowup algebra

B(S,)=Satat’?a...=PtY <s[y
d

with t in degree 1 and S in degree zero.
Definition 3.15. The blowup of Specm(S) along Specm(S/]) is Projm(B(S, J)).

Theorem 3.16. If I is prime, then the blowup algebra C S[t] is a domain, so it
gives the proper transform.

Example 3.17. Let S = C[x,y] and let ] = (x?,y). The blowup algebra of this is
the image of

Clx,y,q, b]/<x2b _ya)

inside C[x, y, t] under the map
X X,
y—y,
a— xzt,

b — yt.
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Example 3.18. Let S = C[x,y] and let ] = (x3,xy,y3). The blowup algebra in
this case generated by all x%y®t9 with (a, b) above the line segments connecting
(0,3d), (d, d) and (3d,0).

The monomials in the blowup algebra with t-degree d correspond to all
lattice points in the shaded region below.

b

(0,3d) xaybed

(3d,0)
Example 3.19. Consider S = C[x,yl/(xy) and ] = (x,y). The only monomials
in S are x and y. The blowup algebra is isomorphic to its preimage in C[x, y, a, b]:
B(J,S) = Clx,y, a,b]/(xy, bx,ya, ab),

and in t-degree d has monomials x't¢ and yJt¢ for 1,j > 0.
The ideal generating this blowup decomposes as

(xy,bx,ya, ab) = (x,a) N (y,b).

Geometrically, this is blowing up the union of the coordinate axes at the
origin, to get two lines that don’t intersect yet project onto the coordinate axes.

3.4 Associated Graded Rings

Definition 3.20. Let ] be an ideal in a ring S. Then the Rees algebra of S is the
Z-graded S-algebra defined by

Rees(S,]) = P J™t™ C sl t7'],
nez

where J™ is understood to mean S if n < 0.

Rees(S,])=...aSt @St ' asata]*t?®...
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If S contains a field, say C < S, then there is a graded map
Clt™'] — Rees(S, ]).

This makes Rees(S, J) into a torsion-free C[t~']-module.
What does this mean geometrically? It gives a map to affine 1-space over C:

m: Specm(Rees(S,])) — Specm(C[t™1]).

Moreover, there is an action of C* on both Specm(Rees(S, J)) and Specm(C 1)
by z - f = z4f for f homogeneous of degree d, and 7 is C* equivariant. Hence,
all fibers of 7 are isomorphic, except possibly for the zero fiber.

Example 3.21. Let S = C[x,y] and ] = (xy). Then Specm(S/]) represents the
union of the coordinate axes in C?. The Rees algebra is

Rees(S,]) = Clx,y,t ', txy] C Clx,y, t*'].

It’s tough to describe the geometry of a subalgebra, but it’s easy to describe the
geometry of a quotient. So let’s rewrite

—1
Rees(s, ]) = C U/t ,v]/<t_1v7xy>

This receives a map from C[t~'], corresponding to the projection
m: Specm(Rees(S,])) — Specm(C[t’W).

A fiber above any A € C corresponds to setting t~! = A in C[t~'] and then
taking the pushout

Clt— "] Cit™

| |

Rees(S, ]) = C["'y’t_]'”& Choy,t' v

t~Tv—xy) At Tv—xy) = Chyl
What if instead we computed the fiber over zero? In this case, A = 0 and we

have the quotient

C[x,y,t”,v}/ %C[x,y}/

(1t v —xy) (xy)’

So above any generic (read: nonzero) point, Specm(Rees(S, J)) looks like C2.
But above zero, we get the union of coordinate axes, which is S/] again.
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We may think of this as a family of hyperboloids v = txy in three-space,
parameterized by t. Ast — oo, (and therefore t—! — 0), this becomes the union
of the xv- and yv-planes.

t=1 t=5 t = 1000

From this example, we can learn about quotients of the Rees algebra.
Fact 3.22.

(a) For any nonzero\ € C, Rees(s'”/“,]f}\> =g

(b) Rees(s'”/(t) = S/] © J/]2 D Iz/]3 D...
We have a name for Rees(S,])/(t).
Definition 3.23. For any ideal ], the associated graded ring to the J-adic filtra-

tion of S is 5
gr](s) = S/] @ I/]z e /]3 D...
with S/] in degree zero, ]/ I2 in degree 1, etc.
Definition 3.24. Specm(gr] (S)) is called the normal cone to V(]) C Specm(S).

Remark 3.25. Usually, we have a map S — S/]. For gr;(S), we have a map
gry(S) — S/] given by taking the quotient module by J. There is also a map
S/] — gry(S) that puts S/] in degree zero. So there are maps both ways between
the normal cone and V(J). These work much like a section/retraction pair, and
so the normal cone plays the role of tubular neighborhoods in differential

topology.
Why do we study gr;(S)?
Example 3.26. If V is a finite dimensional vector space, and
V=Vy2>V; >...2 Vg,
then we write
grVi="o/y, & Vi/y, &... @ V.

Notice that dim(V) = dim(gr V). This is kind of silly, until we work with
associated graded rings for algebras.
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Now let ] be anideal in a graded ring S such that ] < S . Assume moreover
dim(S4) finite for each d, so there is a Hilbert function hg. Then gr) (S) has two
gradings: one from the grading on S, and one from the usual one on gry(S).
Moreover,

Mg (s) = hs

with respect to the grading coming form that on S; this comes from the previous
example with

Sa>SaNJ>SqaNJ?>...>SqNnJ4H"

Example 3.27. Let S = Clx,y,z]/(xz —y?). (This is known as the ”second
Veronese of P'.”) Let ] = (y). We have

1 1 .

Rees(s,]) EC[X/y/Z/t /ﬂ/< %C[X/Z/t /ﬂ/

xz—y%t 1 —y) (xz—(t71})%)

Therefore, ]
g1, (S) = Rees(S,])/<t71> ~ C[X,ZIJ]/<XZ>'

This is homogeneous in j.
Exercise 3.28. Consider C[x,...,xn] and any polynomial p(x1,...,xn). Let
S =Clx1,...,xnl/{p). Let f be the sum of the terms of p which have the lowest
xi-degree. Then
~Clx1,...,xn]
Bl S =TT gy

Moreover, cl ]
~Clx1,...,xn

BT (xy) Bl(xy) -+ BT(x;) S = /(m)

where (m) is a principal ideal generated by a single monomial m.
If Iis any ideal with I*® =0, and {i7,1,...,in} ={1,2,...,1}, then

Clx1,...,%xnl
8 (xi,) 8 (xi) " By ( 1 /1)

is the quotient of C[x1, ..., xn] by a monomial ideal.

3.5 Singular Loci

We'll begin this section with some motivation from differential topology. Let
f: R™ — IR* be a smooth map.

Definition 3.29. A regular point of f is x € R™ such that Dflx: TxR™ —
Tf(x)]Rk is surjective.
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Definition 3.30. A regular value of f isy € R¥ such that all x € f~'(y) are
regular points.

Theorem 3.31 (Sard). Most values in the image of f are regular values.

This theorem in particular says that space filling curves don’t happen in
differential topology.

Theorem 3.32. ' (y) is smooth at all regular points x € f~1(y). In particular,
ify is a regular value of f, then =1 (y) is smooth.

Example 3.33. Consider f: R> — R given by f(x,y) = xy. Then

Df(X, U) = (U/ X)
This is surjective as a map R? — R?, unless x =y = 0.
Example 3.34. Consider det: R? x R? — R

a b

det L d

] =ad—Dbc

The derivative here is
Ddet(a,b,¢c,d) = (d,—c,—b, a),
which is surjective unlessa =b=c=d =0.
We have an exact sequence
Tof T (f(x)) = TRR™ = T R* — 0

The tangent space to the fiber f=1(f(x)) is dimension n — k. In general, the
preimage of a regular value is a complete intersection.

Example 3.35 (Non-example). Consider the Klein bottle as a 2-manifold inside
R*. There is no map R* — R? that would have the Klein bottle as the zero set
of some equations, because R* and R? are orientable but the Klein bottle is not.

Definition 3.36 (Nonstandard!). A semi-regular point of f is a point x for which
the rank of Dfl, is maximized over all x € £~ (f(x)).

Theorem 3.37 (Improvement on Theorem 3.32). f~1(y) is smooth at all semi-
regular points x € =1 (y)

Now let’s look at the algebraic geometry version of this.
Definition 3.38. Let f: C™ — C¥. We say that f is algebraic if each f; is polyno-

mial.
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Note that any arbitrary algebraic set in C™ is the preimage of a point under
an algebraic function f: C™ — CK.

Definition 3.39. The Jacobian of an algebraic f: C™ — C¥ is

ofy ofy . 0Oof1
X1 0x2 Oxn
Df = . . . .
ofy  ofy . Ofg
0xq 0x2 OxXn

Definition 3.40. The singular locus of f~1(y) is defined as follows. Let M be
the maximum possible rank of the Jacobian of f over all points in f~' (y). Then
the singular locus of f1(y)is

{x € £ 1(y) | rank Dflx < M}

Remark 3.41. Actually, the singular locus is an algebraic set itself! The condition
that the rank of Df| is less than the maximum is equivalent to the condition
that all M x M minors of Df|, are zero.

Example 3.42. Consider f: C?> — C given by f(x,y) = y2 —x3. The derivative
of fis
Df(x,y) = (—3x%,2y).

The maximum possible rank is 1, and it’s only less than 1 where (x,y) = (0,0).
Hence, most fibers of f are smooth, except =1(0) is singular at (0,0).

-~

Example 3.43. Consider the map f: C? x C3 — C? given by
a b c L |ee— bd
d e f bf —ce
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The derivative of this map is

e -d 0 —-b a 0
Df_[o f —e 0 -—c b}

And this sometimes has rank 2 on f~1(0,0):

0000 10O
D = .
asy=lo Vo0 0 d
In fact, 2 is the maximum possible rank. The singular locus is where the rank is

less than 2. Let’s look at the ideal generated by all possible 2 x 2 minors of the
determinant:

] = (ef, e?, ec,eb, de, bf, dc — af, db, be, ae, be, b2, ab)

The radical of | is
V] = (e,b,dc — af).

Hence, the singularities of f are where the two components ae — bd and bf — ce
intersect.

3.6 (co)Tangent Spaces and Singularities

Recall that for any p € V(I) C C™, there is a maximal ideal M, > I correspond-
ing to p, with V(M) = {p}.

Definition 3.44. The tangent cone to Specm(R) is Specm (gry, (*/1))-

Definition 3.45. The Zariski cotangent space to p € V(I)is /2. |, where M
is the maximal ideal corresponding to p.

Remark 3.46. To understand why this is called the Zariski cotangent space,
consider the case that I =0 and M = (x1,...,Xn). Then the Zariski cotangent
space at the origin is the C-algebra generated by x1, ..., xn, with relations x? = 0.
Hence, the Zariski cotangent space is spanned by the variables x;, and we think
of these x; as functions on C™.

Definition 3.47. The multiplicity of V(I) at x is the degree of gry, (®/1). (Recall
that the degree is the leading coefficient of the Hilbert function.)

Example 3.48. Consider C[x,yl/I where I = (xy). What is the multiplicity of a
point on the x-axis? As long as it’s not the origin, the multiplicity is 1. At the
origin, the multiplicity is 2.
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Example 3.49. Consider C[x,y]/(y? —x3). The multiplicity of any point not on
the cusp is one, but what about at the cusp (x =y = 0)?
The Rees algebra of this is

C[x,y,t”,u,v]/
y? =3t Tu—xt Tv—y,v2 -t Tud)

Att~! =0, we have

C[x,g,u,v]/ EC[u,v]/

(v2)r
Hence, the multiplicity of this ring here is 2. The tangent cone looks like a
double line along y = 0.

(x,y,v?)

Definition 3.50. V(I) is regular at a point p if T, V(I) is a vector space. Other-
wise, V(I) is singular at p.

Earlier we defined singularity as the points where the Jacobian has less than
full rank. To be consistent, we should prove that this agrees with the new notion
of singularity.

Lemma 3.51. Let p € V(I) € C™, dimT,V(I) = k. Then thereis Y O V(I)
defined by (j1,...,jn—x) with the same tangent space at p.

Proof. Let M be the maximal ideal corresponding to I. Want to produceji,...,jn_x €
I. Consider the kernel of the map between cotangent spaces

K =ker (M/y2 = M)

This map of cotangent spaces is dual to the inclusion T, V(I) — T,C™.
Pickj1,...,jn—x € I'to give abasis of K. Let Y = V((j1,...,jn—k))- By the
choice of j1,...,jn—x,

~

M M
/M2+<].1/~~-,J'nfk> AVERRY

so Y and V(I) have the same tangent space at p. O

Example 3.52. Let I = (x) N (x —1,y) = (x(x —1),xy). This is the variety
{(x,y) | x =01U{(x,y)}. Atsome point p on the line x = 0, the tangent space
has dimension 1.

Lemma 3.53. Let Y = V((j1,...,jn—x) as in the previous lemma. Let)? =
G1,+-,jn—x): C* — C* . Then T, Y = ker Dj.

Proof sketch. Want to show that

05TV o T,c" 25T ek 5o
P itp)
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is exact. Since everything in sight is a finite-dimensional vector space, then the
dual sequence is also exact:

DT
0 M/Mz+] — M/Mz <L—]L MI/M/Z «—0
We can check that this latter sequence is exact. O

Example 3.54. What's the singular locus of C2?

62 = PI'ij <C [X/ y,u, V]/<XV B yu>>

The Jacobian of f(x,y,u,v) =xv—yuis
Df = (v, —u, —y, x).

This has rank less than the maximum when u =v = x =y = 0, but this never
happens since we’re working in projective space. Hence, there are no singular
points.

Example 3.55. What about C? blown up at (x,y?)? The blowup algebra is
isomorphic to
Clx,y,u, V] /

(vx —uy?)
The Jacobian of f(x,y,u,v) = vx — uyz is

Df = (V/ _zuy/ _92/ X)

which has lower than the maximum rank when x =y = 0 = v. Hence, there are
singularities whenx =y =v = 0.

3.7 Toric Varieties

Definition 3.56. A rational polyhedral cone C in R™ is one defined by finitely
many wy,..., Wy € Q™
C={V|v-w; >0}

Fact 3.57. (CNZ™, +) is a finitely generated abelian group.
Definition 3.58. An affine Toric variety is Specm C[(C N Z™, +)].

Remark 3.59. These are called Toric varieties because they have an action of the
n-torus (C*)™.

Example 3.60. Consider C ={x > 0| x € R}. Then CNZ = N, and we have

~

C[IN] = C[x]. The corresponding toric variety is line.
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Example 3.61. Let C be the first quadrant. Then C N Z? = IN?. The correspond-
ing monoid algebra is
CIN?] = Clx,y]

and the toric variety is the plane.

Example 3.62. Consider the cone C with C N Z? as follows:

The corresponding monoid algebra is C[x,y, zl/ (xz —y?).

Example 3.63. Consider the cone C with C N Z? as follows:

The corresponding monoid algebra is C[C N Z] = Cla?, ab,b?] = Cla, b]%2/2.
Then Speem C[CNZ] = C/(Z/2).

Definition 3.64. Let P C R™ be defined by finitely many affine-linear inequali-
ties{V|V-w > ci}forw; € Z™ and ¢; € Z.
The Toric Variety associated to P is

TVp :=ProjmC |R| (P x (1)) nzZ"+'|.

The grading comes from

Example 3.65. Take P = {1} C R. Then TVp is a point.
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Example 3.66. If P = [1,2] C R, then R, (P x {1}) is the shaded region below.

TVp = ProjmCla"), b(1)] = CP!

Example 3.67. If P is the standard n-simplex

{(ﬁ,---,rn)ln >0,y 1 < 1},
i

then TVp = CIP™.

Example 3.68. If P = [2, 00), then R (P X {1}) is the shaded region below.

» P x {1}

TVp = Projm Cla"),b(®)] = Speecm C[b(?)] = C.
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Example 3.69. Consider the polytope P C R? below.

AN

AN

Slices of the cone on P in R3 look like
AN AN

b 4

~
~

z=20 z=1

Notice that, as vectors, a + d = b + c. This gives the relations ad — bc in the
monoid algebra on this cone.

. (C[al®),pl0) (1) q(1)] ~
TVp:Pro]m( /<ad—bc> =C-.

Example 3.70. If P is a square in IR?, then

(C[am,b(”,c“),d(”]/

TVp = Projm >) =CP' xCP'.

(ad —bc

This is consistent with Example 3.66, which says that if P is an interval, TVp =
CP'. Here, P is the product of an interval with an interval, so TVp = CP' x CP'.
This is more generally true.

Example 3.71. We know that this polytope gives CIP2.

AN
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But this polytope also give CIP2.

Theorem 3.72 (Ehrhart 1960’s). Let P be the convex hull of finitely many points
in Z™. Then hty, (d) is polynomial for d > 0, and

hrv, (d) = #{lattice points in d - P}
hrv, (—d) = (-1 )M P Nattice points in interior of d - P}

Remark 3.73. The degree of hty, (d) is the volume of P in simplex units: how
many unit 2-simplicies does it take to fill P?

Definition 3.74. Call P smooth if TVp is regular.

Theorem 3.75. TVp is regular iff each corner is a cone isomorphic to N9™P ag
monoids, or via GLgjm, p(Z) transformations.

Definition 3.76. If S = @;cp Si is a graded ring, the n-th Veronese is

Vern (S) = @ S1t+in-
ielN

Remark 3.77. Projm(S) = Projm(Very (S)).

Theorem 3.78. Let R be a polynomial ring and 1 a graded ideal of R. Let S = R/1.
Then Very, (S) is generated in degree 1 with relations in degree 2.

Conjecture 3.79. If P is smooth, then
C [m(P <) mznﬂ}

is generated in degree 1 with relations in degree 2.

Theorem 3.80. Let C be a rational polynomial cone, let D C C be nonempty
such that C+D C D. Let

R=C[R.(Cx{nz"T],

1=C []R+(D <) mz”‘]
Then
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(a) 1is an ideal of R, and
(b) TVp is the blowup of TV along this ideal.
Proof sketch. Compute the blowup algebra. O

Example 3.81. Take C to be the z = 0 slice of Example 3.69, and let D be the
z = 1slice. TVp is the blowup of TV = C? at a point.

4 Schemes

4.1 Non-closed points

Recall that Specm(S) is the set of maximal ideals in S, and an ideal is maximal if
and only if the quotient by it is a field.

When § is finitely generated over C (thatis, § = C[xq,...,xn]/I), the Null-
stellensatz implies that all of these quotient fields are C.

When we have a map S — T of such algebra, there is a corresponding map
Specm(T) — Specm(S).

What if S, T do not contain C?

Example 4.1. Consider the inclusion Z — Q. Specm(Z) consists of all ideals
(p) where p is prime. Specm(Q) = {(0)}, and there are way too many choices for
the map Specm(Q) — Specm(Z). Which one should we take? It's ambiguous.

Definition 4.2. The spectrum of a commutative ring S is the set of its prime
ideals, denoted Spec(S).

Given ¢: S — T, there is a map ¢*: Spec(T) — Spec(S) given by ¢*(I) =
{aeS|d(a) eI}

Example 4.3. Consider the inclusion Z — Q. Now,

Spec(Z) = {(p) | p prime} U{(0)}
and Spec(Q) ={(0)}. The map Spec(Q) — Spec(Z) is now clear.

Definition 4.4. The Zariski Topology on Spec(A) for a commutative ring A has
one closed set for each ideal I, consisting of all prime ideals containing 1.

{P > 1| P prime ideal}

Remark 4.5. Recall that we defined a Zariski-closed set in Specm(S) is the set
of all maximal ideals containing I, for some ideal I. In Specm(S), each maximal
ideal M gave a closed set with one element, namely {M}. Hence, we say that
“points are closed,” and M is a closed point.
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In Spec(S), each prime P gives a closed set {Q > P | Q prime}. This contains
P, but may contain other ideals as well. Hence, the closure of the point P €
Spec(S) may be larger than just P itself. So we say that P € Spec(S) is a non-
closed point.

Example 4.6.
SpecClx] = {(x—A) | A€ C}U{{0)}.

The point 0 is not closed, and we picture it as suffusing the whole space. In fact,
(0) € (x—A) forall A € C, so the closure of (0) is all of Spec C[x]. Hence, we
say that (0) is a generic point of this topological space.

Definition 4.7. A generic point P of Spec(S) is a minimal prime P of S.

Example 4.8.

Spec (C[x,y]/<xy>> = {(x=Ay), (y=Ax), (%), W) bacevio)

The generic points of this space are (x) and (y).

Example 4.9. Consider the ring A = C & C[x]. This corresponds to the disjoint
union of a point and a line.
Then

Spec(A) = {(0,1),((1,0),(0,x—A)), {(1,0)) }, ¢

The ideal ((0, 1)) is both a minimal prime and a maximal ideal. Hence, it is both
a closed point and a generic point.

Example 4.10. Consider C[x] — C[y] given by x — yz. As a map on the spectra,
this corresponds to the map C — C given by z ~ z2. This is one-to-one over
zero, and two-to-one elsewhere.

4.2 Localization at a Point

Let A be a commutative ring and P a prime ideal inside A. Consider the
composite

A — A/p — Frac (A/p)

where Frac(D) is the fraction field of a domain D. This gives a map backwards
on spectra

Spec (Frac A/p) — Spec (A/p) — Spec(A).

If k is a field, Spec(k) has just one element as a set, namely 0. So we think of
Spec(k) geometrically as just a single point, and the map Spec(k) — Spec(A)
geometrically is a point in the space Spec(A).
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Definition 4.11. Given a prime ideal P, the localization of S at P is the set
Sp={31t¢P)

What do the prime ideals of Sp look like? If (r) < Sp is not the whole ring,
then r € P. Hence, (r) C P, so the only maximal ideal of Sp is the image of P
under S — Sp. So Spec(Sp) has only one closed point,

For any ring S, we have a map S — Sp. This gives a map on spectra
Spec(Sp) — Spec(S) as usual. In this case, the unique closed point of Spec(Sp)
maps to P € Spec(S).

Definition 4.12. A local ring is a ring with a unique maximal ideal.

Example 4.13. Let’s localize C[x] at 0. This localization is

_rx)
A= {0 \"*q}'

The spectrum Spec(A) of this localization consists of a generic point and a closed
point; we have lost all of the others that existed in Spec C[x].

Example 4.14. Consider the inclusion R[x] — C[x]. The prime ideals of C[x] are
0and (x—A) for A € C. The prime ideals of R[x] contain 0 and (x —r) forr € R,
but also irreducible quadratics ((x —z)(x —Z)) forz € {a+bi € C|b > 0}

Each point of SpecR[x] of the form ((x —z)(x —Z)) splits into two ideals
(x —z) and (x —z) in Spec C[x]. So the map Spec C[x] — Spec R[x] two-to-one
almost everywhere.

This corresponds to the fact that C[x] is free of rank 2 over R[x], or rather
dim]R(X) C(X) =2

Remark 4.15. In classical algebraic geometry, polynomials f € Clx1,...,Xn]
are functions on C™. We want to have the same intuition for elements of S as
functions on Spec S.

Well, given f € S, and P € Spec(S), the value of this function f at the point P
is the image of f € S under

S — 5/p — Frac (S/p> .

(They don’t land in the same place!)

Example 4.16. Depending on whether or not we input the generic point into a
function f € C[x], we land in either C or C(x).

For a more abstract example, 45 € Z is a function on Spec(Z) that takes
values in Z/ (p) for p a prime number, or in Q when we take the generic point
of Z.

45



Lecture 14: Presheaves 12 October 2017

Example 4.17. Consider S = C[x]/ <x2>. This has a unique prime ideal, namely
(x). We cannot distinguish the spectrum of S from the spectrum of a field — it
only has one point. And evaluating a +bx € S as a function on (x), we get
a € C. In particular, b might be any value, and so ring elements might not be
distinguished by their values at points.

Definition 4.18. Spec(S) has a distinguished open set D¢ foreach f € S, f # 0,
given by
D¢ :={P|f € P} C Spec(S).

Definition 4.19. The Zariski topology on Spec(S) is generated by the distin-
guished open sets.

4.3 Presheaves

Definition 4.20. Let X be a topological space with topology T. We may consider
T as a category whose objects are open sets of X and morphisms are inclusions.
Let C be a category. A presheaf on X with values in C is a contravariant functor

F:1— C.
This means that for all open U C X, there is an object of C,
I'u; F) = F(U)

called the sections of F over U, and for each inclusion V — U, we have a
restriction map
F(U) — F(V)

which is the identity for U = V, and for each W — V — U, the following
diagram of restrictions commutes:

Example 4.21. The set of all smooth functions on R is a presheaf, whose value
on an open set U is C*°(U;R). The restriction maps are restriction of domains.

Example 4.22. The contravariant functor taking any nonempty open set U C R
to set R is the presheaf of constant functions on R. It takes @ to 0. We will later
see that this is not a sheaf.

Locally constant functions on R fit together into a presheaf

u— R€
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where c is the number of connected components of U. We will later see that this
is a sheaf.

Example 4.23. Consider the sheaf F of C-analytic functions on subsets of CPP'.
For C C CP', F(C) is an infinite-dimensional vector space. But by Liouville’s
theorem, F(CP') = C.

So the functions on the whole space can’t distinguish it from a point, but the
functions on open sets can. This is one of the reason that presheaves are worth
thinking about.

Example 4.24. Let X = Spec(S), and U C X open. If U is a distinguished open
set D¢, define a presheaf F by

U S[F 1.

Example 4.25. Rational functions on C with the Zariski topology. An open set
U under this topology is a finite collection of points — the vanishing of a set of
polynomials. In this case, the value of this presheaf on U is the rational functions
whose poles lie in points of U.

Let U, V be open subsets of X. Let F be a presheaf on X. Consider the
commuting diagram

F(u)

/// \\\
FUUV) Funv)
V)

~

From the diagram above, we get a map from F (U U V) to the fiber product of
F(U) and F(V)over F(UNV):

(
F
./—"(U U V) — ./—'-(U) X]—'(UQV) ]:(V) (41)

Definition 4.26. The sheaf axiom states that (4.1) should always be an isomor-
phism. In other words, F preserves fibered products.

Remark 4.27. A better sheaf axiom is the same story, but with an arbitrary
number of open sets instead of just two: for any open set U C X and any open
cover {U;} of U, the following diagram is an equalizer

FW = [[Fu) = [Funu).

i,j

Definition 4.28. A sheaf is a presheaf that satisfies the sheaf axiom.
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Example 4.29. Let 3: E — X be a complex vector bundle. Then we may define
a presheaf 7 whose value on U C X is the space of sections of E over U:

F(U) :={o: U — Ely | o = idy)-

This is why we call F(U) the sections over U. This is a sheaf.
If E = X x C™, then F(U) is the set of continuous functions U — C™.

Example 4.30. If X =C, let

]—"(U):{C 3el,
0 3¢U.

This is an example of a skyscraper sheaf.

4.4 Operations on Sheaves

Definition 4.31. Let X be a topological space. Given two sheaves F7, F,, define
(a) the direct sum (F; & F>)(U) = F71(U) & Fr(U),
(b) the tensor product (F; ® F2)(U) = F;(U) ® F2(U).

Remark 4.32. F; & F; is a sheaf is both F; and F> are sheaves. However, the
infinite direct sum is not a sheaf, although the infinite product is.

The tensor product of sheaves is a presheaf, but it is rarely a sheaf. We will
need to take the sheafification in general to make it a sheaf.

Example 4.33. The constant sheaf K (sometimes K) with values in K. For an
open set U, IC(U) is the set of locally constant maps U — K.

If K is a group, K is a sheaf of groups, and if K is a ring, K is a sheaf of rings.

If K has a nondiscrete topology, then we may replace C(U) by the set of
continuous maps U — K. If K has a discrete topology, then continuous maps
are locally constant maps.

Why is this a sheaf? Given an open cover {U;}ic1 of U, and functions
fi: Uy — K that agree on intersections, is there f: U — K such that fly, = fi?

Yes, we may define f(x) on any x € U by taking any U; > x and setting
f(x) = fi(x). Then it’s easy to check that f is continuous.

Definition 4.34. Given a map p: Y — X of spaces, we the sheaf of sections of
pis
Fy(W:={s:U—=Y|ps=idy}
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Example 4.35. Consider the projection p: X x K — X where X and K are topo-
logical spaces — K may be discrete (e.g. a ring, abelian group, etc.).

Let F be the sheaf of sections of p. Over any open set U, a section s: U —
X x K is determined by its projections. So s = (idy, f) where f: U — Kis an
arbitrary continuous map. Hence, 7 = K, where K is the constant sheaf at K.

Remark 4.36. We can ask for the sheaf of sections in any category, not just
topological spaces. For example, we could have manifolds, or schemes, or sets.
We'll be interested in schemes.

Example 4.37. In algebraic geometry, consider the Zariski topology on Spec(R)
for a ring R. There are open sets D¢ = Spec(R¢) ={P € Spec(R) | f € P}. Asin
Remark 4.15, we think of this as the points x € X where f(x) # 0.

There is a sheaf Ox such that Ox(D¢) = R¢, and restriction maps Ox (D) —
Ox(D¢g) are localizations Ry — R¢g.

4.5 Stalks and Sheafification

Definition 4.38. Given a presheaf F, define the stalk of 7 at x € X by
Fx = colim F(U).
Usx

An element of the stalk is a section s € F(U), where we identify s € F(U) and
s’ € F(V) if there is some W C U NV such that slyy = s'|v

Lemma 4.39. If F is a sheaf, then a section s € F(U) is determined by its images
in the stalks Fy for allx € U. In other words, there is an injective map

FW =[] F

xelu

Proof. Suppose given two sections s, s’ € F(U) such that s, = s}, € Fy for each
x € W. Then sy, = s'ly, for each Vx C U such that Vy > x.

Letting x range over all points x € U, we get an open cover of U by such sets
Vy. Then sly, = s’|y, forall x, so s = s’ by the sheaf axiom. O

Remark 4.40. This gives us a different way of thinking about sheaves. A sheaf
F has sections over F(U) given by functions U > x = sx € Fx which locally
come from s € F(V) for some V C U.

In fact, we can give F = LiycxFx a topology called the espace étalé so that
F(U) is the sheaf of continuous sections of 7t: F — X.

Definition 4.41. Given a presheaf F, the sheafification 7 of F where F“(U)
is the subset of [ [, i, Fx consisting of (sx)xcu such that for all x € U, there is
asectiont € F(V) forsomeV C U, V 5 x with ty = sy.
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Example 4.42. Let K be a set (or abelian group, ring, etc.). Consider the presheaf
F that is constantly K for any U C X, 7 (U) = K. We may consider this as the
set of constant maps U — K.

The sheafification of F is F¢ = K, where K is the locally constant sheaf on
X from before. Notice that if Uy, U, are connected disjoint open subsets of X,
FUyUlUy) = K,yet}'a(u1 Ul,) =K xK.

Remark 4.43. Sheafication is a left-adjoint to the forgetful functor from sheaves
to presheaves. So if G is a sheaf, maps 7 — G are the same as maps F¢ — G
(notice that maps of sheaves are the same as maps of presheaves). This gives a
universal property for the sheafification.

F—G

J—_'G.

If F is already a sheaf, then id: F — F satisfies this universal property and so
F=F

4.6 Limits and Colimits of sheaves

Remark 4.44. The previous remark implies formally that the forgetful functor
U: Sh(X) — PSh(X) preserves limits (products, equalizers, fiber products,
kernels) because it is a right adjoint. So to form a limit of a collection of sheaves,
it suffices to form a limit in the category of presheaves and the result will already
be a sheaf.

On the other hand, to form a colimit (direct sums, cokernels, coequalizers,
pushouts) in the category of sheaves, take the colimit in presheaves and then
sheafify. As a left adjoint, the sheafification preserves colimits.

Example 4.45. Let {F;}ic1 be a collection of sheaves of abelian groups. Consider
the following object in the category of presheaves, where U: Sh(X) — PSh(X)
is the forgetful functor:
F=ur.
iel

Maps F — G are the same as a collection of maps {F; — Glic1. Then by
the universal property, maps  — G are the same as maps 7% — G, but
sheafification preserves colimits. Hence, F = F .

Qi Wi —— ¢

-
-
-
-
-
-
-

(Bier F1)
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Example 4.46. Let F and G be sheaves of abelian groups. Then for any ¢: F —
G, the cokernel of ¢ in the category of presheaves is given by the presheaf

coker’SMX) (¢)(U) = G(U)/ im(dp(U)).
The cokernel in the category of sheaves is then the sheafification of this.

Definition 4.47. Let : F — G be a map of sheaves over X. We say that ¢ is
injective or surjective if ¢ : Fx — Gy is injective or surjective for all x € X.

With this definition, injections are monomorphisms and surjections are
epimorphisms.
Fact 4.48.
(a) If o: F — @ is injective, then
d)* : Homsh(x) (H, ]:) — Homsh(x) (H, g)
is injective.
(b) If &: F — G is surjective, then
¢*: Homgp(x) (G, H) — Homgp(x)(F, H)
is injective.
Example 4.49. However, there are maps ¢: F — G that are surjective even
when they are not surjective as maps of presheaves.
Consider X = C \ {0}. Take a double cover of X as follows: let Y C (C \ {0}) x
C be the algebraic set Y = {(f, g) | g> = f}. Any nonzero complex number locally
has two square roots — positive or negative.
Yet, Y has no global sections because there is no global complex square root

function. However, the map Y — X is surjective on sheaves of sections, but not
surjective on global sections.

Example 4.50. Let Oé\ () be the sheaf of nonzero functions on C \ {0}. There is
a map

X X
Oc\0) 7 Ocvio)
that takes a function to its square. This is not surjective on global sections, yet

surjective as a map of sheaves.

Definition 4.51. Let R be a sheaf of rings over X. A sheaf of modules M is a
sheaf of abelian groups over X such that each M(U) is a module over R and
moreover the following diagrams all commute.

R(U) x M(U) —— M(U)

l |

R(V) x M(V) —— M(V)
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Definition 4.52. Let M7 and M be sheaves of modules over R. The tensor
product of M and M over R is the sheafification of the tensor product of
My and M in the category of presheaves:

Mq @ M; = (M7 @) Ag5)e

(M7 @PSRXT M) (U) = My (W) @r 1) M2 (W)

Example 4.53. Consider CP' = (C2\{0})/C* as the space of lines in C2, where
C* acts by scaling. An open subset U of CIP! corresponds to U C €2\ {0}. For
any v € C2\ {0}, there is a subset Cv = {Av | A € C} C CP'.

Define a sheaf Op1 (k) on CIP'. that assigns to an open set U the set of
polynomial functions f: U — C such that f(tv) = t*f(v).

MU Op1 (k) = {f: U — C | f(tv) = t*f(v)}
For example, sections of Op1(—1) correspond to an assignment
P' 3 x — vy GCZ\{O}

such that vy generates the line corresponding to x.

Observe that the global sections IN(®AE Op1(k)) is a finite-dimensional vec-
tor space of degree k homogeneous polynomials on C2. In particular, there are
no nonzero polynomials of negative degree, so when k < 0, rcr'; Opi1(k)) =0.

Then we have

Op1(n) ® Op1(m) = Op1 (m+n).

4.7 Gluing

Definition 4.54. Given a (sub)basis B for the topology T on X, we say that a
contravariant functor 7: B°? — Cis a B-presheaf on X with values in C.

A B-sheaf on X additionally has the property that for any U € B, and any
open cover {U; }ic1 with U; € B, the following diagram is an equalizer.

FU) — | |]:(Ui) = I I F(Vi;x)
e
* UiﬂUjQU Vi
k

where {Vj ; « } is an open cover for U; N U; for all k, with V; ;. € B.

Proposition 4.55. Any B-sheaf on X extends uniquely to a sheaf on X, and
similarly for maps. In other words, there is an equivalence of categories B-
Sh(X) = Sh(X).

We will later use this proposition to define Schemes.
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Proof idea. For any U C X open, define

F(U) = lim F(V). O
vcu
VeB
Corollary 4.56 (Gluing). Given an open cover {U;}ic1 of X and a collection of
sheaves F; over U; and isomorphisms ¢ : -7:i|u-muj = ~7:j|uiﬂuj satisfying
cocycle condition:
bj ko bij; =dix
on U; N'Uj N Uj, then there exists a unique sheaf F over X with isomorphisms
Py Fly, = Fi that are compatible in the sense that the following diagram
commutes.
Flusny

=

b

Filu

4.8 Schemes

Definition 4.57. Given f: X — Y a map of topological spaces and a sheaf F on
X, the pushforward sheaf f..(F) is the sheaf on Y with f, F(U) := FETu)).

Recall that a basis for the topology on Spec(R) is the set of D¢ = Spec(R¢) =
{P € Spec(R) | f ¢ P}.

Definition 4.58. We say that a topological space X is quasi-compact if every
cover has a finite subcover.

Remark 4.59. In practice, compact refers to a space that is both Hausdorff and
quasi-compact. The Zariski topology is very non-Hausdorff.

Lemma 4.60. Let X = Spec(R). X = ; Dy, if and only if {f;} generate the unit
ideal. Hence, any cover of Spec(R) has a finite subcover and so Spec(R) is
quasi-compact.

Proof. X = J; Dy, if and only if no prime ideal contains all f; if and only if {f?i}
generate the unit ideal for some positive integers n; if and only if {f;} generate
the unit ideal. We may write

1= Z eifi,
i

and the finite subcover of this open cover is the one given by Dy, for those f;
appearing in the sum. O
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Proposition 4.61. An assignment Ox(Dy) = Ry is a B-sheaf for the basis B =
{D¢+} of the topology on X.

So given a ring R, we get a topological space X = Spec(R) together with a
sheaf Ogpec(r) defined on a basis of open sets by Ospec(r)(Df) = R¢. For an
R-module M, we have a sheaf Fp1 of abelian groups. This is in fact a sheaf of
modules over Ogpec(Rr)-

Definition 4.62. A ringed space (X, Ox) is a topological space X together with
a sheaf Ox of (commutative) rings on X, called the structure sheaf.

Definition 4.63. An isomorphism of ringed spaces f: (X,Ox) — (Y,Oy)isa
homeomorphism of spaces f: X — Y such that f*Oy = Ox as sheaves.

Example 4.64. Let X = {x}, and Ox = R any ring.

This example is bad, because earlier in this chapter we were talking about
spaces where we wanted to associate fields to points, not just any ring. Hence,
we refine this definition.

Definition 4.65. An affine scheme is a ringed space of the form (Spec(R), Ogpec(r))
for a (commutative) ring R.

Definition 4.66. A scheme is a locally affine ringed space. That is, a ringed
space (X, Ox) is a scheme if for each x € X, there is a neighborhood U C X
containing x such that (U, Ox|u) = (SpecR, Ogpec(r)) for some (commutative)
ring R.

Proposition 4.67. Given an affine scheme (X, Ox), let R = Ox(X) = I'(X; Ox).
Then the adjective “affine” implies

(a) for all principal open sets D¢, D¢ = Spec Ry as topological spaces, where
R¢ is the localization of R at f.

(b) the stalk Ox  of Ox atx € X is a local ring with maximal ideal M.

(c) The natural map X — Spec(R) given by x — {r € R | vy € Ox«}isa
homeomorphism, withtx € My C Ox .

Exercise 4.68. Let X = Spec(C[x]) and let Ox be the structure sheaf. The stalk
of Ox at (x) € Xis the power series ring C[[x]].

Example 4.69 (Non-affine scheme). Let R be the subring of C[z] given by those
functions f € C[z] such that f(0) = f(1). Let Z = Spec(C[z]) and let X = Spec(R).
Let ¢: Z — X be the map induced by the inclusion of the subring R into C|[z].

We claim that (X, $.(OZz)) is not an affine scheme. The stalk of Ox at the
point (x) = (x — 1) is isomorphic to the ring

{(f,9)

f,g € Cllzl], f(0) = g(0)}.
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This includes into the stalk of ¢.(Oz) ={(f, g) | f, g € Cl[z]]}, but this is not a
local ring, contradicting Proposition 4.67(b). So this scheme is not affine.

Example 4.70 (Non-affine scheme). Consider Z = C?\ 0 and X = C2. There is
an inclusion Z — X that is a morphism of ringed spaces, where Oz and Ox are
the sheaves of functions on Z and X, respectively. This is not an affine scheme:
although it satisfies Proposition 4.67(b), it fails Proposition 4.67(c) because of
Hartogs’s Theorem:

MZ;Oxlz) =T(X;0x) = Clx,yl.

Example 4.71 (Non-affine scheme). Write A/ for the affine scheme Spec(CI[x])
corresponding to the complex line C, and G, for the multiplicative group
Spec(Clz,z~']) corresponding to C*.

Then define P}. to be the scheme obtained by the gluing Al Ug,, Al with
transition function z +— z~! on the overlap. The structure sheaf Op: has sections

F(A&; O p1) with coordinate z oo ¢ U,
MW Op1) = F(A&;ON ) with coordinate z—! 0 g,

use sheaf axiom 0,00 € U.

This is not an affine scheme, because Spec(Pl., Op1) is a point by Liouville’s
theorem.

Example 4.72. The line with two origins is the space X /AJ: glued to At]t along
G, with transition function z — z. There is one point repeated, namely the
origin. There is a map X — Spec(I'(X; Ox)) = A that identifies the origin. In
particular it is not a bijection, so X is not affine. In the analytic topology;, it is not
Hausdorff, while AJ: is.

Example 4.73. SpecC[[z]] = {(0), (z) } consists of just two points. Spec C((z)),
meanwhile, has just one point (0). We may glue two of Spec C|[[z]] together along
SpecC((z)) to get the smallest example of a non-affine scheme, occasionally
called the ravioli.

SpecCllz]] Uspecc((z)) SpecCllzl]

This has three points: zero, and two copies of (z), one from each Spec C|[[z]].

4.9 Morphisms of Schemes

Definition 4.74. A morphism of ringed spaces (f, f*): (X, Ox) — (Y,Oy) is a
pair of a continuous map f: X — Y and a morphism of sheaves f*: Oy — f.Ox.
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Unpacking this definition, we must have that for all U C Y open, there is a
morphism f*(U): T(U; Oy) — rif=1(u); 0x), compatible with restriction. Note
that * need not be related to f, except insofar as its codomain is f.Ox.

Example 4.75. For any map R — S of rings, there is a map of schemes Spec(S) —
Spec(R).

Example 4.76. Each I'(U; Ox) is characteristic p(or, equivalently, accepts a map
from IF},). This happens if and only if there is a map X — Spec(IF}, ).

Define the absolute Frobenius (X, Ox) — (X, Ox) which is the identity
map on points, and I'(U; Ox) — I'(U; Ox) is the map x +— xP. Since we’re in
characteristic p, this is a ring homomorphism.

We can describe this map of ringed spaces as the pair (id, x — xP) — notice
that we can’t determine the map of sheaves just from the map of spaces.

Moreover, this may not be invertible, even though it is a bijection on spaces.
Consider the absolute Frobenius map Spec(IF;, (x)) — Spec(IFy, (x)) — here, the
map of sheaves is not surjective.

Example 4.77. Let 0: k — k be a field endomorphism. This induces a map
(f, f*): Spec(k) — Spec(k) such that ¥ = o and f = id.

Example 4.78. Consider X = SpecC((z)) and Y = Spec C[[z]]. Identify points in
these schemes by their residue fields. Notice that X has a unique point pte((,)),
since it is a field, and Y has a two points: ptc and pte((,))-

Consider the map of spaces f: X — Y given by ptc((,)) — ptc. Take the

map of sheaves *: Oy — Ox that induces
Cllz]l =T(Y;O0y) = T(X;0x) = C((2))

given by z — z. This morphism of ringed spaces (f, f¥) doesn’t come from any
map Cl[[z]] — C((z)). If it did, then we would have f(ptc((z))) = Pte((2)):

This last example is bad! We want all maps of affine schemes to be induced
by ring maps. So we must fix our definition.

Definition 4.79. A locally ringed space is a ringed space whose stalks are all
local rings.

Example 4.80. Any affine scheme Spec(R) is a locally ringed space, and indeed,
any scheme is a locally ringed space because it is locally affine.

Definition 4.81. A morphism of local rings ¢: (R, M) — (S, Mg) is a ring
homomorphism ¢: R — S such that $(Mp) C Ms.

Definition 4.82. A morphism of locally ringed spaces is a morphism of ringed
spaces (f, #): (X, Ox) = (Y, Oy) such that the induced morphisms on stalks
ft : Oy,y — (fOx)x are morphisms of local rings.
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Example 4.83. In Example 4.78, we con’t have a morphism of local rings. To be
local, we would need to have C[[z]] > z — 0 € C((z)).

Definition 4.84. A morphism of schemes is a morphism of locally ringed
spaces whose domain and codomain are both schemes.

Theorem 4.85. If R and S are rings, then the functor Spec from rings to locally
ringed spaces is fully faithful, that is,

Spec: Hom(R, S) — Map(Spec(S), Spec(R))
is bijective.
Proof sketch. The inverse will be the global sections functor (X, Ox) — T'(X; Ox).
Given (f, f#): Spec(S) — Spec(R), we have a map
*: T(Spec(R), Ogpec(r)) — T(Spec(S), Ogpec(s))-

Since global sections of Spec(R) is isomorphic to R, and global sections of
Spec(S) is isomorphic to S, we have a ring homomorphism ¢: R — S.

To check that this is a bijection, we must check that Spec(¢)(P) = f(P) for
all P € Spec(S). Consider the diagram

|

Rf(p) — S

e —

h~

where the bottom row is the map on stalks. Locality gives that ¢~ 1(P) = f(p).
Hence, Spec(¢)(P) = ¢~ (P) = f(P). =

Remark 4.86. This theorem says that we have an equivalence of categories
between the opposite category of commutative rings and the category of affine
schemes; once we restrict locally ringed spaces to the image of Spec.

We have a diagram of categories

Locally fewer ob

Ringed fewer objects jects fewer objects  Affine

Rin — Schemes —
Spaces fewer homs ged same homs same homs Schemes
Spaces '\
Spec
fully P ~
faithful
embedding

Rings®P
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Example 4.87. The affinization of a scheme X is the morphism X — Spec(I'(X, Ox)).

If X = CIP’, this is the map CIP" — pt = Spec(C). If X = C™, this is the map
C™ — C™. If X = C2\ 0, this is the map C2\ 0 — C2. If X = C \ 0, this is the
identity map because C \ {0} is described by the scheme Spec(Clz,z~']).

Example 4.88. Consider the ring homomorphism R — R/+/0. This gives a map
of affine schemes Spec(R/ V0) = Spec(R) that is bijective on points, but not an
isomorphism on rings unless R is reduced (has no nilpotents, or equivalently

V0 =0).

Definition 4.89. For any scheme X, we may define a new scheme X4 called the
reduction of X with the same underlying topological space, but new structure
sheaf Ox /0. A scheme X is reduced if X = X,oq.

Definition 4.90. A morphism X — Y is an inclusion of a closed subscheme if
. T(W;Oy) — T(F 1 (U); Ox) is locally surjective.

410 Projective Schemes

Definition 4.91. If S is an IN-graded ring, then the ringed space Proj(S) is, as a
set, those homogeneous prime ideals of S that don’t contain the irrelevant ideal.

Proj(S) := {P < S| P homogeneous, prime, P % S, }

Closed subsets come from homogenous ideals I of S, and a subset U C Proj(S)
is open if and only if U is the compliment of those prime ideals containing I.

We can define a presheaf on this space that sends the ideal U = {P | P 2 I} to
the degree zero component of S localized at the homogeneous elements of S\ I.
We then define Opyj s as the sheafification of this presheaf.

Theorem 4.92. Proj(S) is a scheme.

Proof sketch. We must define an open cover of Proj(S) by affine schemes. For
g € Sy homogeneous, let Uy ={P | P Z g}.
First, claim that Proj(S) = Uges, Ug. This is easy.
Second, claim that (Uyg, Oproj(s) Iug) = Spec((Sq )deg:O)' The map of spaces
is given by
P Pg N (Sg)deg:O'

We may then check that these are isomorphisms. O

Example 4.93. We may define the Grassmannian Gr(k, Af) of k-planes in
affine n-space Af = SpeclF[x1,...,xn] for IF a field. We may describe this as
the quotient by GL(k) of k X n matrices over F having rank k. But we may
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describe a rank k matrix by the system of equations that amounts to the non-
vanishing of the determinant of a k x k minor. For A € ('), let Aj be the minor
of the k x n matrix A consisting of the columns in A. Let

Uy ={A | det(A,) # 0}/ GL(k)

Note that Uy = A*(M=K) since an element A of U, may be written as a matrix
where the columns in A are the columns of the identity and the other columns
are free. Hence,

7‘6( ) Ae(R)

To check that this is a scheme, we need to check that the overlap maps
Uy —Uynu, —u,

are algebraic.
In fact, Gr(k, A™) is Proj(—) of the ring of Pliicker coordinates.

Example 4.94. The Hilbert scheme of P™ with Hilbert polynomial p is, as a set,
Hilbpn (p) := {closed subschemes of P™ with Hilbert polynomial p}.

It is a theorem due to Grothendieck that this can be made into (the closed points
of) a scheme, and moreover this scheme is complete and separated (analogous
to compact and Hausdorff). Mumford showed that these schemes are projective.

411 Ox-modules

Definition 4.95. Let R be a sheaf of rings over X. A sheaf of modules M is a
sheaf of abelian groups over X such that each M(U) is a module over R and
moreover the following diagrams all commute.

R(U) x M(U) —— M(U)

l |

R(V) x M(V) —— M(V)

Example 4.96. If M is an R-module, then Fj is an Ogpec(r)-module, where
Fm is the sheaf defined by Fym (D) = My for the principal open sets Dy =
{P € Spec(R) | P & f}.

Example 4.97 (Scary (non)-example). Let R = C[x] and define a sheaf F on
Spec(R) by

ru;, o 0gUu
r(u;]_-) _ ( ) Spec(R)) g
0 Oelu
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Then 7 = N2 F(y1) is an intersection of the Ogpec(r)-modules F .y corre-
sponding to the ideals (x'), considered as R-modules.

Definition 4.98. An Ox-module F is quasicoherent if it is locally isomorphic
to Fm for M a module over I'(U, Ox).

Flu = Fm

Definition 4.99. An Ox-module F is coherent if it is locally isomorphic to
Fm for M a module over I'(U, Ox) and M is finitely generated as a I'(U, Ox)-
module.

Example 4.100. Consider the map m: A} — pt,. Then I'(pt; 7. O Al ) = k[x].
This is quasicoherent on a point, but not coherent. The problem is that this map
is not proper, which we’ll encounter later.

4.12 Open and Closed Subschemes

Definition 4.101. If Y C X is an open subset, then we may define Oy := Oxly.
The resulting scheme (Y, Oy) is an open subscheme of X.

Example 4.102. Let X = Spec(Clx, yl/ <x2>) and letY = X,oq = Spec(Clx, yl/(x)).
In this case, Y is the whole space X, and therefore Ox|y = Ox, but Ox_, # Ox.
Hence, this is not an open subscheme.

Nevertheless, this is a closed subscheme, because Oxre = Ox/F (x)7 because

C[x,y]/<x2>/ E<I2b<,y]/

(x) {x)”

Definition 4.103. A closed subscheme X — Y is defined by a quasicoherent
sheaf 7 of ideals: Ox = Oy /Z.

Remark 4.104 (Warning about subschemes.). As schemes, AN (BUC) # (AN
B) U (A NC). The counterexample is three lines that meet at a point: A =
Spec(Clx,yl/(x)), B = Spec(Clx,yl/(x —y)), and C = Spec(C[x,yl/(y)). So A
corresponds to the ideal (x), B corresponds to the ideal (x —y), and C corre-
sponds to the ideal (y).

Then AN (BUC) = (x,y(x —y)) = (x?,y?), while ANB)U(ANC) =
(x,x —y) N (x,y), so these schemes are not the same.

4.13 Fibered Products

Definition 4.105. Let X,Y, S be schemes. Given{: Y — Sand ¢: X — S, the
fibered product of X and Y over S is a scheme X xg Y together with maps
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mix: X XsY — Xand my: X Xs Y — Y such that ¢ty = Pmry. Additionally,
given any Z with maps f: Z — X and g: Z — Y such that ¢f = g, there is a
unique h: Z — X X Y such that mxh = f and nyh = g.

Lo, b

vy —¥ s

Recall that in the category of affine schemes, the fibered product of Spec(A)
and Spec(B) over Spec(R) is Spec(A ®g B).

Remark 4.106. We would like to have that A} x A] is AZ, naively. But the only
closed subsets in A} are finite sets of points, so the closed subsets of A} x A}
are finite unions of vertical and horizontal lines. Yet A% has any plane curve as
a closed subset, which is not a union vertical and horizontal lines.

Yet a closed point of Al x Al is a closed point of AZ.

Example 4.107. A] X gpec(k) A} = Spec(k[x] @ kly]) = Spec(k[x,y]) = AZ.
Theorem 4.108. Fibered products always exist in the category of schemes.

Proof. First, notice that fibered products always exist for affine schemes.
Step (0): To show that the fibered product of affine schemes X and Y over an
affine scheme § is also a fibered product in the category of schemes, recall that

Morgen (A, Spec(A)) = Hom(A, T(Z,0Zz))

for any scheme Z, not necessarily affine. Therefore, we now have the first
step. Hence, the fibered product of affine schemes is also a fibered product of
schemes.

Step (0.5): Next, claim that if U — S is an open embedding of affine schemes,
then (U xgY) = (p—1(U), Oylwq (u)) is a fibered product of U and Y over S.
Moreover, U x5 Y — Y is an open embedding as well.

UxsY — U

[,

vy —2 s
Now we use the fact that any scheme has an open cover by affines, and glue
them together.
Step (1): If X and S are affine and Y is any scheme with an open embedding
Y < Y’ — S with Y affine. So we may take the fibered product of X and Y’ over
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S, and then the pullback along the open embedding Y < Y’ to get a pullback of
Xand Y over S.
W e W — X
Lo
Y——Y — S
Then by general category theory nonsense, W' = X xg Y.

Step (2): If X and S are affine but Y is arbitrary, write Y = |J;<1 Yi as a union
of open affines. Let Y;; = Y; NYj. Then W; = X x5 Y; exists for every i by the
above, and so does Wj; = X x5 Yij. Moreover, Wj; comes with canonical open
embeddings Wi; — W and Wj; — W;. Define a scheme W by gluing the W;
along the Wy;’s.

Claim that W is a fibered product of X and Y over S. To show this, let Z be
any scheme with maps «: Z — Xand : Z — Y such that the diagram of solid
arrows commutes.

Lo, b

vy —¥ s

We want to find a map y such that the diagram commutes. Let Z; = BT(Y;)
and Zi; = p! (Yij). Then there is a unique map Z; — W; by the universal
property of Wi = X X Yj. So there is a unique map vi: Z; — W. Similarly,
we get a unique map vij: Zi; — W. By the uniqueness, vi| Zy =Yij =i | Zi-
Once we check that the triple intersections also agree, we may glue the y; to get
v:Z—W.

This shows that fibered products exist for X and S affine and Y arbitrary.

Step (3): Now assume that S is affine but X and Y are arbitrary. To con-
struct the fibered product X x5 Y, cover X with open affines X; and repeat the
argument in step (2) above with X and Y interchanged.

Step (4): Let X,Y, and S be any arbitrary schemes with maps ¢: X — S
and P: Y — S. Cover S by open affines Si,. Define Xy, = ¢ 1(Sm) and
Y =1~ (Sm). Therefore, X x s, Ym exists by step (3). Now if we have a

diagram
z ’\

Xm X5 Y —— Xm

| |

Y —S
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for any scheme Z, the image of Z — Y lands inside Y. Hence, X;, xXs Y is
uniquely isomorphic to Xy X5, Ym. In particular, X, X Y exists. Then apply
the same argument as in step (2) to show that X x g Y exists by gluing. O

Now that we have constructed fibered products, here are some cool applica-
tions of them.

Definition 4.109. Let K be a field extension of k, and let S’ = Spec(K), with
S =Spec(k). Then Y x g S’ is the base change of Y from k to K.

Example 4.110. If k = Q, K = Q(v/2), Y = Spec(Q[x]/ (x*> —2)), then the base
change of Y is Spec(Q(ﬂ) x]/ <x2 —2)). In particular, we have introduced
solutions to this

Example 4.111. Let f: X — Y be a morphism of schemes, and lety € Y be any
point. Let k(y) be the residue field at y, and let Spec(k(y)) — Y be the inclusion.
Then the fiber of f over y is the fibered product Spec(k(y)) xy X.

To form the fibered product X xs Y, we need maps X — Sand Y — S.
Although we need these maps, they don’t appear in the notation, yet they are
essential for the definition of the fibered product.

But in categories like manifolds or topological spaces, we define just a
product of manifolds or spaces or whatnot without needing these maps. So how
do we get an absolute version of the fibered product of schemes?

We want to be able to say Aﬁ = A]L X A]L; as we have it now, Ai =
Spec(k[x] @ klyl) = A]L X Spec(k) A]L.

We could define X X Y = X Xgpec(z) Y, but later we would find that

dim(X X Spec(Z) Y) = dim(X) +dim(Y) —dim(Spec(Z)) = dim(X) +dim(Y) —1.

This is weird: the terminal object has dimension 1 instead of zero. Instead, we
will force another object to be terminal.

Definition 4.112. Let S be a scheme. The category of S-schemes Sch/S is the
category whose objects are schemes X with a scheme morphism X — S and
whose morphisms are morphisms of schemes commuting with the morphisms
X—=S.

Definition 4.113. In the category of S-schemes, the product of schemes (over
S)is X xs Y.

In this context, when we take S = Spec(C), then dim(X x Y) = dim(X) +
dim(Y). The new terminal objectisid: S — S.
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5 Other constructions

5.1 Functors of points

To any scheme X, we will associate a contravariant functor from schemes to sets.
This will have the side effect of translating questions of existence in the category
of schemes to questions of representability of a functor.

Example 5.1.
(a) The points of a topological space X are in bijection with Morop (pt, X).
(b) The elements of a group G are in bijection with Homgroups(Z, G).
(c) The elements of a ring R are in bijection with Hompings(Z[x], R).

(d) If Hot is the category of CW-complexes with homotopy classes of maps,
then the initial object is still a point. But Morget(pt, X) = 7 (X), which
is not homotopy equivalent to X when some of the components are not
contractible. So we cannot recover X, even up to homotopy.

This last example is most like the category of schemes — there is no one
scheme S from which we can recover any scheme from the functor represented
by S. The solution is to use the Yoneda embedding to associate to X the repre-
sentable functor Morg, (—, X). This embeds Sch inside Fun(Sch®P, Sets).

Definition 5.2. Let X be a scheme. The functor of points for X is the repre-
sentable functor hx = Morgc, (—, X).

The function on objects h: Sch — Fun(Sch°P, Sets) is a functor: for any
¢: X — X', we have a natural transformation ¢.: hx — hy givenby g — ¢ og.

Definition 5.3. The Y-valued points of X are the elements of hx(Y).

We still want to be able to recover the scheme X from the functor hy, or this
whole setup is useless. But the Yoneda Lemma lets us do exactly that.

Lemma 5.4 (Yoneda). If F: C°P — Sets is a contravariant functor, then the
natural transformations from F to hy := Homc¢(—, Y) are in bijection with F(X).

If additionally Homc(—,Y) = Homc(—, X) as functors, then X = Y in C. In
other words, h: X — Homc(—, X) is fully faithful.

Proof. Exercise. O

The whole point of this is that we can now do constructions in Fun(Sch®P, Sets).
For any three such functors f, g, h, define a new functor f x1, g by

(f <1 g)(Y) = f(Y) Xy (v g(Y),
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which exists because f(Y), g(Y) and h(Y) are sets. On morphisms ¢: Y — X, this
functor is determined by the universal property of pullbacks.

(f xn g)(d): (f xn g)(X) = (f xn g)(V).

Can we use this to define a fibered product of schemes?

Given X — Sand Y — §, and we form hx Xy hy, the question we want to
answer is whether or not this functor is representable hx x4 hy = hz. Then
by the Yoneda lemma, this scheme Z will be the fibered product of X and Y over
S.

Example 5.5.

(a) Isthe functor I': X — I'(X; Ox ) representable? In the category Sch/ Spec(C),
this is represented by Mor(X, Al). So I is representable. We think of a
global section as a function on X, so this is analogous to the manifolds
definition: functions on M are Mor(M, R).

(b) The functor I'* of invertible functions is represented by Spec(C[x,x~']).

In general, how do we tell if a functor h: Sch — Fun(Sch°P, Sets) is repre-
sentable? The idea is that schemes are glued together from a cover of open affine
schemes. We can repeat this inside the functor category: representable functors
are glued together from a cover of open representable functors. Rephrased:
locally representable functors are representable. What does this mean?

First, how does one glue functors? If h = hy, then hx(Y) = Mor(Y, X), and
if Y = Uje1 Yi, then a morphism f: X — Y is determined by f; := fly,: Y; — X.
So Mor(Y, X) forms a sheaf on Y. Consequently, Morge, (—, X) form a sheaf on
any scheme.

Definition 5.6. A functor h: Sch®P — Sets such that h(Y) is a sheaf on Y for
any Y is a Zariski sheaf.

The proposition below was proved in the paragraph above.
Proposition 5.7. Representable functors are Zariski sheaves.

The following is also not hard to check.
Proposition 5.8. Given X — S and Y — S, hx Xng hy is a Zariski sheaf.

Second, what does it mean for these to be open? If U — X is an open
subscheme, we know that the fibered product U x XY always exists as the
preimage of U under Y — X. By the Yoneda lemma, we have a morphism
hy — hx. We want to call this an open map.
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Definition 5.9. In general, we say h’ — h expresses h’ as an open subfunctor
of h if for all representable functors hy and natural transformations hy — h,
hy Xn b’ exists and is representable by U, and h{; — hy corresponds to a map
where U — Y is an open embedding.

Definition 5.10. We say that a collection of open subfunctors hy — h covers h
if for any representable functor hx and natural transformations hx — h, there
are hy, — hx with U; covering X and the following diagram commutes

hu.1 — hx

Lo

hi —— h.

Theorem 5.11. Locally representable functors are representable. This means
that if h has an open covering by representable Zariski sheaves, then h is
representable.

This gives us a new construction of the fibered product, as the scheme
representing hx X4 hy.

5.2 Reduced Schemes

Definition 5.12. An affine scheme Spec(A) is reduced if A has no nonzero
nilpotents.

A scheme X is reduced if it has an open cover by affine schemes, each of
which is reduced.

Theorem 5.13. Let X be an affine scheme over a ring R that is finitely generated
over Z. This comes with a map X — Spec(Z). Let Xq be the fiber over the
generic point, and let X, be the fiber the point Spec(Z/(p)) in Spec(Z).

Then Xq is reduced if and only if all but finitely many X, are.

Example 5.14. Consider C[x] — Cl[x,yl/(x?*y). As a map on spaces, the
codomain of this map looks like the coordinate axes, but the x-axis is a double
point. We picture C[x] as a line. The associated map on spectra is the projection
of the coordinate axes (with a double x-axis) onto the line.

The fibers over all points except (x) are non-reduced.

Example 5.15. Consider Z — Z[y]/(2y?). When we reduce mod p, there are
two things that can happen. For p = 2, this becomes the inclusion F, — F;[y].
So the fiber over (p) is reduced. When p > 2, this is F, — Fz[yl/(2y?), in
which case it is not reduced.
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Proof of Theorem 5.13. 1t suffices to show that R ® Q has no nilpotents if and only
if R ® Fp has none for all but finitely many p.

Suppose that we have r € R such that ro € R® Q is nilpotent. In fact, we
may assume T‘é = 0. Notice that Té = (rZ)Q = 0. Claim that this is equivalent
to 12 being a torsion element of R; indeed, if 2 is torsion, then there is a natural
number N such that Nv2 = 0, so (rZ)Q =2 @1=Nr’g % And conversely,
if (TZ)Q =0,thent?®1 =0in Rq. Hence, N2 ® % = 0in Rq for all N, but
% # 0. So N2 = 0 in R. Therefore, if ré =0, then r%p = 0 for all p not dividing
N.

Conversely, if s, = 0 for all but finitely many p, then we may multiply
these finitely many primes together to get some N such that Nsg, = 0 for all p.
Therefore, Ns € }, prime PR. Since R is finitely generated over Z, Ns =0. [

5.3 Frobenius Splittings

Notice that a ring R has no nonzero nilpotents, if and only if for all (and in
particular, there exists) n > 1 such thatt™ =0 = r =0forall r € R. We want
to rewrite this second condition as ker(r — ™) = 0, but this doesn’t quite work.
If nis a prime, then R > IFj,, and v — r™ is additive. Hence, R being reduced
corresponds in this case to ker(f: r +— rP) = 0 if and only if there is a one-sided
inverse to f.
Let’s axiomatize this definition.

Definition 5.16. A function ¢: R — R, R > FF,, is a (Frobenius) splitting if
(@) ¢(a+b)=d(a)+ d(b)
(b) ¢(aPb) = adp(b)
© (1) =1.

Definition 5.17. If a field k has characteristic p, then we call k perfect if it has
all p-th roots.

Example 5.18. Let R = k[xj,...,xn] for a perfect field k. For a monoial m,
define

(m) = { Ym if this exists

0 otherwise.

This is called the standard splitting of R.
Easy theorem:

Theorem 5.19. If there is a Frobenius splitting ¢: R — R, then R is reduced.
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Proof. Assume first that there is some x such that xP = 0. In this case, $(xP) =
$(0) = 0, but on the other hand, ¢(xP) = x¢d(1) = x. Hence, x = 0.

If x is a nilpotent with x™ = 0, we will reduce to the case xP = 0. If n < p,
then certainly xP = 0, and if x™ = 0 for n > p, then (x™~1)P = 0. The argument
above shows that x"~! = 0 and n — 1 > p, then we may repeat the argument to
show that x™ ! = 0, and in this case reduce to the case that xP = 0, in which
case x = 0. O

Definition 5.20. If I < Ris (compatibly) split if $(I) < L.
Proposition 5.21. If I < R is compatibly split, then ¢ descends to R/1.
Proposition 5.22. Let I and | be compatibly split and let K be an ideal. Then
@) 1=V,
(b) IN7]is split,
(c) 1+ ] is split,
(d) I: Kis split,
(e) prime components of I are split.

Example 5.23. The standard splitting in k[x1, ..., Xn]

0 otherwise.

(m) = { Ym if this exists

splits the ideal I = (] [; xi).

The previous proposition says that the prime components (x;) are them-
selves split, and then that sum of any two of those are also split. Hence, any
union of coordinate spaces is split.

Definition 5.24. If m is a monomial in k[x1,...,xn] for a perfect field k, define

n ANI/P

tr(m) = (m [Ti= Xt) /1_[{1:] X if this p-th root exists,
0 otherwise.

Note that tr(1) = 0, so this is not a splitting.

Theorem 5.25. let f € k[x1,...,xn), and let o¢(g) = tr(gfP~ ). Then ¢ satisfies
conditions (a) and (b) of the definition of a Frobenius splitting, and if (1) =1,
then (f) is compatibly split.

Example 5.26. Let f = [[I'; x;. Then ¢y is the standard splitting.
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Theorem 5.27 (Knutson,LMP). If f € Z[x1,...,xn] is of degree n with leading
term [ ; xi (under some term order). Then for all p, d¢(1) = 1 (¢¢ is a
splitting) and (f) < Fplx1,...,%xn] is compatible.

Proof. Need to compute tr(fP~1). Note that fP~! has leading term [i"; qu .

When we compute tr(fP—1), it turns out to be

ﬁ/l_[ix?/n_ —1,

iXi
so (1) =tr(fP—1) = 1. O

Example 5.28. Some examples of f for which ¢ is a splitting as in the previous
theorem.
Let f be the product of the i x i northwest determinants of the matrix

myp myz e 1
mag
1

in ( T;) variables. When N = 3, the matrix is

E

5.4 Line bundles on projective schemes

o = o
o =

and f = a(bc—a).

Recall that if X < Y is the inclusion of a closed subscheme, then Ox = Oy /Zy
where Zy is a quasicoherent sheaf of ideals on Y.

Given a sheaf F on Y, it is possible (but unpleasant) to define a sheaf on
X. For example, if X is a point in Y, then we might take F to be the stalk over
that point, which is kind of gross as a limit. But if 7 is an Oy-module, then
Ox ®p, F gives a nice sheaf on X.

How is this nice? If F is locally free of rank n, then so too is Ox ® Oy F.

Definition 5.29. Let F be an Oy-module. We say that F is locally free of rank
n if it is isomorphic to a direct sum of copies of Oy on open sets.

n
F) = oy
i=1
We also call this kind of sheaf an n-dimensional vector bundle.
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For the remainder of this section, assume we are working over a field k.

Recall C™ — CIP™~ ', where C™" is the set of pairs (v, {) with v € {; the map
C™ — CP™ ! forgets the line.

Given any vector space V, we may perform a similar construction to obtain
abundle t: V — P(V). Denote this line bundle on P(V) by O(-1).

Definition 5.30. O(—1) is the tautological line bundle. O(1) is by definition
the dual of O(—1).

The sheaf of rings 1.0y on IP(V) is moreover a sheaf of graded rings, and

IMP(V);1:0¢) = Sym(V*) = @ {degree n polynomials}.
Think about Sym(V*) as global functions on V; it is a polynomial ring. This
reflects the grading on 7. Oy;.
Definition 5.31. O(k) is the degree k part of T, (’)\7.
Fact 5.32. O(k) = O(1)®k.
Definition 5.33. O(—k) := O(—1)®¥ for k > 0.

Given any X — IP(V), we may pull back O(1) to get a line bundle/sheaf on
X, usually also called O(1).

Remark 5.34. Sometimes, we call a sheaf invertible if it comes from a line
bundle; this is because the sheaf associated to a line bundle has an inverse under
tensor product.

For X nonempty, the map I'(IP(V); O(1)) = V* — T'(X; O(1)) induced by
restriction is not zero. Indeed, pick x € X — P(V) and f € V* such that f|x # 0;
the image of f in I'(X; O(1)) is nonzero. But this map may be neither surjective
or injective.

If X — P(V) factors through IP(W) for a linear subspace W of V, then
V* — I'(X; O(1)) factors through V* /W, where Wt = {f € V* | fly, = 0}.

In fact, there is a unique smallest W, called Span(X), such that

ker(V*¥ = I(X; O(1))) = W+.

Example 5.35 (Example where this is not surjective). Consider the rational
normal curve X = P! — P™ given by the n-th Veronese map

Ver™: [a,b] — [a™, a™ b, a™ ?b?,...,b"™.
In this case, Span(X) is all of P™. Moreover,

(Ver™)*(O(1)) = O(n).
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Compose this with the quotient by a generic codimension 4 subspace to get a
well-defined map y: P! — IP3. There may not actually be a map P™ --» IP3; it
is only defined on the generic point and a large open subset of IP™, but this large
open subset contains IP'. Hence, the composite y: P! — IP3 is well-defined
degree n curve in IP3.

On sheaves, this gives

P —— P3
On) +— 0(1)

Thinking about sections of these sheaves, I'(IP3;O(1)) is 4-dimensional, yet
I'P':O(n)) is (n + 1)-dimensional. So this cannot be surjective.

So far, we have considered projective embeddings X — IP(V) and line
bundles over X. The pullback map taking line bundles on IP(V) to line bundles
on X is far from injective, because there might be many ways to embed X in
P(V). It is also far from surjective, because there are more bundles on X than
those that come from pullbacks of bundles on P(V).

But given a line bundle £ on X, let W =T'(X; £) (i.e. W* =V from before).
When can we define X — P(W*)?

Given x € X, and if there is some Wy € W such that 0 # Wx|x € L, we may
use it to define an element of W*:

W = Wik /Wlx € k.

The choice of W only changes this element up to scale, so no matter which W,
we choose, we get a well-defined element IP(W*). But we don’t know that such
awy € W exists at all!

Definition 5.36. The basepoints of £ are those x € X such that there is no Wy
as above, or equivalently, for allw € W, w|, = 0.

So we only get a map from X \ {basepoints} to IP(W*).

Example 5.37. Consider £ = O(—1) on P'. The only homogeneous polynomial
of degree —1is 0:
rP;0(-1)) =o.
Therefore, all of P! is basepoints.
Of course, in this example W* = 0, so P(W*) = @, so this is expected.

Example 5.38. Consider Op1. Global functions on P! are constants by Liou-
ville’s theorem:

rP;0p) =k
There are no points in P! where every constant function vanishes, so there
are no basepoints. In this case, W = k and P(W*) = IP(k) is just a point, so
X — P(W?*) is the unique such map.
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Example 5.39. Consider the blowup of IP? at a point, b: P2 — IP2. The line
bundle £ = b*Op: (1) has no basepoints, and W = k3. The map P2 5 P?is
just b itself.

Definition 5.40. If £ has no basepoints, and the induced map X — P(I'(X; £)*)
is an embedding, then L is called very ample.

For any very ample line bundle, we may reconstruct the embedding X —
P™. On the other hand, if X — P™ is an embedding, we may pullback the
tautological line bundle on IP™ to construct a very ample bundle on X. In fact,
starting with a very ample line bundle £ — X and constructing from it an
embedding X — IP™, the pullback of the tautological line bundle along this
embedding is isomorphic to L.

How can we go from £ — X to a statement of the form “X \ {basepoints} =
Proj(R)”?

Definition 5.41. The section ring/form ring of a line bundle £ — Xis
oo
@ rosLem).
n=1
Definition 5.42. If £ — X s a line bundle, then we call £ ample if LZN is very
ample for some N.
Theorem 5.43 (Several theorems).

(a) If L is ample, then X is Proj(R) where R is the section ring.

(b) Otherwise, the section ring may be non-Noetherian and not finitely gener-
ated.

(c) IfX is smooth and L = N\°P T*X, then the section ring is Noetherian.

The last of these is a result from 2010.

5.5 Divisors

Definition 5.44. Let X be irreducible. A geometric divisor D C X is a sub-
scheme of pure codimension 1.

Remark 5.45. This is not a standard definition or terminology.
Example 5.46. Let X = AZ. Then D = V(x?y) is a geometric divisor.

Example 5.47 (Non-examples). Let X = Ai. Then D = V(x?y,xy?) and D =
V(x2, xy) are not codimension 1, so they are not geometric divisors.
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Example 5.48. If 7 is a locally principal, quasicoherent ideal sheaf, then the
subscheme defined by 7 is a geometric divisor.

Definition 5.49. A geometric Cartier divisor is a geometric divisor defined by
a locally principal, quasicoherent ideal sheaf 7.

Example 5.50 (Non-example). Let X be the toric variety associated to the cone

In particular, X = SpecCla, b,c]/(ac — b2>. Notice that D(b, ¢) is not Cartier,
but V(c) is.

Theorem 5.51. Where X is smooth, a geometric divisor is a Cartier geometric
divisor.

Definition 5.52. If D C X is a geometric divisor, then Fp is the sheafification
of the presheaf with sections over U given by

f f
{G ’ € OUNXpegr DIunXpeg = V(U)} € Ox\p = {Gn}
Example 5.53. Let X = P™ = ProjClzp,...,znl, and let D = PV(zy) = P,
Then I'(IP™; Fp) has basis 1, 2L, 22 Zn This is isomorphic to O(1).

/%IZOI"'/Z

Remark 5.54. T'(U; Fp) = Ounx,e-
Lemma 5.55. If D is a geometric Cartier divisor, this Fp is a line bundle.

Since we have a notion of tensoring line bundles on X, there should be a
corresponding notion on geometric Cartier divisors, which we call +. Similarly,
there should be another operation corresponding to dualizing a line bundle,
which we call —.

Definition 5.56. A Weil divisor is a formal Z-linear combination of geometric
divisors. A Cartier divisor is a formal Z-linear combination of geometric Cartier
divisors.

Example 5.57. Any rational function f on CIP! defines a Cartier divisor as the
sum of the zeroes of f minus the poles of f. This is a degree zero Cartier divisor.

In general, the zeroes minus the poles of a general rational section of a line
bundle defines a Cartier divisor.

73



Lecture 27: Ample Line Bundles 30 November 2017

Definition 5.58. The Picard group of a scheme X is the group of line bundles
on X with operation ®, and inverses given by duals.

Definition 5.59. The divisor class group of a scheme X is the group of Cartier
divisors on X modulo the degree zero Cartier divisors.

5.6 Ample Line Bundles

Given a curve Y embedding in a projective scheme X, and a very ample line
bundle £ on X, then we have a diagram

The Hilbert polynomial of y has the form
deg(Lly)d' +g

where ¢ is called the arithmetic genus of v, and the degree of £ on v is a
number greater than zero.

Theorem 5.60. If £ and L' are very ample on X, then
deg(L ® L'ly) = deg(Lly) +deg(L']y).

Theorem 5.61. deg(L|, ) extends to non-ample L as the number of zeros minus
the number of poles of a rational section.

Lemma 5.62. If L is very ample, then deg(L|.,) > 0 for ally — X.
Theorem 5.63 (Kodaira). If deg(L) > 0 for all'y — X, then L is ample.

For any scheme X, there is a group A;(X) generated by formal Z-linear
combinations of curves v inside X modulo some equivalence relation. Then
there is a homomorphism

Aq(X)®Pic(X) —— Z
Y® L —— > deg(L]y).
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