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Chapter 1

Introduction: “Handwaving”

1.1 References

All of these are linked to on the course webpage. We will frequently refer to the
notes from two previous courses, Homological Algebra [ ] and Homotopical
Algebra [ ]. For references on DG categories, see [ , , , ,

4 7 7 ]'

1.2 Some Definitions

Let A be a unital associative algebra over a field k. Let A = Mod(A), the
category of (left or right) modules over A.

Definition 1.2.1. Let Com(A) be the category of complexes in A, that is, an
object inCom(A) is a complex C®, that is, a diagram in A

dTH»] dn+2
N N N

. s Cn L Cn+1 Cn+2
with d € Mor(A) and d™*! o d™ = 0 for all n. A morphism f*: C* — D* of
complexes is a collection of f™ € Mor(A) such that the following commutes.

C“ an CTHF] dn+] Cn+2 o

lfﬂ lfn+] lfn+2

n n+1

Definition 1.2.2. The cohomology of a complex C*® is the complex H®*(C), with
H™(C) = ker(d™)/im(d™ ). Cohomology defines a functor on complexes.


http://www.math.cornell.edu/~web7350/
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We want to study cohomology of complexes, rather than the complexes
themselves. So we need to get rid of the “irrelevant information.”

Definition 1.2.3. A morphism f*: C* — D® is called a quasi-isomorphism
(weak equivalence) if H(f*): H*(C) =, H*(D).

Definition 1.2.4. The derived category D(Mod(A)) is the localization of Com(A)
at the quasi-isomorphisms,

D(Mod(A)) := Com(A)[Qis ™ '].
Here, Qis is the class of all quasi-isomorphisms.
Remark 1.2.5 (Universal property of the derived category). The pair

(D(Mod(A)), Q: Com(A) — D(Mod(A)))

is universal among all pairs (D,F: Com(A) — D) where D is an additive
category and F(f) is an isomorphism for all f € Com(A).

Com(A) F : D
R ///%
D(Mod(A))
Example 1.2.6.
Com(A) He) Com(A)
o
Q\) T H()
D(Mod(A))

1.3 The Role of Derived Categories

Derived categories have appeared in. ..
(1) Algebraic Geometry (due to Grothendieck, Verdier)

(i) Grothendieck duality theory (rigid dualizing complexes, see HA I)
(if) “Tilting” theory. Beilinson’s Derived Equivalence.
Let X be a projective algebraic variety over C, for example X = P¢. Let

VB(X) be the category of vector bundles over X, and let Coh(X) be the category
of coherent sheaves on X.
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Example 1.3.1. If X is affine, or maybe even X = Ag, and A = C[X], then
Coh(X) = Mod™9(A) and VB(X) = Proj]cg (A). Think of coherent sheaves as a
generalization of vector bundles where we may allow singular points.

We might want to classify algebraic vector bundles over X; this was a classical
question. To answer this question, we can instead classify algebraic coherent
sheaves (see Example 1.3.1) over X. This is still a very difficult question, but
we enlarge the category again and consider the bounded derived category
DP(Coh(X)). This last question we can answer, with Theorem 1.3.2.

VB(X) — Coh(X) — D®(Coh(X))

Theorem 1.3.2 (Beilinson 1982). Let X = ]P% (or any n). There is a natural
equivalence of triangulated categories

D (Coh(Pg)) —— D* (Rep™(Q)),

where Q is the quiver

NN U]

So the derived category of coherent sheaves on projective spaces can be

described by some complicated linear algebra.

Example 1.3.3. For example, if n = 2, then D® (Coh(IP2)) = D® (Repfd(Q))
where Q is the quiver

=1
If n =1, then Q is the Kronecker Quiver

Q=+ 3

\_2.

Example 1.3.4 (More motivation). Forn = 2, A = k[x, y], with k an algebraically
closed field of characteristic zero. We want to classify ideals in A (as A-modules)
in terms of linear algebra.

] C A & JcCoh(A?)
ideal

Then we can embed Aﬁ inside ]Pi, which contains a line £, at infinity.

A2 P2 loo

J ? T T|€oo = O]pl
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We can embed coherent sheaves inside IPZ as
Coh(PP2) ——— DP(Coh(IP?))

T% ("'—>0—>T—>O—>--->

And then apply Theorem 1.3.2.
In general, if X is a smooth projective variety, we have the following theorem.
Theorem 1.3.5 (Bondal, Kapranov, Van der Bergh, et. al.).
DP(Coh(X)) = D*(DGMod(A)),
where DGMod(A) is dg-modules over the dg-algebra A.

The problem with derived categories is that most invariants of X are deter-
mined by DY (Coh(X)) but they cannot be computed directly from DY (Coh(X)).
To understand the derived category, we need to “represent” the derived cate-
gory in the same way that differential forms “represent” de Rham cohomology.
Therefore, we need to “enhance” D°(Coh(X)) by replacing it by a dg-category
D(Coh(X)) such that H(ID(Coh(X))) = D®(Coh(X)).

There are many different dg-models for DY (Coh(X)). we need a way to
get rid of the irrelevant information carried by ID(Coh(X)). The best way
is to put a Quillen model structure on the category dgCat of all (small) dg-
categories, making it into a model category. This is referred to as the study of
noncommutative motives.

Remark 1.3.6 (Goal). Our goal is to understand this model structure on dgCat.



Part I

Quivers and Gabriel’s
Theorem



Chapter 2
Quivers

Definition 2.0.1. A quiver is a quadruple Q = (Qo, Q1,s,t), where
e Qo is the set of vertices;
e Q; is the set of arrows;
e s: Q1 — Qo is the source map; and
o t: Q1 — Qo is the target map.

i j
o —— o
s(a) =j, tla) =1
Together, s, t are called the incidence maps.
Definition 2.0.2. A quiver is called finite if and only if |Qg| < oo and [Q1] < oo.

Definition 2.0.3. A pathin Q is a sequence d = (ay,..., am) such that t(a;) =
s(aj_q) forall i.

2 m+1
°

1
° e °
aq az am

Definition 2.0.4. Write Pq for the set of all paths in Q. Notice that s, t extend
tomaps s, t: Po — Qo by s(d) = s(am) and t(a) = t(ay).
Definition 2.0.5. The path algebra kQ for a quiver Q over a field k is defined

by
kQ = Spany (Pq),

with a product defined by concatenating paths:

B {Jb if t(b) = s(@)

—

o

0 otherwise
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o

€
) Y °

Paths of length zero are by convention the vertices e; for i € Q. This product
is associative, and satisfies relations (for example)

de = &,eﬁzg,eﬁzo,ﬁezo,ez =e
What kind of algebras are the path algebras of quivers?

Example 2.0.6. If |Qo| = 1 and |Q1| = 1, then the path algebra is the free on r
variables, kQ = k(x1,x2,...,%y). If r =1, then kQ = kl[x].

Example 2.0.7. If

1 2 n

Q= <0—>0—>---—>0),
then kQ is isomorphic to the algebra of lower triangular n X n matrices over k.

Exercise 2.0.8. If Q has at most one path between any two vertices, show that
kQ = {A € My (k) | Ayj = 0 if there is no path j — i}

Example 2.0.9.

k< ¥ v, 39 Qx> = (kg‘] k][j]) C M, (ki)

The generators of kQ are e, €9, V, X, with relations
_ _ _ _ 2 _
eoV = Veso =V, egXx = Xeg = X, €5, = €co,

vey = eV =0, €ooX = Xexno1 =0, e% =eg.

The isomorphism is given on generators by
- 10 S 00
7o o >0 1
x 0 0 1
X = < 0 O) Vi ( 0 O)
2.1 Path Algebras

Let Q be a quiver and let A = kQ.

Proposition 2.1.1. {e; }ic @, is a complete set of orthogonal idempotents:

10
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) ei2 = e; (idempotent),
e eiej = 0 fori # j (orthogonal),
. Z ei = 1 o (complete).

ieQp

Proposition 2.1.2. Fori,j € Qo, the space Ae;, e;A and e;Ae; have the follow-
ing bases:

o Ae; = all paths starting ati
e ¢;A = all paths ending at
e ¢jAe = all paths starting at i and ending at j.
Proposition 2.1.3. Decompositions of A into direct sums of projective ideals.

(a) A= EB Ae; as a left A-module = Ae; is a projective left A-module.
i€Qo

(b) A= @ ejA as a right A-module= e;jA is a projective right A-module.
i€Qo

Proposition 2.1.4. For any left A-module M and right A-module N:

(a) Homa (Aey, M) = ;M

(b) Homa (e;A, N) = Ne;
Proof of (a). Any f € Homa (Aei, M) is determined by f(e;) = x € M, by A-
linearity. On the other hand, ei2 = ey, SO

eif(ei) = fe;)* = fley)

Hence, for any x € M, if f(ei) = x, then e;x = x. The map is then

Hompa (Ae;, M) — eM
f — fley)

Proposition 2.1.5. If 0 # a € Ae; and 0 # b € e;A then ab # 0 in A.

Proof. Write
a=cx+...

b=¢cy+...

where x is the longest path starting at i, and y is the longest path ending at i,
with C #£ 0 £ ¢C.
a-b=ccxy+...

This is nonzero because cC # 0. O

11
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Proposition 2.1.6. Each e; is a primitive idempotent, meaning that each Ae; is
an indecomposable left A-module.

Proof. If M is decomposable, then there is some submodule N & M such that
M = N @ K. In this case, End 5 (M) has at least one idempotent

e: M2 N <t M € Enda(M).
Thus, we need to check that End 5 (Ae;) has no nontrivial idempotents.

Enda (Ae;) = Homa (Aei, Aey) (E) eiAe;
4

If f: Ae; — Aey is idempotent in Enda (Ae;) = ejAey, then 2 = f = fey, so
f(f —ei) = 0. This implies by Proposition 2.1.1(5) that f = 0 or f —e; = 0. Hence,
End A (Aeq) has no nontrivial idempotents. O

Definition 2.1.7. Let

kQo= P keg =kx...xk
1€Qo IQol

kQ1 = P ka
acQ;

Notice that kQ1 is naturally an kQo-bimodule.

Definition 2.1.8. For any k-algebra S and any S-bimodule M, the tensor algebra
TS M is

TsM=SOEMP(MRIsM)P...4 ( MRs - Qs M) D ...

is defined by the following universal property.
Given any k-algebra fo: S — A and any S-bimodule map f1: M — A, there
is a unique S-bimodule map f: TsM — A such that fls = fo and flpm = 5.

Proposition 2.1.9. kQ is naturally isomorphic to the tensor algebra kQ = Ts(V)
Proof. Check the universal property. If S = kQp, M =V =kQ;, then

fo: on — kQ
f] . kQ] — kQ
f: Ts(V) = kQ

f is surjective by definition of kQ, and f is injective by induction on the grading
in Tg (V). O

12
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Corollary 2.1.10. kQ is a graded S-algebra with grading determined by the
length function on paths.

Exercise 2.1.11.
(a) dimy (kQ) < oo if and only if Q has no (oriented) cycles.

(b) kQ is prime (i.e. I] # O for any two 2-sided ideals I, ] # 0) if and only if
foralli,j € Qo, there is a path i — j.

(c) kQ is left (resp. right) Noetherian <= if there is an oriented cycle at i,
then at most one arrow starts (resp. ends) at i.

Example 2.1.12. Consider the quiver

Q:(?%QQX>

The path algebra kQ is left Noetherian but not right Noetherian.

2.2 Representations of Quivers

Fix a field k, and let Q = (Qo, Q1, s, t) be a quiver. Recall that Pq is the set of

all paths in Q, and s, t extend to maps s, t: P — Qo.

Definition 2.2.1. The path category Q is the category with objects Q and
Homg(i,j) ={d € Pq: s(d) =1, t(@) =j}.

Composition is given by concatenating paths.

Remark 2.2.2. We can modify this definition in two ways. First, we can make
Q into a k-category (a category enriched in k-modules) kQ whose objects are
Qo and

Homyq(i,j) = k[Homg(i,j)]

Second, we can also make Q a k-linear category (to be defined later).

Definition 2.2.3. A representation of Q is a functor F: Q — Vecty.. The category
of all such representations is a functor category, denoted

Rep, (Q) := Fun(Q, Vecty).

A representation X: Q — Vecty is usually denoted as follows.
Qo oi— X(i) =X;
Q1 3i+— X(a) =Xq

<:$1>H<xiﬁxj)

13
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Definition 2.2.4. If Q = (Qo, Q1,s,t) is a quiver, define the opposite quiver
Q% :=(Qo,Q1,8" =t,t° =5s).
Theorem 2.2.5. There are natural equivalences of categories
Rep, (Q) ~ kQ-Mod (left kQ-modules)
Rep, (Q°P) ~ Mod-kQ (right kQ-modules)
Proof. The functor F: kQ-Mod — Rep, (Q) is given on objects by

M - XM = (Xi/Xa)ier
acQg

where X; = e;M and X is the morphism given by

XiLXj

eiM — 5 ;M.
(recall that ae; = a = ¢ja). The functor F is given on morphisms by

(f: M — N) — (ﬂe-lM: eiM — eiN)ier .

Conversely, G: Rep, (Q) — kQ-Mod is given on objects by

X = (Xi/Xa)iEQo — X = @ Xi.'
CIEQ] iEQO

Write ¢;: X; — X and 7i: X — Xj for the canonical maps. Given a path
d=(ar,...,an) € P, x € X, define

G X =¢€¢(a;) °Xay ©Xa, 0+ 0Xa, OTg(q,)X

Now check that Fo G ~id, Go F ~ id. O

Example 2.2.6. Consider a quiver representation S(i), where i € Qp. The
representation S(i) is defined by

) k (j=1)
Sy =4 0
0 (G#1
and S(i)q =0 for all a € Q. Every irreducible kQ-module looks like S(i) for
some i € Qp.

Example 2.2.7. The indecomposable projective kQ-modules are of the form Ae;,
which correspond to the quiver representation X with Xj = e;Ae; for j € Qo.

14
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2.3 Homological Properties of Path Algebras

Recall Baer’s definition of Ex’tjA (v, w).

Definition 2.3.1 (Baer). Let A be a k-algebra and V, W two objects in A =
Mod(A).

Exth (V, W) == {(oc,[S)EMor(A)XZ 0—>Wi>x£>V—>o}/~

where (&, ) ~ (o, ') if and only if there is some ¢: X — X’ such that o’ =

dooand B’ o = B.
x oy B

w
|
W o ;B

Remark 2.3.2. We can think of a quiver as a kind of finite non-commutative
space. We can think of Example 2.0.9 as a kind of non-commutative “extension”
of the affine line AIL = Spec(k[x]).

Recall that X is an affine variety over C, and A = O(X) is a finitely generated
commutative C-algebra, and X = Specm(A); that is, the points of X correspond
to irreducible representations of A, which have the form A/m, where m is a
maximal ideal of A.. Points of X are “homologically disjoint” in the sense that

Ext’y (A/m.l,/‘/mj) —0 (i#]).

0

\% 0

0 A% 0

On the contrary, in the noncommutative case (for quivers), we will see that

Extiq (S(1),S(3) # 0

if there is an arrow i — j. Thus, the arrows play a role of “homological links”
between the “points” in the quiver Q.

Theorem 2.3.3. Let A = kQ. For any (left) A-module X, there is an exact se-
quence of A-modules:

0— @ Aei(p) Ok €5(p) X SELEN @ Ae; @ e X 25 X=0 (2.1)
PEQ 1€Qo

where g(a®x) := ax and f(b ® x) := ab® x — a ® bx.

Proof. First we show that g is surjective. This can be seen from the fact that any
element of x can be written as

x=1-x= Z ei)x: Z eix =g Z e; ®eix

ieQo ieQo ieQo

15
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The fact that im(f) C ker(g) is just a direct computation. Indeed,
gofla®ey(p) @esp)x) =glap@x—a® px) = apx —apx =0

To show that ker(g) C im(f), we first note that any £ € @I* ; Ae; ® e; X can

be uniquely written as
n
=3 Y aon

i=1 paths @
s(a@)=i

where all but finitely many of the x5z € e;(g)X are zero. Let the degree of { be
the length of the longest path d such that xz # 0. If d is a nontrivial path, we
can factor it as @ = a’p, with s(a’) = t(p) and a’ consisting of only a single
edge. We then have that

a’ Rxg = a'es(a) ®€S(Q)X = a'et(p) (024 €s(a)-
Then by definition,
fla'®xz) =ad'p@xz —ad' @pxz =d®@xz —a’ ®pxg

Now claim that for any &, the set £ +im(f) contains elements of degree zero.
For if deg(¢) = d, then

(=Y > dexg

i=1s(a)=1
L(a)=d

has degree strictly less than d. The claim then follows by induction on £(a) = d.
Now let ¢ € ker(g), and take an element £/ € £ +im(f) of degree zero. In

other words,
n
5/ = Z eq ® Xei'
i=1

If g(¢) = 0, then because g o f = 0, we get
n n
9(&) =g(&') =) eixe, € PeX.
i=1 i=1

This is zero if and only if each ejxe;, = 0. But xe; = 0 implies that ¢’ = 0, or that
¢ € im(f). This demonstrates that ker(g) C im(f).

Finally, let’s show that f is injective. Suppose f(§) = 0, yet { # 0. Then we
can write

=Y Y a®xpa=b®%pp+...,

p€Qq pathsd

s(@)=t(p)

16
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where b is a path of maximal length. We then get

f(&) = Z ap®xp,a — Z a® pxp,a = bp@xpp +lower terms = 0

p,a p,a

Here the lower terms are of the form cp ® X ¢, where c is a path shorter than
b. Hence, nothing can cancel with the bp ® x, 1, term, which contradicts our
choice of b as the path of maximal length. O

Definition 2.3.4. The resolution (2.1) in Theorem 2.3.3 is called the standard
resolution of A.

Remark 2.3.5.

(a) There is a compact way to express this resolution if we identify kQ =
Ts(V), where S = Dicq, kei, V =Dqcq, kaas S-bimodules.

The exact sequence (2.1) can be written for any tensor algebra T and any
(left) T-module X.

0 — 5 TR VR X —— TegX —25 X —— 0 (2.2)

Note that the standard resolution is projective because each Ae; @y e;Xis
a direct summand of A ®y X, which is a free A-module based on V.
(b) If X = A, then the standard resolution becomes an A-bimodule resolution.

Exercise 2.3.6. Check that the sequence (2.2) gives the standard resolution (2.1).

Definition 2.3.7. An algebra A is a (left or right) hereditary algebra if every
submodule of a projective (left or right) A-module is projective.

Proposition 2.3.8. For a k-algebra A, the following conditions are equivalent:

(a) Every A-module X has projective dimension pdim, (X) < 1, that is,
Exti (X,Y) =0 foralli > 2.

(b) A is a (left and right) hereditary algebra.

Proof.
Consider the exact sequence

0-5X—-P=P/x—0,

17
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where X is an A-submodule of the projective A-module P. Apply the functor
Homa (—, Y) to get the long exact sequence

0 —— Homp (P/X,Y) — Homa (P,Y) —— Hompa (X,Y) U

L Exth (°/x,Y) ——— Ext}(P,Y) —— Exth(X,Y) j

[» Ext? (P/x,Y) ——— Ext4(P,Y) —— ExtA(X,Y) —— -+~

Since P is projective, we have that Ext! (P, Y) = 0, so this long exact sequence
shows that
Ext) (X,Y) = Ext} (P/X,Y) .

If every A-module X has projective dimension at most one, then Extﬁ (P/x,Y) =
0 and therefore Ext} (X,Y) = 0. Hence X is projective.

Conversely, if A is a hereditary algebra, then as X is a submodule of the
projective module P, we have Ext'(X,Y) = 0. Hence, Extf\ (P/X, Y) =0 for any
A-module of the form P/X. But any A-module whatsoever is the quotient of a
free module, and therefore of the form P/X. So any A-module has projective
dimension at most 1.

O

Remark 2.3.9. Suppose that we want to apply Homa (—,Y) to the exact se-
quence

£€:0 w X u 0

to get a the long exact sequence. The connecting homomorphism in the long
exact sequence above is defined as follows. Given f € Homa (W, Y), let 0(f) be
the class in Ext}\ (U,Y) such that

€:0 % X u 0

ool

fol:0 — Y — WX — U —— 0

where the square indicated is a pushout. Note that if W =Y, and f = idyy, then
[f.€] = [€] € Exth (U, Y).

Remark 2.3.10. Another way to say Proposition 2.3.8(a) is to say that the global
dimension of kQ is at most 1, for any quiver Q.

18
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Definition 2.3.11. If X is a finite-dimensional A-module, we define the dimen-
sion vector of X to be

dimy (X) :== (dimy X1,...,dimyg X)) € N™ C Z™,
where X; = e; X = Homp (Aey, X).
Definition 2.3.12. For a finite quiver Q, with |Qo| = n, the Euler form is a
bilinear form (—, —)q: Z™ x Z™ — Z™ given by
(o, B)q = Z o — Z %t (a)Bs(a)
i€Qo acQ;

Sometimes we also need a symmetric version of the Euler form, which is

written (—,—): Z™ x Z™ — Z and given by
(o, B) == (&, B)@ + (B, X) -

Definition 2.3.13. The associated quadratic form q: Z™ — Z™ is called the Tits
form.

q((x) = <0(, ‘X>Q'

Lemma 2.3.14. For any two finite-dimensional A-modules X,Y € A—Modfg, we
have

(dimX, dimY) o = dimy (HomA(X, Y)) — dimy, (Ext}\(x,v)) :

Proof. Apply the functor Homa (—, Y) to the standard resolution (2.1). Then we
get a long exact sequence

0 —— Homa (X,Y) —— P Homa(Ae;®eiX,Y) —— P Homa(Aey(q)®esq)X,Y)
i€Qo aeQ; ?

L Exth (X,Y) 0

Recall that Homa (Aei, X) = e;X, for any A-module X, so applying this to
the above sequence gives

Homa (Ae; ® €;X,Y) = Homg (ei X, e;Y) = (e1Y) @(eiX)* =Y @ X
This then implies that

dim (Homa (Ae; ® eiX,Y)) = dim(Y;) dim(X;) = (dim X); (dim Y);
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Now apply this to the exact sequence, to see that

dimHoma (X,Y) — } _ (dim X); (dim Y);
ieQo
+ ) (dimX)(q)(dim Y)y(q) — dimy Extp (X,Y) =0
acQ;

Therefore, dima Homa (X, Y) < oo and dimy Ext}\(X, Y) < oo. Moving terms
around gives us the desired conclusion.

(dimX, dimY) ¢ = dimy, (Hom AX Y)) — dimy, (Ext}\(X, Y)) . O
Corollary 2.3.15. For any finite-dimensional A-module,
dimy (Enda (X)) = q(dim(X)) + dimy Extj (X, X)

Remark 2.3.16. Since all of the higher Ext-groups vanish for A = kQ by Propo-
sition 2.3.8(a), the Euler form on dimension vectors is equal to the Euler charac-
teristic.

(dimX, dim V) = xA (X, Y)

Definition 2.3.17 (Notation). For any k-algebra A, define
Irr(A) == {isomorphism classes of irreducible A-modules}
Ind(A) := {isomorphism classes of indecomposable projective A—modules}

Lemma 2.3.18. Let A be a k-algebra, and let X, Y be two simple A-modules. Then
there is a nonsplit extension of X by Y

B

0 Y %, 7 X 0 (2.3)

if and only if im(«) is the only proper submodule of Z.

Proof. This proof is basically just Schur’s lemma.

First, assume that (2.3) splits, and s: X — Z is a section of {3, thatis, Bs = idx.
This means in particular that s is injective, so X = im(s) C Z is a proper
submodule different from im(«x); 3(im(«)) = 0 and B(im(s)) = X # 0.

Conversely, assume that Z has a submodule K C Z with K # im(«). Then
Blk: K — X is an isomorphism, and s = B[ is a splitting of (2.3). O

Corollary 2.3.19. Let A be a commutative k-algebra, and let X, Y be two noniso-
morphic simple A-modules. Then Ext} (X,Y) = Exth (Y,X) = 0.
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Proof. 1f X # 0 is simple, choose some nonzero x € X and define
dx: A — X
a+—— ax

Since X is simple, ¢ is surjective and ker(¢p) = my. For two simples X and Y,
X=Y & my =my.
Now given X 2 Y, choose a € my \ my and assume that the sequence

0 Yy %5 Z X 0

splits. Define @: Z — Z by z — az. Then d(im «) = 0 and im(&) is a proper
submodule not equal to im «, so it splits. O

Corollary 2.3.20. If Q is a quiver and i,j € Qo, then there is a nonsplit extension
of S(i) by S(j).

0 S(j) X SA) —— 0

if and only if there is some a: i — j in Q.
Exercise 2.3.21. Prove Corollary 2.3.20.
Theorem 2.3.22. Assume Q has no oriented cycles (so that dimy (A) < oo). Then

(a) the assignments

Irr(A) «%— Qo —b— Ind(A)

[S(1)] R [Aei]
are bijections.
(b) For any1i,j € Qo,
Extp (S(1),S(j)) = Span, Q(i,),
where Q(1,j) = {a € Q1 | s(a) =1, t(a) =j}.
Proof.

(a) The map «is injective. Homa (S(1), S(j)) = 0if i # j or S(i) = S(j) (that is,
i=3j).
If X is any simple A-module, and if dimy X = 1, then there is some i € Qg
such that e;X =X = X = §(i). If dimy X > 1, then it cannot be a simple
module.
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The map f3 is also injective: we will show Ae; = Ae; <= 1i=j. Thenif
f: Aey — Ae]-
g: Aej — Aejy,

~

areinverse, we have f € Hom(Ae;, Ae;j) = ejAejand g € Hom(Aej, Ae;) =
ejAei. Then fg = e; € ejAejAe; C AejA. But AejA has a basis consist-
ing of all paths that pass through e;, so it must be that j = 1. Surjectivity is
an exercise.

(b) Apply Euler’s formula to S(i), S(j). Then by definition, we have that

(dim S(i),dim S(§)) = 855 — D 8i,5(a)0jt(a)

acQ;

On the other hand, by Euler’s formula,
(dim S(i), dim S(j)) = dimy Homa (S(i), S(j)) — dimy Ext} (S(i), S(j))

Note that
dimy (Homa (S(1),S(j))) = 8y,

so comparing terms with the other calculation, we see that

dim Exta (S(1),S(j)) = Z 8i,s(a)d,t(a) = #{arrows i— j}
a

Remark 2.3.23.

(1) Theorem 2.3.22 shows that we can reconstruct Q from A-Mod, provided
we know a priori that A = kQ for some Q and dimy A < oo.

(2) Theorem 2.3.22 fails if dimy A = 0.

22



Chapter 3

Gabriel’s Theorem

Throughout this section, assume that k is a field of characteristic zero.

Definition 3.0.1. A (unital associative) k-algebra A has finite representation
type if A has only finitely many isomorphism classes of finite-dimensional
indecomposable representations.

Example 3.0.2.

(@) A = k has finite representation type; there is only one indecomposable
representation, namely k. This is the path algebra of the quiver Q = o
with one vertex.

2
o,

(b) Consider A = kQ, where Q = . — Then

Tk K
A:[o k]’

and A has finite representation type. The indecomposable representations

are
c — e =5z (k>

(c) Let A =k[x] = kQ, where Q is the quiver Q = e D . This doesn’t have

finite representation type; there are infinitely many irreducibles of the
form k[x]/ (x — a) with a € k.
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Theorem 3.0.3 (Gabriel 1972). Assume k is algebraically closed. Let Q be a
finite quiver, possibly with loops and multiple edges. Let 'y be the underlying
graph of Q, that is, Q with orientation forgotten. Then A = kQ has finite
representation type if and only if I'q is a Dynkin diagram of type ADE.

An: e ° ° e ° ° (n vertices)

Dn: ™~ ° ° e ° ° (n vertices)
/

EGZ
° ° o ° °
°
E7Z
° ° [} ° ° °
o
Eg:
o o o o ° o o

Remark 3.0.4. The proof of Theorem 3.0.3 that we give is due to [ ]. The
proof has three ingredients.

(1) Classical geometric representation theory (representation varieties)
(2) Noncommutative/homological algebra (Fitting Lemma, Ringel Lemma)
(3) Classification of graphs (due to Tits)

We will return to the proof of Gabriel’s theorem in the next chapter after taking
a look at these ingredients individually.
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3.1 Representation Varieties

Example 3.1.1. Let A be a finitely generated associative k-algebra; fix n > 1.
We want to classify all n-dimensional representations of A. Define (naively):

Rep, (A, 1) = {A—module structures on kn}
= {algebra homomorphisms p: A — ]Mn(k)}
IfA =k(xy,...,xm) /], fora2-sided ideal I <k(x1,...,xn), say with generators

[=(ry,...,mq) withry € k(x1,...,%m), then

Xy, Xm) =0
Rep, (A, 1) =< (X1,..., Xm) € Mp (k)™ = A™'™ :
Td(X],. . -/Xm) = O

We need to define a relative version of Rep,, (A).

Let A be a finitely generated associative k-algebra, S C A a finite-dimensional

semisimple subalgebra. Fix a finite-dimensional S-module V (p: S — End(V)),
and define

Repg(A,V) = {all A-module structures on V extending p}

A —F 5 End(V)
N S A

12

k-algebra maps f: A — End(V)

0

= {S-algebra homomorphisms ¢: A — End(V)}

Definition 3.1.2. Formally, we define Repg (A, V) by its functor of points
Repg(A,V): CommAlg, —— Sets
B —— Hompyjg (A, Endp(B® V)

Remark 3.1.3.

(1) The set Hompyje. (A, Endg (B ® V)) can be thought of geometrically as the
8s 8 8 y
set of families of representations parameterized by points of Spec(B).

(2) Note that Endg (B ® V) has a natural S-algebra structure
B ® —: Vect, — B-Mod

S — End(V) — Endg(B® V)
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(3) Endg(B® V) =Homg(B®V,B® V)
= Homy (V,B® V)
=BRVRV*
= B®Endy (V)

4) If V=k",End(V) = Mp (k) and B ® End(V) = M, (B).

Proposition 3.1.4. Repg (A, V) is a (co)representable functor, that is, there is a
commutative k-algebra (S \ A)v such that

I_IOInCommAlgk ((S\A)v,B) = HomAlgS (A, B @y End(V)) 3.1)

Remark 3.1.5. We should think of (S\ A)y as the coordinate ring k[Repg (A, V)]
of the affine scheme Repg (A, V).

Corollary 3.1.6. Repg (A, V) exists as an affine k-scheme Spec(S \ A)y and we
define the (relative) representation variety

Repg (A, Vyeq := Spec ((S\A)V/\/a) ‘

Proof of Proposition 3.1.4; [ ]. Consider (3.1). We need to show that the func-
tor —® End(V): CommAlgg — Algg has a left adjoint (S \ —)y/. This will be
a functor

(S\—)v: Algg — CommAlg, .

Let’s decompose — @ End(V) into a composition of functors.

forgetful — ®, End
CommAlg, o Alg, D En

V .
(V) AlgEnd V) restrict Algs

The forgetful functor CommAlg, — Alg, has a left adjoint, namely the abelian-
ization (—),p. The restriction functor also has a left adjoint given by a free
product over S, denoted by (—) *s End(V). Finally, — ® End(V) has a left ad-
joint, denoted (—)End(V)

(—ab (—)End(V) (—)*sEnd(V)
CommAlg, 1 Alg, L Algp.4(v) 1 Algg
forgetful — @y End (V) restrict

O

What are these left-adjoint functors? The first is called abelianization, and
given by
(—)ap: Alg, —— CommAlg,

A — Aw =" A,
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f
; S— A
(S — A) —— A xg End(V) = colim pl
End(V)

()P Algpg(yy —— Algy

(End(V) LN A) —— AEnd(V) — {a €A

[a,f(x)] =0forall x € End(V)}

Lemma 3.1.7. The functor — @ End(V): Algg, 4y — Alg, is an equivalence of
categories, with inverse

(End(V) 1, A) s ABnd(V) {a €A

[a,f(x)] =0forallx € End(V)}

Exercise 3.1.8. Prove Lemma 3.1.7.
Corollary 3.1.9. (—)FdV js left adjoint to — @ End(V)
Hence,

(S\A)y = ((A xs End(V))™V)) .

3.2 Algebraic Group Actions on a Variety

Let f be finitely generated k-algebra, and S C A a finite-dimensional semisimple
subalgebra. Let (V, po: S — Endk(V)) be a finite-dimensional S-module.

We have defined an affine scheme Repg(A, V) parameterizing A-module
structures on V extending the pg. For a representation ¢ of A extending (V, po),
denote the corresponding point in Repg (A, V) by x,.

Remark 3.2.1. Rep s (A, V) can also be seen as the fiber of the restriction map
T: Rep, (A, V) — Rep, (S, A) over the representation (V, po).

Repg(A, V) ———— {x}

l l(V/Po)

Rep, (A, V) —— Rep, (S,A)

Definition 3.2.2. Denote the group of S-module automorphisms of Vby GLg (V) :=
Autg (V).
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We may define an action of GLs (V) on the scheme Rep¢ (A, V) by

GLs(V) x Repg(A, V) —— Repg(a v

(g, %) —— ((g,¥): a gh(a)g™ ")

Note that for all s € S, we have

(g, W)(s) = gb(s)g™" =gpols)g~" =pols)gg™' = pol(s) = (s)

so this is well-defined.
Note that k* C GLs (V) acts trivially, which gives an induced action

Gs(V) =CEsVi/ .
Proposition 3.2.3.
(a) There is a one-to-one correspondence between the following:

o isomorphism classes of A-modules isomorphic to V as S-modules,
e GLs(V)-orbits on Repg (A, V).
(b) Foranyx, € Repg(A,V): Stabgy, (v)(xp) = Auta (V).

Exercise 3.2.4. Show that for any x, € Repg(A, V), the Zariski tangent space is
isomorphic to the space of S-derivations of A taking values in End(V,).

Tx, Repg (A, V) = Ders (A, End(V,))
Hint: Use adjunction.
Txp RePs (A/ V) = Derk((s \ A)VI kﬁ)/

where p: (S\A)y =2k & p: A — End(V).

Ders (A, End(V,)) = {@ € Homy (A, Endy (v)) | ©l% b= p(a)O(b) +6(a)o(b) }

O(s)=0 Vs €S

Example 3.2.5. Let Q = (Qo, Q1, s, t) be a finite quiver, with Qo = {1,...,n}.
Let A =kQ, and let
n
S=@Pkei CA.

i=1
Note that giving an S-module structure to a vector space V corresponds to a
splitting V = @' ; V; with V; = e;V. Then up to isomorphism, S-modules
are determined by dimension vectors &« € IN", &« = (a7, x2,..., xn) with
X{ = dimk Vi-
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Then we write Repg(A, V) = Rep(Q, &) = Rep(«), the last if Q is under-
stood. In particular,

Repg(A,V) =Rep(«) = [ Homy (k%) k*t(e)) = A}
a€Q1

is an affine space, where r = Za€Q1 ®s(a)Ot(a)-

Remark 3.2.6. Ludwig Wittgenstein said there are no philosophical, only lin-
guistic puzzles. While it would be nice to think something like the Poincaré
conjecture is only a notational issue, that’s insulting to a lot of geometers. But
it’s hard to prove that it isn’t only an issue of notation — maybe we haven’t
found the right notation yet.

Definition 3.2.7 (Notation). Let x = (xa)acQ, € Rep(«) correspond to the
representation R(x) of Q. Write

GLs(V) =GL(e) = | [ GLi(o) 3 g = (g1,--.,9n) = (91)1eQ,
=1
Gs(V) =GL(«x)/k*

The action is then given by

GL(«) x Rep(a) —— Rep(«x)

(g, x) —— ((g 'X)a)ate = (gt(a) Xar gs(la)>a€Q1

Proposition 3.2.3 says that there is a correspondence between isomorphism
classes of representations X with dim(X) = o and GL(«) orbits in Rep(«).

X+— Ox ={x € Rep(«) | R(x) = X}

Remark 3.2.8. Our goal is to clarify the relation between algebraic (or homolog-
ical) properties of representations and geometric properties of orbits.

3.3 (Practical) Algebraic Geometry

(1) V € A}, is closed if and only if there is I < k[x1,...,%x;] with V = Z(I).
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(2) U C A}, is locally closed if U is open in its closure U. This holds if and
only if U is the intersection of an open and closed subset in A .

(3) A locally closed non-empty U is irreducible if any nonempty V C U,

which is openin U, isdensein U. @ #V C Uopen = V =1.
(4) The (Krull) dimension of a locally closed U # @ is the supremum of
lengths of all chains of irreducible closed subsets of Ul

dim U = sup {n €N ’ Ly CZy C...C Zn CU; Zjirreducible, closed}

Example 3.3.1. The dimension of AT is r. Moreover, dim U = dim U, and
dim(UNV) = max(dim U, dim V).
(5) A subset U is constructible if U is a finite union of locally closed subsets.

Example 3.3.2. The following set is constructible, but not locally closed.

(A% \ {x-axis}) U{(0,0)} = {x = yz | for some z}

Lemma 3.3.3 (Chevalley). If t: X — Y is a dominant morphism of irreducible
varieties, then every irreducible component of the fiber w~' (y) has dimension

dim(7 ' (y)) > dim(X) — dim(Y).
Moreover, there is a nonempty open U C Y such that for ally € U,
dim 7' (y) = dim(X) — dim(Y)
The proof of this lemma is pure commutative algebra.

Theorem 3.3.4 (Chevalley). If n: X — Y is a morphism of varieties, then 7t(X)
is a constructible subset of Y. More generally, T maps constructible subsets to
constructible subsets.

Proof Sketch. Work by induction on the dimension of X. We may assume that X

is irreducible. We may also assume that 7t is dominant, that is, Y = 7t(X). This
then allows us to claim Y is irreducible. Then write using Lemma 3.3.3

n(X) = Uun(X\ 7' (W)

X\ 7T (U) is constructible by induction because it has smaller dimension.
Therefore, 7t(X) is constructible. O

Corollary 3.3.5 (Chevalley). For any m: X — Y, the local dimension dimy: X —
Z,x — dimy (7r_1 (Tt(x))) is upper-semicontinuous, that is, for alln € Z, the
set

{y € X[ dim(y) > n}

is closed.
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Lemma 3.3.6 (Orbit Formula). If a connected algebraic group G acts on a variety
X, then

(a) all G-orbits are irreducible and locally closed;

(b) for eachx € X, Stabg (x) is a closed subgroup of G;

(c) dim X = dim G — dim Stabg (x);

(d) Oy \ Oy is a union of orbits of dimension strictly smaller that dim Ox.

Proof. Fix x € X, and consider

p:G — X
g—— g-x

(a) Note that im(p) = Ox. Then by Chevalley’s Theorem (Theorem 3.3.4) ap-
plied to , Oy is irreducible and Oy is constructible. Then by Lemma 3.3.3,
there is a nonempty open U C Oj; this also shows U is open in Ox. Now

consider
G-u={Jgy
geG

where g- U = {x € X | x = gx for some u € U}. This set is G-stable, and
x € GU C Ox. This implies that GU = Ox.

Finally, gU is open in O, so GU is open in Oy, which implies GU is open
in Oy. But GU = O, which implies that Oy is open in Oy which by
definition says that Oy is locally closed.

(b) Stabg(x) = p~'(x) is closed.
(c) By Lemma 3.3.3, the dimension of the fiber uw'(x) is dim G — dim X. But
n'(x)is exactly the stabilizer Stabg (x). O

Remark 3.3.7. If G is a connected affine algebraic group, then G is an irreducible
affine variety.

3.4 Back to quivers

Let Q = (Qo,Q1,s,t) be a quiver. Let A = kQ be its path algebra. Write
Qo ={1,2,...,n}. Fix x € N™ with « = («1,..., 0tn). Recall

Rep(a) =Rep(Q, o) = [ [ Homy (k*s(), k(@) 3 (xq)aeq, = x-
aeQq
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X = R(x) is the representation corresponding to x € Rep(«). We write Ox and
Oy interchangeably. We have

GL(a) = ] [ GLic(0) C Rep()

i=1

There is a one-to-one correspondence between isomorphism classes of represen-
tations X of dim X = « and GL(«)-orbits in Rep(«), given by

X—= Ox ={x € Rep(a) | R(x) = X}.

Lemma 3.4.1 (Dimension Formula). For any representation X of Q withdim X =
«, we have both

dim Rep(a) — dim O« = dimy End (X) — q(«) (3.2)
dim Rep (o) — dim Oy = dimy, Exth (X, X) (3.3)
Proof. Recall from Lemma 2.3.14 that
(dimX, dimY) g = dimy Homa (X, Y) — dimy Ext} (X, Y).

Then put X =Y and we recover Eq. (3.3).
To prove Eq. (3.2), fix x € Rep(«) and consider Ox = Ox. Then, by the Orbit
Formula (Lemma 3.3.6(c)),

dim Ox = dim GL(«) — dim Stabg (x) (3.4)

Notice that
Stabg (x) = Auta (X) € Enda (X),

and moreover the inclusion Auta (X) C Enda (X) is open as the inclusion of
vector spaces. Therefore,

dim Stabg (x) = dim Auta (X) = dim End 5 (X) = dimy End 4 (X).

Moreover,
n o2 2
GL(«) = [ [ GLi(o) € ATT x -+ x AJ™ = Af.
i=1
This is also an open inclusion, so

n
dimGL(«) = dim A}, = Z o,

i=1
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Substitute into (3.4) to see that

n
dim Ox = dim GL(«) — dim Stabg (x) = Z ociz —dimy End 5 (X).

i=1

Finally, Rep(a) = A}, wherer =3 _ ., Xs(a)Xt(a)- Hence,

dimRep(«) = Z Xs(a)*t(a)
acQ;

So put it all together now,

n
dim Rep(a) —dim O = Z ®s(a)%t(a) — Z ociz + dimy End 5 (X)
acQq i=1
= dimy End A (X) — q( ). O

Corollary 3.4.2. If x # 0, and q(o) < 0, then Rep(«) contains infinitely many
orbits.

Proof. Trivially, dimy (Enda (X)) > 0, because idx € Enda (X). If q() > 0, then
by the Dimension Formula (Lemma 3.4.1), dim Rep(a) > dim Ox = dim Ox.
This implies that there are infinitely many orbits. O

Corollary 3.4.3. Ox is open if and only if Ext\ (X, X) = 0.

Proof. By Lemma 3.4.1,

Exth (X,X) =0 <= dim Ox = dimRep(a)
& dim Ox = dim Rep(«)
— Ox = Rep(a).

Rep(«) is irreducible and a proper closed subset must have strictly smaller
dimension.

(&=). Ox =Rep(a) = Ext} (X, X) =0

(=). Exth(X,X) =0 = Ox = Rep(a) = Ox open in Rep(a),
because Ox open in Ox. O

Corollary 3.4.4. Up to isomorphism, there is at most one representation of
dim(X) = « such thatExt}\(X,X) =0.

Proof. Suppose that X,Y are two such representations, X and Y. By Corol-

lary 3.4.3, Ox and Oy are open. If Ox N Oy = @, then Ox C Rep(a) \ Oy. This

implies that Ox C Rep(«) \ Oy, which contradicts irreducibility of Ox.
Therefore, Ox N Oy # @. This implies that Ox = Oy,so X =Y. O
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Definition 3.4.5. Consider representations X and Y. We say X degenerates to Y
if Oy C Ox.

Lemma 3.4.6. Assume that {: 0 — U — X — V — 0 is a nonsplit exact se-
quence. Then Oy gy C Ox \ Ox. In particular, X degenerates to U & V.

Recall from Definition 2.3.1 that [£] € Extl\ (V,U) is nonzero if and only if £
is nonsplit.

Proof. First, we show that Oyey C Ox. Let’s identify U; with a subspace X;
for each i € Qp. Via «, chose a basis in each U; and extend it to a basis in Xj.
Then X = R(x), where x = (xa)aeq; € Rep(«) such that

where U = R(u), V=R(v), and u = (Uq)aeq; and v = (Va)aeq; -
Let’s take A € k* and define

n

grn = ((ga)1,-++,(9a)n) € GL(«) = [ [ GL(ev;)

i=1

so that foreachi=1,2,...,n,

~ (Ady, 0
o= (M0 )
Then

(A 0\ fuq wq ?\_]Oiu,(l Awq ug 0
(92 X)“_<o 1)(0 va><0 1>_<o va)ﬁ’)(o va)

Hence, if x’ = (x{)acq, With

then x’ € Ox. But R(x) = U @ V, so we conclude that Oy v C Ox.

It remains to show that Oy gy N Ox # 0. To show this, it suffices to show
that X 2 U @ V (this is not immediately obvious! see Remark 3.4.7 below). We
will use the fact that U, V are finite-dimensional modules.

Consider 0 - U — X — V — 0 and dualize it with U, that is, apply
Homa (—, U). We get a long exact sequence

0 — Homa (V,U) — Homa (X,Y) — Homa (U, U) 2, Ext}\(V,U) — .
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By assumption, ¢ is a nonsplit short exact sequence, so [€] # 0 in Exth (V, U).
This tells us that 9([£]) # 0in Ext}\ (V,U) as well; see Remark 2.3.9. In particular,
im0 # 0.

So we may truncate the long exact sequence by replacing Exth (V, U) by
im @ # 0, to get an exact sequence

0 — Homa (V,U) — Homa (X,U) — Homa (U, U) -2 imd — 0
S
0

Therefore,
dimy, Homa (V, U) —dimy Hom 4 (X, U) + dimy Homa (U, U) = dimy im(9) > 0
Shuffling around some terms,

dimy Homa (V, U) + dim Homa (U, U) > dimy Homa (X, U)
= dim Homa (U & V,U) > dim Homa (X, U)

In particular, this shows that X 2 U@ V. O

Remark 3.4.7. Note that a short exact sequence 0 — U LXx4Hvoo being
nonsplit does not automatically imply that X 2 U @ V. It just means that via the
maps f and g, X # im f @ coim g. In fact, there exist nonsplit exact sequences of
the form

0—u—"5usv—5v_—0

where f and g are not the canonical maps.

Exercise 3.4.8. Give an example of such a nonsplit exact sequence when U and
V are representations of an algebra A over a field k.

Joke 3.4.9 (see Remark 3.4.7). There are two people on a hot air balloon and
they get blown off course. They see someone on the ground below them, so
they go down to ask this person where they are. The person on the ground says
“Why, you're on the balloon, of course!” Then one of the people on the balloon
turns to the other and says “He must be a mathematician, because his answer is
correct but absolutely useless.”

Corollary 3.4.10 (Corollary to Lemma 3.4.6). If Ox is a maximal orbit (that is, has
a maximal dimension among all orbits) and X = U @ V, then Ext}\ (v,u)=0.

Proof. Assume the contrary. If Exth (V,U) # 0, then there is a nonsplit short
exact sequence

£€:0 u E % 0

By Lemma 3.4.6, Ox = Oygyv C O \ Og. This implies that dim Ox < dim O,
which contradicts the maximality of dim Ox. O

35



Modules over Hereditary Algebras 15 February, 2016

Corollary 3.4.11 (Corollary to Lemma 3.4.6). Ox is closed if and only if X is
semisimple.

Recall that X is semisimple if for each submodule U C X, there is a submod-
uleVC XsuchthatUeV =X.

Proof. Assume first that Ox is closed. Assume that X is not semisimple. Then
there is U C X such that

0 u X \% 0
|

X/u

is a nonsplit short exact sequence. By Lemma 3.4.6, Oysyv C Ox\ Ox = @
because Ox is closed. This is a contradiction.
Conversely, see [ 1. O

3.5 Modules over Hereditary Algebras

Definition 3.5.1. A k-algebra A is hereditary (or Mod(A) is hereditary) if one
of the following equivalent conditions holds:

(a) Every submodule of a projective A-module is projective.

(b) The global dimension of A is at most 1; gldim(A) < 1.

(c) Forall X,Y € Mod(A), then ExtiA(X,Y) =0foralli>1.

(d) Every X € Mod(A) has a projective resolution of length at most 1.
Example 3.5.2.

(@) A =X(x1,...,xn) free algebras of finite rank

(b) A =kQ for Q any finite quiver

(c) A =XkG for G a finitely generated virtually free group. This means that G
contains a subgroup H that is free, and the index of H in G is finite.

(d) When A is a commutative algebra, A is hereditary if A is a Dedekind
domain.

(e) A =0O(X) for X a smooth affine curve.

(f) Aj(k) =kl (xy—yx—1) for k a field of characteristic zero.
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Algebras in Examples (a)-(e) are formally smooth, that is, smooth in the cate-
gory Alg, , while example (f) is not formally smooth.

Definition 3.5.3. Let A be an arbitrary associative algebra. A (left) module X
over A has finite length if

E(X):sup{relNU{oo}’X:XoQM Q...QXT:0}<00.

Theorem 3.5.4 (Krull-Schmidt). Any A-module X of finite length can be written
as a direct sum of indecomposable modules

X=Xy
X
with my > 0 for all . The isotypes {X} and multiplicities m« are determined
(uniquely) by X.
The proof is an easy induction on the length of X.

Lemma 3.5.5 (Fitting Lemma, first form). Let X be an A-module of lengthn < co.
Letf € Enda (X). Then X = im(f™) & ker(f™).

Proof. If a module has finite length, then it is Noetherian and Artinian. There-
fore, the descending chain of submodules

X 2im(f) 2 im(f?) D ... 2 im(f*™) D ...
must stabilize, and likewise the ascending chain
ker(f) C ker(f*) C ... C ker(f*™) C ...
must stabilize at some N < n. We may without loss take N = n. Then explicitly,
im(f") = im(f*"1) = ... =im(f*") = ...

ker(f) = ker(f**1) = ... =im(f**') = ...

Now let x € X. Then consider f™*(x) € im(f™). There is some y € X such
that f*(x) = f2"(y). Hence, f*(x — f"(y)) = 0, which in turn implies that
x —f™(y) € ker(f™). Therefore, x € im(f™) + ker(f™).

It remains to show that im(f™) Nker(f™) = 0. Let x € im(f™) N ker(f™).
Write x = f™(y) for some y, so f™*(x) = f2™(y) = 0 since x € ker(f™). This
shows that y € ker(f2") = ker(f"). Hence, x = f™(y) = 0. So the sum is
direct. O

Corollary 3.5.6. If X is a finite-dimensional indecomposable A-module over a
k-algebra A, then any f € End 4 (X) is either invertible or nilpotent.

37



Modules over Hereditary Algebras 15 February, 2016

Proof. Finite dimension implies finite length, so the previous lemma applies
and we see that X = im(f™) @ ker(f™). But X is indecomposable, so either
im(f*) = 0 or ker(f*) = 0. If im(f™) = 0, then f™ = 0 so f is nilpotent.
If ker(f™) = 0, then ker(f) = 0 and f is injective. Since f is injective and X
indecomposable, then f is invertible. O

Corollary 3.5.7 (Fitting Lemma, second form). Let A be a k-algebra over an alge-
braically closed field k. Then for any indecomposable X of finite k-dimension,

Enda (X) = k -idx + Rad(Enda (X)),
where Rad(R) is the largest nilpotent 2-sided ideal of R.

Proof. Take f € Enda (X). Since k is algebraically closed, f has an eigenvalue
A € k. f—A-idx is not invertible, since det(f — A - idx) = 0. Therefore, by the
previous corollary, f —Aidx = 6 is nilpotent, so any f € End A (X) can be written
as f = A -idx + 0, with 0 nilpotent. O

Example 3.5.8. Consider a representation of the quiver Q = o Q with dimen-

sion vector o = 1. In this case, we have a vector space V with an endomorphism
f € Endy (V) and the previous corollary is Jordan Normal Form of f. This repre-
sentation is indecomposable when f is a Jordan block.

Exercise 3.5.9. Aring A is called local if for all a,b € A such that a + b is a unit,
then a is a unit or b is a unit.

(a) Assume A is commutative. Then A is local if and only if it has a unique
maximal ideal.

(b) An A-module X is indecomposable of finite length if and only if End 4 (X)
is local.

Definition 3.5.10. An A-module X is called a brick if End A (X) = k.

Note that a brick is necessarily indecomposable (sometimes called stable
indecomposable).

Lemma 3.5.11 (Happel-Ringel). Let X and Y be two indecomposable finite-
dimensional modules over a hereditary algebra A. Assume that Ext} (Y, X) = 0.
Then any nonzero 6 € Homa (X, Y) is either monic or epic.

Proof. Let’s split 8: X — Y into two exact sequences.

& 0 —— im(0) Sy coker(6) —— 0

n: 0 — ker(0) —— X -0, im(6) —— 0
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Apply Hom 4 (coker(0), —) to the sequence 1 to get a long exact sequence, which
contains the snippet

- — Ext}\(coker 0,ker0) — Ext}\(coker 0,X) 9 Ext}\(coker 0,im0) — 0
The last term is zero because A is hereditary (Exth (X, Y) = 0 for all i > 2).

We learn from this long exact sequence that 6, is surjective, so [£] = 0.[(] for
some ( € Ext}\(coker 0, X).

¢ 0 X —*57 coker(0) —— 0
Jo pw
£ 0 im(0) Y coker(0) —— 0

5

The square (x) is Cocartesian (a pushout), so ya = 88 in Homa (X, Y). This is
equivalent to sequence below being exact.

0 X O Zaime) Ny o (3.5)

Since Ext) (Y,X) = 0, (3.5) splits. Hence X and Y are direct summands of
Z @ im(0). So by the Krull-Schmidt Theorem (Theorem 3.5.4), either X or Y
(being indecomposable) must be a direct summand of im(8).

If 0 is not monic, then ker® # 0. Therefore, dimy (im(0)) < dimy (X) by
exactness of 1. Hence, X cannot be a direct summand of im 0.

If 0 is not epic, then coker(0) # 0. Therefore, dimy (im(0)) < dimy (Y) by
exactness of £, so Y cannot be a direct summand of im 6.

If both cases hold, then we have a contradiction. Hence, 6 must be either
monic or epic (or both). O

Corollary 3.5.12. Assume that k is algebraically closed, and let A be a heredi-
tary k-algebra. If X is an indecomposable finite-dimensional A-module with
Ext}\(X,X) =0, then X is a brick.

Proof. Put Y = X in Lemma 3.5.11. Then every 8 € Enda (X) is either monic
or epic; if it’s one, then it must be both. So 6 is an isomorphism. Then apply
Schur’s Lemma (Corollary 3.5.7) to conclude that 6 = A - idx for some A € k.
Hence, End A (X) = k - idx, so X is a brick. O

Lemma 3.5.13 (Ringel). Let A be a hereditary algebra. Let X be a finite indecom-
posable A-module which is not a brick. Then X contains

(a) a proper submodule U such that End A (U) = k and Ext}\(u, u) #0;and,
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(b) a proper quotient X/y such that Enda (X/y) = k and EXt]A(X/y, X/y) #0.
Notice that U and X/y are bricks.

Proof. We prove only (a). The proof of (b) is similar.

It suffices to show that there is U C X indecomposable with Exth (U, U)
nonzero. (Indeed, if U is a brick, we are done; otherwise we repeat the process
toget XD U D Uy D ... 2 Uy, which terminates because dimy (X) < c0.)

Pick a nonzero endomorphism 6 € Enda (X) such that I := im(0) has
minimal dimension among all endomorphisms. Claim that 0 is nilpotent, and
02 = 0. Indeed, im(62) C im(0). By minimality of dim(im(8)), im(62) = im(0).
Now consider the composite

I—— X 25 L.
The condition im(62) = im(0) says that this is an isomorphism. Hence, I is a
direct summand of X, but this is a contradiction because X is indecomposable.

Now 62 =0 = I =im(0) C ker(0). Decompose ker(6) into indecompos-
ables by the Krull-Schmidt Theorem (Theorem 3.5.4):

N

ker(0) = @ Kj.

i=1
with each K; indecomposable. Let 7;: ker(0) —» K; denote the canonical projec-
tions. Since I # 0, there is some j € {1,..., N} such that

[ —— ker(0) — K;

is nonzero. Claim that U = K; is the required module.

First, Kj is proper: if X = Kj, then X = K; C ker(0) C X = ker0 = X. But
0 # 0, so this cannot be. Second, K; is indecomposable by construction.

It remains to show that Ext}\(Kj, Kj) # 0. We do this in three steps:

(1) Notice o: I — ker(0) % Kj is injective. Indeed, consider the composite

X -2 1 % K X.

Notice that im(a 0 8) = «(im(0)). If « is not injective, then im(x o 0) has
strictly smaller dimension than im(0) = I, which contradicts minimality
of dimy (I).

(2) Consider the short exact sequence

0 [ % K; i/t 0
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and dualize it by K;. The long exact sequence contains the following
snippet:

- —— Exth (%9/1,K;) —— ExtA(Kj,Kj) ——» Exth (L Kj) — 0.

Since A is hereditary, f is onto, so it suffices to show that Extl\(l, Kj) # 0.

(3) Consider the pushout

0 —— ker(6) X 251 0
o ]
r
0 Kj — Y I 0

If Exth (I, K;) = 0, then the bottom sequence splits; let r: Y — K;j be a
retraction r o h = idk;. Then gor: X — K; implies that K; is a direct
summand of X. This contradicts the indecomposability of X.

0 — ker(0) X 2.1 0
bl :
'Y h r
0 Kj —" > Y I 0
T

3.6 Classification of graphs

We classify graphs into three types: (simply laced) Dynkin diagrams, Euclidean
(or extended Dynkin) diagrams, or “wild” graphs. In the first two cases, we
associate to a graph a root system.

Definition 3.6.1. Let I" be a finite graph (i.e. a quiver with the orientation for-
gotten). We permit I" to have loops or multiple edges. Assume once and for all

that the vertices of I' are
vir)={1,2,...,n}.

The graph I' is determined by
nij = nji := #{edges between i and j}.

Example 3.6.2.
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nyp =ny =0
n33z =1
Nz =mnyz; =2
nz3=nzz =1
niz =n3; =0
Definition 3.6.3. Define for a finite graph I' the map qr: Z™ — Z by

n

qgr(a) == Z oci2 — Znijociocj.
i=1

i<
Similarly, define a map (—, —)r: Z™ x Z™ — Z by
(en e 4 T if (1 #j)
YT 22—y if (=),

where ¢; denotes the standard basis vector of Z™: zeroes except for 1 in the i-th
position.

Remark 3.6.4. If I" has no loops (that is, ny; = 0 for all i), then
Cr = (e, &)rll

is called the (generalized) Cartan matrix of the graph I".

Example 3.6.5. If = o . . o, then
2 -1 0 0
-1 2 -1 0
=lo 1 2
o 0 -1 2

Remark 3.6.6. Giving I is equivalent to giving qr, which is equivalent to giving
(— —)r. Indeed, qr(«) = %(oc, o)r and

(% B)r = qr(x+PB)—qr(e) —qr(B).
Lemma 3.6.7. If " = I'q is the graph underlying a quiver Q, then

qr(e) = (a, )
(O(, B)F = <O(, B>Q
where (—, —) q is the Euler form of Q.

Remark 3.6.8. Note that qr and (—, —)r are independent of orientations, but
(=, —)q depends on orientation of the quiver.
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Definition 3.6.9.
(a) qr is called positive definite if q(x) > 0 forall 0 # x € Z™.
(b) qr is called positive semidefinite if q(«) > 0 for all x € Z™.
(c) Rad(qr) :={p € Z™ | (B,—) = 0}is the radical of qr.
(d) Define a partial orderonZ™" by o« > 3 = a—p € N"
(e) Call x € Z™ sincere if &; #Oforalli=1,...,n

Lemma 3.6.10 (Key Lemma). Let I be a connected graph. Assume that there is
€ Rad(qr) such that 3 # 0 and > 0. Then

(a) B is sincere,

(b) qr is positive semidefinite, and

(c) forow € Z™, we have qr(a) =0 < a € Qf < «o € Rad(qr).
Proof.

(a) Note that p € Rad(qr) < (B,ei)r =0foralli =1,...,n, which is
equivalent to

n
(B, ei)r Z €i, 8 I"f’) (2—2n41)Bs an)ﬁ] =0
j=1
J#t

If B is not sincere, then there is some 1 such that 3; = 0. Choose this i in
the equation above. Then because all terms ni;(3; are positive,

n

D mnijhj =0 = nyp; =0

j=1

j#i
for all j # i.
Hence, 3; = 0 whenever ni; # 0. But I'is connected, so thereis j = 11 # i;
such that ni;, # 0. This implies that 3;, = 0. Then take i; instead of i.
Connectedness again gives i, # ij,1such that B;, =0, and so on.

So by connectedness of I', 3 = 0. This contradicts the assumption that
B # 0. Hence, 5 must be sincere.

(b) Forany o« € Z™, for any 3 € Rad(qr), we can rewrite qr(«) as follows

. . . . 2
ar(e) = > ny ‘312[3] (l?;?) (3.6)

1<i<j<n

which is well-defined from part (a): $; # 0 for all i. It follows immediately
that qr is positive semidefinite.
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(¢) If qr(«) =0, then (3.6) shows that
oG _ o

Bi Bj

whenever ny; # 0. Hence,

By connectedness of I', we again argue that o« € Qf. If « € Qf, then
o« € Rad(qr). Thus, qr(¢) =0 = a € Qf = « € Rad(qr).

Conversely, « € Rad(qr) = qr(«) = 0 because qr(«) = %(oc, o)r. O

Exercise 3.6.11. Verify (3.6).

Definition 3.6.12. A graph I is called a (simply laced) Dynkin diagram if I' is
of the form A, Dy, Eg, E7 or Eg.

An: e ° ° e ° ° (n vertices)

Dn: T~ ° ° e ° ° (n vertices)
/
°
°
E62
° ° ° . °
.
E7I
° . . ° . .
°
Eg:
° ° ° ° ° ° °
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Definition 3.6.13. A graph I'is called Euclidean or extended Dynkin if it has
one of the following forms: (the numbers will be explained in Theorem 3.6.15)

m: \ / n = m+ 1 vertices
T — 1 - 1
1 1
D, \ / m =0
m: /22 —————— 2\ n =m+ 1 vertices
1 1
1 2 3 2 1
- |
Ee: 2
|
1
1 2 3 4 3 2 1
E7:
2
2 4 6 5 4 2 2 1
Eg: ‘
3
Example 3.6.14.
/Ro: . :) Kl: d C b

Theorem 3.6.15 (Classification of graphs). Let I' be a connected graph. Then
(a) T is Dynkin if qr is positive definite

(b) T is Euclidean if qr is positive semidefinite and Rad(qr) = Z - 5, where
5 =(81,...,0n) € Z™ is the vector with components indicated on the
graph in Definition 3.6.13. (Note:  is sincere and 6 > 0 in all cases.)
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(c) IfT is neither Dynkin nor Euclidean, then there exists some « > 0 with
qr(a) <O0and (e, 1) <Oforalli=1,...,n.

Proof sketch.

(b) By case-by-case inspection, one checks that 6 € Rad(qr). For example, if
I" has no loops or multiple edges (i.e. ' # Ap), then

28, =) 5,
j

where the sum runs over all vertices j neighboring i. Indeed, by definition
b e Rad(qr) < (§,¢i)r =0, if and only if

Zéj(&j,&i) =0 & 261_Znij5j =0.
j j#AL

By Lemma 3.6.10, for B = 9, qr is positive semidefinite and & € Rad(qr) <
o € Q5. But 6 always has 6; = 1 for some i, so

xeQdNZ" = o = pdj for all j, for some p € Q
But we have that ¢y =p - 1,50 p = o3 € Z. Therefore, Rad(qr) = Z5d.

(a) We may embed a Dynkin diagram I" inside the corresponding Euclidean
diagram I' by adding an extra vertex. Check that qr(«) = qp(a) > 0;
dr («) is positive on all nonzero non-sincere vectors.

(¢) If T is not Dynkin or Euclidean, then it always contains a subgraph I'’
which is Euclidean. If V(T) = V(T'/), then take o« = §, and if V(I'’) # V(TI'),
thentakei € T\ T/ and & = 26" + ¢;. O

Definition 3.6.16. If I is Euclidean, a vertex i € I' is extending if 5; = 1.
Remark 3.6.17.
(a) Every Euclidean I" has an extending vertex.

(b) By deleting an extending vertex, we get the corresponding Dynkin dia-
gram. For example, A, 1 ~ Ap.

3.7 Root Systems

Suppose I" is Dynkin or Euclidean: that is, qr is positive semidefinite.
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Definition 3.7.1. o € Z™ is called a root of T"if « # 0 and qr(«) < 1. If
dr(a) =1, then « is called a real root. Otherwise qr(«) = 0 and « is called an
imaginary root.

Definition 3.7.2. The set of all roots Ar is called the root system of T,
Ar:={x € Z" | x #0,qr(e) < 1}
Further define the sets of real and imaginary roots,
AT ={a € Ar|qr(«) =1}

" ={aeAr|qria) =0}
and the sets of positive and negative roots.

Al ={x€Ar|a>0}

A ={a€Ar |« <0}

Remark 3.7.3. One can define root systems for arbitrary graphs: if I' has no
loops, see [ ]. In general, for any T, see [ ].

Proposition 3.7.4 (Some properties of roots).
(R1) Every ey, k=1,...,n,isaroot of .
(R2) x € Ar = —ax € Arand ax+ 3 € Ar forall 3 € Rad(qr).

‘ I" is Dynkin
(R9) AF = {? S, reZ\{0} T jz EI)JIZide:’m.
(R4) Ar =Af UAR
(R5) IfT is Euclidean, then (AY10)) /., < is finite.
(R6) IfT is Dynkin, then Ar is finite.
Proof.

(R1) (ex)i = dix

n
qr(ex) = Z 5izk — Znijéikéjk = 1— (something > 0) < 1.

i=1 i<1
(R2) qr(x+p)=qla)+q(B) £ (B, ar) forall o, p € Z™,
=((a) <1 if € Rad(qr), « € Ar

(R3) By Lemma 3.6.10(c), for 3 = 6.
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(R4) Recallthat >0 < f € IN™. Forall § € Z™, write

(R5)

(R6)

supp(B) ={i[1<i<n, By #0} C{1,...,n}

For example, {3 is sincere if and only if supp(B) ={1,2,...,n}

Observe that for nonzero o, we may write « = «™ — &, where ot

0, o # 0, and supp(at) Nsupp(a~) = @. For example, (1,-2,3)
(]/0/3)_(0/2/0)

v

Zcxtx £i, € r—Z o o (2—2n4i) Zococn1]<0

s\/-’ i£j
If « € Ar, then

1>qr(a) =qla” —a ) =qla") +qa) = (", a7) > qla’) +q(a)

Then q(™) > 0, g(oc™) > 0. Since qr(B) > 0 for all B € T, then either
q(a™) =0o0r q(a”) =0. Then either «* or ™ is an imaginary root. By
(R3), either o« or o~ is sincere, WLOG say ™ is sincere. Then supp(«™)
is maximal, so supp(a~) = @, so &~ = 0. Therefore, «x = "

Let i € T be an extending vertex of I so that 8; = 1. Then for all €
Ar U{0}, by (R2), we have

B—PRi-dc{xec AU{0}| ay =0},

because 4 € Rad(qr). Call this set S;. The above shows that for any
BeArU{0}, p =s (mod Z-d) for some s € S;. So it suffices therefore
to show that S; is a finite set.

For 6 € Rad(qr), we have d + o € Ar for o € Ar-.
IfoxeSi(sox; =0),then (d+ )y =6; =1 soéiocGAr,so

dta>0 = 6 a<s.
Hence,
Si={x e AU{0}| ;i =0} C{ax e Z™| -5 < ax < b}
This last set is clearly finite.
Extend T to T by adding an extending vertex i. Then
Ar C{x € Ag | oy =0},

which is finite by (R5). O
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3.8 Proof of Gabriel’s Theorem

We will divide this proof into two parts: finite representation type and infinite
representation type.

Theorem 3.8.1. Let Q be a quiver with I'q Dynkin. Then the assignment
dim: X —— dim(X)

induces a bijection between isomorphism classes of indecomposable finite di-
mensional representations of Q and positive roots in Ar,.

~ L AF

indecomposable finite- o

isomorphism classes of
dimensional representations of Q

We divide the proof into four parts.

Lemma 3.8.2 (Step 1). If X is an indecomposable representation of Q, then X is a
brick, i.e. End g (X) = k.

Proof. Assume X is not a brick. By Ringel’s Lemma (Lemma 3.5.13), there is
some proper U C X such that Endy (U) = k and Ext}z (u,u) #£o.
Then, since I'g is Dynkin,

1 < qr(dim U) = dimy, (Endg (U)) — dimy, (Ext‘ (u,u))
—1—dim, (Extlg(u,u)) .
In particular, we have that dim (Ext}g(u,U)) <0, so Ext}g(u,U) = 0. This
contradicts Ringel’s Lemma (Lemma 3.5.13). 0

Lemma 3.8.3 (Step 2). If X is indecomposable, then it has no self-extensions and
dim(X) € A,

Proof. 1f X is indecomposable, then X is a brick, so
0 < qr(dim(X)) = dim (Endg (X)) —dim (Extt,(X, X))
= 1—dimy (Exty (X, X))
In particular, this means that Extzg (X, X) = 0. Therefore,
qr(dim(X)) = dimy (Endq (X)) = 1.

So by Definition 3.7.2, dim(X) € A" O
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Lemma 3.8.4 (Step 3). If X, X’ are indecomposables such that dim X = dim X/,
then X = X',

Proof. Since Extgg(X,X) = Ext]Q(X’,X’) = 0, then Ox and Oy are both open
orbits in Rep(e), where « = dim X = dim X'. If Ox # Ox/, then Ox N Oxr =
Ox: C Rep(a) \ Ox. Therefore, dim Oy < dim(Rep(a)), which is a contradic-
tion because Ox is open. O

Lemma 3.8.5 (Step 4). If x € A*Q, then there is indecomposable X with dim X =
o

Proof. Fix @ € AFQ and consider Rep(a). Let X be such that Ox is an orbit in
Rep(«) of maximal dimension. Then claim that X is the required representation.

Assume that X is not indecomposable; this is the only thing we might need
to check. We may write X = U @ V. Then by Lemma 3.4.6,

Ext{y (U, V) = Bxtg, (V, U) =0.

We have o = dim(X) = dim(U) 4+ dim(V). So count dimensions in a clever way:

1=qr(«)
= qr(dimU+ dim V)
= qr(dim U) + qr(dim V) + (dim U, dim V)
= qr(dim U) + qr(dim V) + (dim U, dim V) + (dim U, dim V).
= qr(dim U) + qr (dim V) + dimy Hom(U, V) — dimy. Extg, (U, V)

+dimy Hom(V, U) — dimy Extg (V, U)
= qr(dim U) + qr(dim V) 4+ dimy Hom(U, V) + dimy, Hom(V, U).
But we have that qr(dim U) > 1 and qr(dim V) > 1, because I' is Dynkin. So

the equality we have shows that 1 > 2, which is absurd. Hence, X must be
indecomposable. O

Proof of Theorem 3.8.1. By Lemma 3.8.3 and Lemma 3.8.4, dim: X — dim(X) is
well-defined and injective. Lemma 3.8.5 shows that this map is surjective as
well. O

Theorem 3.8.6 (Gabriel 1972). Let Q be any quiver with I'q connected. Then Q
has finitely many isomorphism classes of indecomposables if and only if I'q is
Dynkin.

Proof. (<=).If g is Dynkin, then by Theorem 3.8.1, we have

#{isomorphism classes of indecomposables} = IAFFQl < IArQ l.
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By property (R6) of Proposition 3.7.4, this is finite.

(=). Assume that Q has finitely many indecomposable representations
up to isomorphism. By Krull-Schmidt (Theorem 3.5.4), there are finitely many
isomorphism classes of finite-dimensional representations of a given dimension
vector . Therefore, Rep(«) has only finitely many orbits.

Recall if @ > 0 such that qr(«) < 0, then Rep(«) must have infinitely many
orbits. Indeed,

dim Rep (o) —dim Ox = dim End g (X) — q« > 0.

Therefore, dim Ox < dim Rep(ct) implies that there are infinitely many orbits.
Hence, we must have that qr(«) > 0, so by Theorem 3.6.15, I'g is Dynkin. [

Example 3.8.7. Consider the quiver Q = e %o Thisisa Dynkin quiver of
type A,. Then

qu:Zz—>Z
is given by
2 2 T o, 15 1 2
qu:oq—l—ocz—oqoczzioc]+ioc2+2(oc1—oc2) >0

Ag ={x e z?: qu(ocg 1)
A ={a€Z” | qry(x) =0
A ={a€Z? | qry(a) =1
AL =1(1,0),(0,1),(1,1)}

There are three indecomposable modules:

u:<1:$2> vz<9L‘.‘> W:<‘:g‘:>

We have that dimU = (1,0), dimV = (0,1) and dimW = (1,1). Any finite
dimensional representation

x:<x1i>xz>

can be written as a direct sum of U,V and W.
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Chapter 4

Generalizations of Gabriel’s
Theorem

There are a few things that we should remark.
(1) Tame representation type
(2) Kac’s Theorem
(3) Ringel-Hall Algebras

(4) Quantum Groups

4.1 Tame Representation Type

What can we say about representations of kQ when I'g is Euclidean?

Definition 4.1.1. Q is of finite type if kQ has finitely many indecomposables
(up to isomorphism).

Corollary 4.1.2 (Corollary to Theorem 3.8.6). Q is of finite type if and only if '
is a union of Dynkin diagrams of type A, D, E.

Definition 4.1.3. Q is of tame (affine) type if the isomorphism classes of in-
decomposable kQ-modules can be split into discrete families each of which
depends on a continuous parameter.

Example 4.1.4. If Q is of type Ay, thatis, Q = e Q . Representations of Q are
pairs (V, f) with f € Endy (V). If k is an algebraically closed field of characteristic
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zero, then we put f into Jordan Normal Form

]TL] (}\1) 0
]nz (}\2)

0 Jrm (Am)

where each ] (A) is a Jordan block

Thus, indecomposable representations of kQ are in bijection with Jordan Blocks.
So each representation corresponding to ], (A) depends on a discrete parameter
n and a continuous parameter A.

Definition 4.1.5. If Q is neither finite type nor tame type, then Q is wild.
Example 4.1.6. The quiver Q = (o ) is wild.

Theorem 4.1.7 (Generalized Gabriel). If Q is quiver with a connected graph g,
then Q is of tame type if and only if g is Euclidean.
There are two ways to prove this theorem:

(1) Auslander-Reiten sequences and Nakayama functors, or

(2) through proving Kac’s Theorem and the (deformed) preprojective algebras
of quivers.

4.2 Kac’s Theorem

Given any finite quiver Q and o € IN™, is there an indecomposable representa-
tion X of kQ of dim X = «? If yes, how many such representations?

Kac gave a general answer to this question by relating this to Kac-Moody
Lie Algebras. We need to first define a root system for any quiver.

Definition 4.2.1. Let Q be an arbitrary quiver. For each loop-free vertexi € Qg
(niy = 0), define the reflection operator s;: Z™ — Z™ by

o= si(o) = o0 — (o, 1) €4
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The Weyl group of Q is the subgroup
Wq = (si Ini =0) € Aut(Z™) = GLn(Z)
The fundamental region of W is
F={ax€Z" | «+0,supp(«) connected, (a, ;) < Oforalli=1,...,n}

Definition 4.2.2. The real roots of Q are the W-orbits of the basis vectors ¢4,
where 1 is loop free.

The imaginary roots of Q are the W-orbits of +« for o € F.
Some properties of general root systems.

Proposition 4.2.3.

(R1) x € Ag = —ax€Aqg

(R2) Ag = Aa UAg, where Aa ={a>0}and Ag = {o < O}

(R3) q(«) is W-invariant. If « is real, then q(«) = q(e;) = 1, and if « is
imaginary, then q(x) < 0.

Exercise 4.2.4.
(a) Prove the previous proposition.

(b) If Q is Dynkin or Euclidean, then Definition 4.2.1 agrees with Defini-
tion 3.7.2.

Theorem 4.2.5 (Kac). Let Q be any quiver with « € IN™. Then

(a) If there is an indecomposable representation X of Q with dim X = «, then
a € A,

(b) If x € AES’JF then there is a unique indecomposable X (up to isomorphism)
ofdimX = «.

(c) Ifx € Alg’+ then there are infinitely many isomorphim classes of inde-
composables with dimension vector .

4.3 Hall Algebra of a Quiver

Let Q be a quiver with no oriented cycles (so that dimy (kQ) < o0). Fix the
vertex set Qo ={1,...,n}
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Definition 4.3.1. We can associate to it a Kac-Moody Lie algebra gq as follows:
gQ is generated by

€1,...,€én, f],...,fn, h],...,hn

subject to the Serre relations:

i #7)

i #7)

where C = (cyj)i,jeq, is the associated generalized Cartan matrix with entries
cij = (&1, &) Q-

Example 4.3.2. For finite type Ay, g = sl 1(k).

Proposition 4.3.3. The Kac-Moody algebra gg decomposes as
g9Q = ntepen,
wherent = Spank{ei}ier, no = Spank{fi}ier, and h = Span, {h}ic Qo-

Definition 4.3.4. n* are called the positive/negative parts of g, and b is the
Cartan subalgebra.

We have moreover that the universal enveloping algebra of g decomposes
as U(gg) =UmM) @ U((h) @ U(n™).

Theorem 4.3.5 (Poincaré-Birkhoff-Witt).

+y _ k{er,...,en
MGty =0 ey =<y 011 45

Now fix k = F a finite field with [k| = q. Consider Mod(kQ) the category
of finite-dimensional kQ-modules. Note that every object V € Mod(kQ) is
finite as a set. We define an associative algebra that encodes the homological
structure of Mod (kQ).

Fix a commutative integral domain A that contains Z and an element v such
that v2 = q.

Example 4.3.6. A =Q [q%, q’%]
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Definition 4.3.7. Let P be the set of isomorphism classes of all kQ-modules in
Mod(kQ) and define the Ringel-Hall algebra H A ,(kQ) by

Han(kQ) = € AV]

[VleP

where A[V] is the free A-module based on V. The multiplication in H 4 »,(kQ) is
given by
[U] - [V] = vidimUdimVig - §= W\ (k) (W]
(WleP

and the structure constants ch‘fv(k) are
ch\fv(k) =# {W] C W kQ-submodules ‘ Wit = Uand W' = V}
Remark 4.3.8. The product can be written compactly as

Z \ExtQ (u,Viwl
|HomQ u, vy’

where Ext]Q (U, Viw C Extb (U, V) is the subset of all extensions of U by V with
middle term isomorphic to W.

Proposition 4.3.9. H A , (kQ) is an associative ]N‘Q°|-graded A-algebra with the
identity element being [0], the trivial representation.

Exercise 4.3.10. Compute H A -, (kQ) for the Kronecker quiver Q = (e — o).

Remark 4.3.11. The grading is given by the dimension vector

HAV kQ @ HAV kQ)

o eN™
where ’H;"\N(kQ) is spanned over A by the classes [V] with dim V = «.

Lemma 4.3.12. Assume that Q is Dynkin (connected with finite representation
type). Let U, V, W be finite-dimensional kQ-modules. Then there is a polyno-
mial fh‘{v(t) € Z[t] such that f}’i‘fv(q) = cﬁ‘fv(]Fq) for all q.

Definition 4.3.13. Using the lemma, we define the specialized Hall Algebra
Hc(Q) of Q as the C-algebra with basis as a C-vector space given by the set of
isomorphism classes of finite-dimensional CQ-modules and multiplication

Z v

WlepP

Theorem 4.3.14 (Ringel 1990). Let Q be Dynkin. Then H¢(Q) = U(na).
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Exercise 4.3.15 (Continued from Exercise 4.3.10). Prove this theorem for the
Kronecker quiver Q = (o — o).

What happens to H for arbitrary non-Dynkin quivers and t # 17?

Definition 4.3.16. Assume now that Q only has no oriented cycles; Q is not nec-
essarily Dynkin. Consider for k = IF the A-subalgebra Ca ,, (kQ) C Ha ,(kQ)
generated by the classes of simple kQ-modules {S;(k)}icq,- This is the compo-
sition algebra of Q.

Remark 4.3.17. If Q is of finite type, then Ca ,,(kQ) = Ha (kQ).

Let X be an infinite subset of the set of all finite fields so that { [k| ke € IN
is infinite.

Let A be an integral domain that is generated by Z and elements vy such

that vi = |k| for each k € X. Let Cy := Ca,,, be the composition algebra for
each k € X, and define the subalgebra

cc I e

keK
generated by the elements
t = (VidJkex,
7 = (v ke
and  uw; = ([Si(})])eq fori=1,2,...,n.

Observe that t*! lie in the center of C (since so is each vi.) and if p(t) = O for
some p € Z[t], then p(t) = 0 (because p(t) =0 < p(vk) =0 & p(\k|%) =
0 because there are infinitely many distinct k € X).

Thus, we may think of C as an A[t,t~']-algebra generated by the w;, that is,

Cq = Al t™ (U, .. un).
Next, we define the generic composition algebra of Q,

C*Q =0Q(t)®a CQ.

4.4 Quantum groups

The idea is that quantum groups are “quantized” universal enveloping algebras
Ut (g) of g = gq, such that when t =1, U (g) = U(g).
Like the classical case, we have that

U (g) = Ue(n™) @ Ue(h) @ Ug(n").
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Recall that

U(n™) :Q<e],..~/en>/<<(adei)]—Cij(ej) =0[1i#j).

Notice that
A N
(adei)Nej = Z(—])p( >e][’e)e1 L
p=0 P
To “quantize” this algebra, we replace n € IN by the quantum numbers

th—t "

e = ——=

As t — 1, this approaches n in the limit. Similarly, we have quantum binomial

coefficients
() = )~ s
P Pl © Pl N —ply!
where
[N]¢!:=[1]¢[2]¢ - - - [N]¢
Therefore,

N
(ad¢ e))™ Z { ] ele; eI\‘ L
p—0 t

Then the positive part of the quantized universal enveloping algebra is

+y . Q(t)<ell . '/eTL>
Ul = /{ady o)1 =€ (ef) = 011 # ).
Theorem 4.4.1 (Ringel Green). The map u; — e; gives a natural isomorphism
of Q(t)-algebras C¢, = Uy (n™).

Exercise 4.4.2 (Continued from Exercise 4.3.15). Prove this theorem for the
Kronecker quiver Q = (o — o).

Remark 4.4.3. For references for this section, see [ , , , 1.

Quantum groups were introduced by Drinfel’d and Jimbo in 1986. They
weren’t taken too seriously until they appeared in Reshetikhin-Turaev invariants
of 3-manifolds, which generalize the Jones polynomials. A question we might
ask is whether or not this is connected to Hall algebras, since the quantum
groups appear in both areas. Recent work has found Hall-algebra-like objects in
invariants of manifolds, called elliptic Hall algebras.
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4.5 Multilocular Categories

Fix a field k.

Definition 4.5.1. A k-linear category is an additive category A such that every
hom-set has the structure of a k-vector space, and the composition map factors
through the tensor product of hom-sets.

Homy (B, C) x Homay (A, B) 2 Homay (A, C)

x Aear map)

Homa (B, C) ® Homy (A, B)

Example 4.5.2.

(a) Let A be a k-algebra. Then the category Mod(A) of (left) A-modules is
k-linear. (In particular, for A = kQ.)

(b) If X is a projective algebraic variety with k = k, and X C P}, then
the category Coh(X) of coherent sheaves on X is k-linear. Similarly, the
category QCoh(X) of quasi-coherent sheaves is k-linear.

Remark 4.5.3. Recall that any additive category has finite direct sums and direct
products, and they coincide. Therefore, the notion of direct sums makes sense
in any additive category. See section 4.1.1 of [ ] for the precise definition.

Definition 4.5.4. A category A is called multilocular or Krull-Schmidt if
(a) each hom-set is a finite-dimensional k-vector space,

(b) every X € Ob(A) can be decomposed into a finite direct sum of indecom-
posable objects; and

(c) the endomorphism ring Enda (X) of an indecomposable object X is local.

Remark 4.5.5. Recall that Definition 4.5.4(b) implies that the direct decomposi-
tion is unique (up to permutation of factors).

Example 4.5.6.

(a) If A a finite-dimensional k-algebra and A = mod(A) is the category of
finite-dimensional A-modules, then A is multilocular.

(b) If X is a projective variety (e.g. an elliptic curve) over k and A = Coh(X),
then A is multilocular.

(c) Bounded derived categories of objects in (a) and (b) are also multilocular.
D®(mod(A)) and D®(Coh(X)).
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Proposition 4.5.7. A multilocular category is determined by its full subcategory
Ind(A) consisting of indecomposable objects in A and morphisms between
them.

Definition 4.5.8. Consider for two U,V € Ob(Ind(A))
rad(U,V) = {f: U — V| fis not invertible}.

Exercise 4.5.9. Check that rad(U, V) is a 2-sided ideal in Mor(Ind(A)); that is,
check that go f € rad(U, V) and fo g € rad(U, V) for all g € Mor(Ind(A)) and
f € rad(U, V).

Definition 4.5.10. For any U, V € Ob(Ind(A)), define the space of irreducibles
. d(u,v
Irr(A) ="My

Definition 4.5.11. Let A be a multilocular category. Define the quiver of A,
denoted I'(A), as follows.

Vertices of T'(A) = { isomorphism classes of indecomposables in A}

= { isomorphism classes of objects in Ind(A)}.

Arrows [U] — [V]in I'(A) are the elements of Irr(A); represented by arrows
U — V that are not invertible, modulo those which are compositions of at least
two.

Note that the number of arrows [U] — [V] in I'(A) is dimy Irr(U, V).
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Differential Graded Algebras
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Chapter 5

Differential Graded Algebras

5.1 Differential Graded Algebras

Definition 5.1.1. By graded vector space, we mean a Z-graded vector space. A
(homological) chain complex is written

Vo = @ Vn/

nez
and a (cohomological) cochain complexx is written
Vi@
nez

The relation between V, and V* is given by inverting degrees: V,, — V™™,

Definition 5.1.2 (Koszul Sign Convention). Given maps f,g: Vo — W,, we
have a bilinear map f® g: Ve ® Vo = We ® W,. The Koszul sign convention
says that for all x,y € V,,

(fog)x®y) = (-9 @ g(y),
where x| = deg(x) and |g| = deg(g).

Definition 5.1.3 (Shifts of degrees). For a graded vector space Vand any m € Z,
we may define the m-shifted vector space by

Vim], = @ Vimln, Vimln =Vnom
nez

Viml®* = € Vim", V[m]™ = ynm
nez

The shift V +— V[m] defines a functor on Z-graded vector spaces.
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Definition 5.1.4. A (cochain) differential graded algebra (dg-algebra) is a k-
algebra A*® with a decomposition as a graded vector space

A* =P A™,
nez

together with a differential d: A®* — A[1]® satisfying
(a) disan (odd) derivation: d(ab) = (da)b+ (—1)!%/a(db) forall a,b € A;
(b) d?2 =0.

Remark 5.1.5. The chain version of a dg-algebrais Ae = @ An, with [d] = —1.
nez

Definition 5.1.6. A morphism of differential graded algebras is a morphism

of graded algebras f: A®* — B® that commutes with the differential.

Definition 5.1.7. We write dgAlg, for the category of differential graded k-
algebras and morphisms between them.

Lemma 5.1.8. Let A*® be a differential graded algebra. Then

(@) Z°A :={a € A®| da = 0} is a graded subalgebra of A® (called the cocycle
subalgebra);

(b) B*A :={a € A®* | a = db forsomeb € A} is a 2-sided graded ideal in
Z°A.
Definition 5.1.9. The cohomology algebra of A® is the graded algebra
H*A = Z.A/B.A.
Equivalently this is a dg-algebra with d = 0.
A® — H®A defines a functor H*: dgAlg, — grAlg, — dgAlg,

Remark 5.1.10. A natural question you might want to ask is: what extra struc-
ture needs to be added to H®*A to recover A®?

The answer is that H*A carries the so-called A -structure defined by a
family of graded maps my,: H*A®™ — H*A of degree 2—n (n > 1) that allows
one to recover A* (up to A -quasi-isomorphism). This result is known in the
literature as Kadeishvili’s Theorem [ ].

Example 5.1.11. The trivial example of dg-algebras is just ordinary algebras.
You may consider an ordinary algebra A as a dg-algebra by putting it in degree
Zero.

A n=0
A* =P AN, A“:{ "
neZ 0 n=#0.

This construction defines a fully faithful functor Alg, — dgAlg,
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Why dg-algebras? dgAlg, canbe viewed as a “categorical closure” (natural
generalization) of the category of finite-dimensional associative k-algebras.

Construction 5.1.12. Let A be a finite-dimensional associative k-algebra. Write

mARQA — A

a®b —— ab

for the multiplication map. Dualize this map: (A* := Homy (A, k))

mh A —— (AQA) = ATQAY —— Ti(AY) = P (A)P™

n>0

Note that we use the finite dimensional assumption to get (A @ A)* = A* @ A*.

By the universal property of tensor algebras, there is a unique derivation
d: Tk (A*) — T (A*) of degree 1 extending m*. We give Ty (A*) the natural
grading such that [{| =1 forall £ € A*.

*

A* m Tk (A¥)

1
-"a

T (A¥)

To construct d, use the Leibniz rule inductively. On degree 1, d is given by
d¢®n) =m* (@ en+(=)Fcom* @)
This construction takes the algebra (A, m) to the dg-algebra (T(A*), d).

What does the associativity of m mean in terms of d? The associativity of m

is the diagram

ARARA 2L AgA

lom |

ARA —™ 4 A,

Lemma 5.1.13. Given an algebra (A, m), construct as in Construction 5.1.12 the
dg-algebra (Ty (A*),d). Then m is associative if and only if d?2 =o.

Exercise 5.1.14. Prove the previous lemma.

Remark 5.1.15. Construction 5.1.12 generalizes to arbitrary (not necessarily
finite-dimensional) associative dg-algebras as a duality between dg-algebras
and dg-coalgebras. This duality is an instance of Koszul duality.

We can also play this game in the opposite direction. Given a dg-algebra
(TkV, d), definem: V* @ V¥ — V* by m = (dlv)*.
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Lemma 5.1.16. Any free dg-algebra generated by a finite-dimensional space V
of elements of degree 1 gives rise to a finite-dimensional associative algebra.

Remark 5.1.17. Given Lemma 5.1.13 and Lemma 5.1.16, we can view free
differential-graded algebras as a generalization of finite-dimensional associative
algebras.

Exercise 5.1.18. Perform Construction 5.1.12 for (finite-dimensional) Lie alge-
bras: extend the Lie bracket [, —]: A%(g) = gtoa map

[T g No* A
and get dce: A°g* — A’ g*. This gives a commutative cochain dg-algebra.

The relation is that d2¢ = 0 if and only if [—, —] satisfies the Jacobi identity.

Definition 5.1.19. The complex C*(g) = (A® g%, dce) is called the Chevalley-
Eilenberg cochain complex. It gives Lie algebra cohomology of g with trivial
coefficients:

H*(g, k) :=H(C*(g)).

Definition 5.1.20. Define the forgetful functor (—)4: dgAlg, — grAlg, that
takes a dg-algebra (A, d) and forgets the differential d.
Definition 5.1.21.

(a) Let dgAlg, be the full subcategory of dgAlg, with objects the non-
negatively graded dg-algebras, that is,

Av=EP Ap Ap=0Vp <0
pPEZ

If A € dgAlg,, then A is called non-negative.
(b) A € dgAlg; is called connected if Ag =k, i.e. Ay =k DA B...

(c) Ae dgAlgI is called semi-free if Ay is a free algebra, i.e. Ay = Ty (V) for
some non-negatively graded vector space V=@ ,>o V.

(d) A morphism of dg-algebras f: A — B in dgAlg; is called a semi-free
extension of A if there is an isomorphism ¢: By = Ay Ly Ty (V) in grAlg,
for some graded vector space V and we have a commutative diagram

Ay —— Ay Te(V)
% %
By
where Lly is the coproduct (free product) in dgAlg, .
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Remark 5.1.22. In particular, A is semi-free if and only if k — A is a semi-free
extension of k. Notice also that A is semi-free and connected if and only if
Ag =Ty (V), where V= Pp,>1 Vp.

Remark 5.1.23. Previously, we showed that there is a bijection

generated by finitely many

elements in degree 1

finite-dimensional (non-unital) semi-free connected dg-algebras
- —
associative k-algebras

A —— T (AY)

This is a sign of bad mathematics. We have some object and we keep adding
adjectives to get to something interesting. Of course, some people need their
adjectives like fish need water. We should ask why we have all the adjectives,
and if there’s some other (more natural) way to understand the equivalence.
This functor arises from Koszul duality (or the bar-cobar construction) be-
tween dg-coalgebras and dg-algebras. This gives a Quillen equivalence

fully faithful

Algy! dgAlg;
o]
CoAlg{(Cl

Definition 5.1.24. Let A € grAlg, . A linear map d: A — A is called a deriva-
tion of degree r € IN if

(a) dA; C Ay foralli € Z. We write |d| = r for the degree of 1.
(b) The Leibniz rule: d(ab) = (da)b + (—1)"ela(db).

If r = 0 (mod 2), then d is called an even derivation. Likewise, if 1 = 1
(mod 2), then d is called an odd derivation.

The next lemma says that any derivation (even or odd) on A is uniquely
determined by its values on generators of A.

Lemma 5.1.25. Let A be a graded algebra generated by S and dq,d;: A — A
derivations. If d;(s) = dy(s) forall s € S, then d; = d>.

Proof. Apply Leibniz rule iteratively. O

Corollary 5.1.26. Let A be a graded algebra generated by S and d: A — A an
odd derivation such that d?(s) = 0 forall s € S. Then d = 0 in A.
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Proof. If d is an odd derivation, then d? is a derivation. Indeed,

d2(ab) = d ((da)b n (—1)"1"‘a(db))
— (@%a)b+ ((—1)'da‘f(da)(db) T (—1)|a|T(da)(db)) + (=1)2lalrq(a2p)
= (d®a)b + (-1)e27a(d?b)

The middle two terms in the middle line cancel because d is an odd derivation.
Then the result follows from Lemma 5.1.25. O

Lemma 5.1.27 (Kiinneth Formula). Let A be any dg-algebra, and B a connected
dg-algebra (B € dgAlg;,Bo = k). Then

H*(A Uk B) = H*(A) Lk H*(B)-

Exercise 5.1.28. Prove Lemma 5.1.27.

5.2 Algebraic de-Rham theory

Definition 5.2.1 (Algebraic de-Rham complex). Let A be a commutative k-
algebra. Define the A-module of Kihler differentials Q! .. (A) generated by
symbols da for each a € A, satisfying the following relations:

(1) d(Aa+ ub) = A(da) + p(db) forall A, u € k.
(2) d(ab) = a(db) +b(da) forall a,b € A.

Lemma 5.2.2. Q!

comm

~ ARQKA
(A) = /(ab®c—a®bc+ac®b)a,blce/\

Proof. Consider the A-module map
AQA — Qiomm(A)
a®b —— a(db)
This map is surjective, and its kernel is spanned by elements of the form
ab®c—a®bc+ac®b.

So it induces the required isomorphism. O

Definition 5.2.3. For a commutative dg-algebra and an A-module M, define
the space of derivations

Deri(A,M) ={d € Homy (A, M) | d(ab) = a(db) + b(da)}.
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If f: M — N, then we get a map
fie: Derg(A,M) —— Dery(A,N)
ALM) —s (A&MLN)
so Dery (A, —): A-Mod — k-Mod defines a functor.

Example 5.2.4. If M = A, then Dery (A, A) = Dery (A).

Proposition 5.2.5. The functor Dery (A, —): A-Mod — k-Mod is corepresented
by Ql . .m(A), that is, there is a natural isomorphism

Homa (Q/,,m(A), M) = Dery (A, M).

This proposition will be proved in the noncommutative case later. The
proposition gives a universal property for Q! ....(A), as follows.

Given any A-module M, and a derivation 6: A — M, then there is a unique
A-module map ¢: Q1 . (A) — M such that the following commutes:

A ® M

Olomm(A)
In particular, if M = Q] ... (A), then

Homa (Q} m(A), Qlom (A)) —— Dery (A, QL (A))

ingomm(A) F (d a— da)

Definition 5.2.6. Define the (commutative) de Rham algebra of A as a graded

commutative A-algebra Q2. (A) := A° Ql . im(A). In particular, we have

Q! (A) = Kahler differentials

2
ngmm(A) = /\ ngmm(A)

A typical element of this algebra looks like apda; Aday A...Adag.

Remark 5.2.7 (Convention). The phrase graded commutative means that
XAy = (_])\Xl\ylg Ax

for any homogeneous elements x and y.
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Definition 5.2.8. The de Rham differential dpy is the canonical extension of
the universal differential to the de Rham algebra.

A —4 5 0l m(A) — O%mm(A)

e
\[ """ dpg

Olomm(A)

Explicitly,
dpr(apda; A...Adan) :=dap ANdaj A...dan.

One can check directly that this satisfies the Leibniz rule.

Definition 5.2.9. The algebraic de Rham cohomology is defined by
Hpgr (Spec(A); k) == H®* (Q&mm(A)) -
Remark 5.2.10. If Spec(A) is smooth, then this is a “good” cohomology theory.

There are two important theorems, the first of which is the Grothendieck
Comparison theorem.

Let X = Spec(A) be a smooth affine variety over C, where A is a finitely
generated commutative C-algebra. Embed X = Spec(A) — CN, which has
the standard classical topology. X has two topologies: the algebraic (Zariski)
topology and the analytic (Euclidean) one. Then Grothendieck’s theorem says
that two different cohomology theories, one coming from each of the very
different topologies, are the same.

Theorem 5.2.11 (Grothendieck). If X is a smooth complex affine variety, then
Hop (€)= Hig (X;C) (5.1)
Remark 5.2.12.

(a) The isomorphism (5.1) is actually the composition of two different isomor-
phisms. First, a quasi-isomorphism Q2 (A) — Q2 . (X), called the
interpretation map. Second, the classical de Rham theorem:

H* ( ;mooth(x)) = Ht.op(X§C)~

(b) The interpretation map is not defined by applying Q2 ..(—) to A —
C°(X). That is, Qf,mm (C(X)) # Q2 om(X). Indeed, if f, g are alge-
braically independent in A, then by definition of Q] ... (A), df and dg
are linearly independent over A in Q! ... (A). For example, if we take
A = C*®(X), f =x and g = e*, then these are algebraically independent

by d(e*) = e*dx and dx are linearly dependent over A = C*°(X).
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Example 5.2.13. In the special case when Y C C™ is an affine hypersurface,
X=CN\Y,and A = O(X) = Clys,...,yn][f']. Then

Qomm(A) =Cly1,...,yn, F 1@ A (dy1, ..., dyn)
A typical element here is
P(yi,...,yn)
w=_—"">—+dy; A...N\d
f(y],---,y]\])k y1 Uk
Question 5.2.14. Find sharp bounds on poles of algebraic differential forms
representing cohomology classes in H’;ng(X; C). This is answered in | ]

Question 5.2.15. What is the relation (if any) between the topological coho-
mology Hf,,(X;C) and the algebraic de-Rham cohomology Hpg (X;C) if X is
singular? It turns out that the naive answer is incorrect: Hpy; (X; C) is the wrong
theory to think about in the singular case.

We must modify the definition of the algebraic de Rham complex using the
Hodge filtration. Recall that if I is an ideal in a commutative algebra B, then

we may define the I-adic filtration {F; };> by

Fo D FF 2 F D ...

[ [ |
B 21 D2TI12D...

The Hodge filtration is an extension of the I-adic filtration to B.

If X = Spec(A) is not smooth, then choose a closed embedding i: X < Y,
where Y = Spec(B) is smooth. Equivalently, choose i*: B — A, where B is
regular (e.g. B =k[x1,...,xn]). Take I = ker(i*).

Definition 5.2.16. Consider Q2 .., (B) and define the Hodge filtration on Q2 .., (B)

by
, QJomm(B i >
FnQéomm(B) = Cor-nmﬁ ) )=
In_]Q%omm(B) j<mn
Fo-o-zomm(B): -O-Somm(B) @ -O-gomm(B) @ ngmm(B) @ ... = Qdomm(B)
F]-O-zomm(B): I-O-Somm(B) EB-O-gomm(B) EB-O~c20mm(8) D...
Fzonmm(B): IzO—Somm(B) @ Ingmm(B) D -chomm(B D...

Definition 5.2.17. Assume now that dim(X) = n and define the crystalline
cohomology

. Q2 (B)
H A,n) = comm . ,d .
cryst( Tl) ( /Fn+1 -O-comm (B) DR)
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Definition 5.2.18. The stable crystalline cohomology of A is

® = Q8 mm(B)
Hcryst(Aroo) = (%%l €0 /Fn+]-o-;omm(B)/ dDR) .

Theorem 5.2.19 (Grothendieck,Hartshorne).

(a) The crystalline cohomology H®(A,n) is independent of the choice of B; it
is an invariant of X = Spec(A).

(b) Htop(X§C) = ngyst(A/ 00)

Remark 5.2.20. Theorem 5.2.19 appeared in a paper |[ ] of Hartshorne
explaining ideas of Grothenieck, so the attribution is a bit unclear.

Assume that X = Spec(A) is smooth, and consider i: X — Y, where Y is
smooth, i*: B - A, where A, B are both regular.

Proposition 5.2.21. For alli > 0, we have

Hi(-o—zomm(A)) i<n

Héryst(Aln) = -O-éomm(A) . -
fa@igla Ay T
0 i>mn.

Exercise 5.2.22. Prove Proposition 5.2.21 in the case when A = k[xq,...,Xxn],
B = klxq,...,xn] with N > n, X = A™, Y = AN, and i is the affine space
embedding i: A™ — AN. The map i*: B —» A is

x Xj j<n
1(Xj):{0) ;>n

withI= (xn41,...,xn) C B.

In general, Proposition 5.2.21 follows from the Hochschild-Kostant-Rosenberg
Theorem (Theorem 6.1.5, below).
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Chapter 6

Hochschild Homology

6.1 Hochschild Homology

Definition 6.1.1. Let A be an associative algebra (not necessarily commutative)
and M any A-bimodule. Define the Hochschild complex Co(A, M) by

Cn(A,M):=M®A®"

with differential by : Cr, (A, M) — C,,_1(A, M) given by
n—1 )
bn(ao®a1®...0an) = Y (1)1 ®...®aiai+1 ®...Q an
i=0
+(=1"anap®a; ®...® an_1
forallag € M, aj,...,an € A.

Remark 6.1.2. Equivalently, we may define

where di: C, — Cy,_1 are defined by

di:ay® - R®an — ® - ®aiai 1®---®ap, i=0,...,n—1

dn:ao® - - ®an — anap X a1 ®-- - an_1, i=n.

Lemma 6.1.3. The map b in the Hochschild complex is a differential; that is,
b? =0.
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Definition 6.1.4. Let Co(A) := Co(A,A), with M = A A, and define the
Hochschild Homology

Theorem 6.1.5 (Hochschild-Kostant-Rosenberg). If A be a regular commutative
algebra defined over a field k of characteristic zero. Then there is a natural
isomorphism of graded algebras

HHJ(A) = Q% (A).

comm
In particular, this implies that HH4 (A) = 0 for all ¢ > n.

Remark 6.1.6. Notice that this is not the same as saying that Hochschild ho-
mology is the same as de Rham cohomology. This isomorphism is as graded
algebras, not dg-algebras; differential forms have a differential dpg that is absent
in Hochschild homology. This means that there should be another (cohomologi-
cal) differential on Hochschild homology going in the other direction; this is the
Connes differential B.

We will postpone the proof of Theorem 6.1.5 until Section 6.5 in order to
develop some of the ingredients.

6.2 Tor interpretation of Hochschild homology

This section defines the Tor interpretation of Hochschild homology.

Definition 6.2.1. Let A be any associative k-algebra. Define A (e)e := A Ly k(e)
with |a] =0, |¢] = 1. We have

Define a differential d on A by da = 0 forall a € A and de = 15. Then
d? = 0 because d? = 0 on all generators, so (A(e), d) is a chain dg-algebra.

Question 6.2.2. What is He (A(g), d)? Well, the class of the identity 14 induces
the identity in homology. But we have de = 14, so [14] is a boundary and
therefore [1a] = [0a]. Hence, He(A(e), d) = 0.

Remark 6.2.3. We can identify A(e)n = A®(M+1) via

AOEATE €A F A R AT Q-+ - @ Ap. (6.1)
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This defines a chain complex called the (acyclic) bar complex.
Typically, the element ap ® a1 ® - - - ® an, is written (ap | aj | ... | an) in the
context of the bar complex.

Remark 6.2.4. Under the identification (6.1), we have
d(apear) = dag - eaq + (—1)/%lag d(eaq)
= apd(eay)

=aqp(de)ay + (—1)|5|ao£ day

= apqaq

and moreover, we can write this dg-algebra as a complex

o Al S Al

Fook

. A®M+1) b aen AR2 M A 0
where
n—1 )
b'(ap® - ®an) = Z(_1)1(00®"'®aiai+1 ®: @ an.
i=0

Notice that (b’)? = 0 and moreover, b’: A® A — A is just multiplication.

Definition 6.2.5. Let A be an associative k-algebra. Define the bar complex B, A
of A as the complex B A := A® ("+2) with the differential b/, : BnA — B, 1A
as defined above.

Proposition 6.2.6. The 2-sided bar construction gives a quasi-isomorphism
u: B¢A — A, which is a free A-bimodule resolution of A A A.

by

.y A®(MAT) M A®M A®3 A®2

Definition 6.2.7. We call A€ := A ® A°P the enveloping algebra of A.

Remark 6.2.8. There are isomorphisms of categories between left A¢-modules,
right A®-modules, and (A, A)-bimodules.

A€-Mod = Bimod(A, A) = Mod-A*¢
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Given an (A, A)-bimodule M, the action of A€ on the left/right is given as
follows for m € M:

m-(ba’)=a-m-b=(a®b’)-m,

where the superscript o denotes an element a € A considered as an element a°
of A°P.

Theorem 6.2.9. For any associative k-algebra A, we have a natural isomorphism
HHo (A, M) = Tor2“ (A, M)
where A¢ = A ® A°P.
This is known as the Tor interpretation of Hochschild homology.

Proof. Recall the bar construction B;A = (B A,b’), where B,A = A®("+2)

B A b’ B, 1A

n
AQ @ @anit > ) (~1)'a0® - ® a8 @ Qg
i=0

We have from Proposition 6.2.6 a quasi-isomorphism between B,A and the
chain complex that is just A in dimension zero. This is the standard (or bar)
resolution of A; it is a resolution of bimodules. Since B,A = A @ A2 ™ @y A
is the free (A, A)-bimodule on the vector space A®™, then B, A provides a free
resolution of A as bimodules.

So now we may use this to compute Tor. We have an isomorphism of
(A, A)-bimodules as follows.

BrA=AQAPT"QA — 5 A®@ac ADT

WR®a - Rany1 —— ((10®C131+1)®Ae(a1 ®---®an)
This gives another isomorphism of (A, A)-bimodules:
M®peBhA ——— 5 M®A®™ = C(A,M)
MRac(AQp® + ®aAny1) —— Ana1MAER A @+ -+ ® an

(This isomorphism factors through M ® ae A¢ @ AP ™))
Let’s compute the image of the differential b’ on Cr, (A, M).

Cn(A,M) — 5 M®ae BhA
%b’ l1M®b’

Cn1(A,M) ¢«— M®@aeBp_1A
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Let’s chase an element of C, (A, M) around this diagram.
(m,a1,...,an) —MRA(TRAIR...Qan, ®1)

TmM®b’
F— mMRae ([(A1®a®..0an®1)

n—1
+Z(—1)i(1®a1 ®...0010{11Q...0an 1)

i=1
+ (=11 ® ay ®...®an))
—bb(MR®a1Rar;®...Q0 an)
But notice that
MR a1 ®...Q0an) =Ma1 ®ar ®...® an
n—1
+ Z(—Ui(m@ G ®...0a0i0i4+1 D...Q dn)
i=1
+ (=" (anm® a1 ®...® an_1).
This is exactly the Hochschild differential. Therefore, we have that
(M®aeBeA, Tp @b) = (Co(A, M), b)
is an isomorphism of chain complexes. Hence,
Tor" (A, M) = He (M ®pe BoA) = HHo (A, M) O

Remark 6.2.10. Notice that the definition of b’ on B, A makes sense even for non-
unital algebras. This leads us to the following generalization of the definition of
unital algebra.

Definition 6.2.11 (Wodzicki). A non-unital algebra is called homologically
unital (H-unital) if B, A is acyclic.

6.3 Koszul Complexes

Let R be a commutative ring, and let E be an R-module. Let x: E — R be a linear
form. Then consider

o0
AE= DN E=RGEDN\LES---
p=0
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Then x extends uniquely to a derivation of degree (—1).

E—* 3R AR E

AR E

Explicitly, let eg Aej A...\Nep € AR E. Then
p .
SxleoN...Nep) =) (—1)'x(ei)eg A . AGA... Aep
i=0

One can show by that 6)2( = O since d(r) =0 and 6(e) = x(e) forall e € E.

Definition 6.3.1. The Koszul complex of the pair (E,x) is the commutative
(chain) dg-algebra (A°r E, 8«).

Example 6.3.2. Consider a sequence x = (x1,...,%m) in R and take E = R¥™
and define the functional

E—*~ R

™ m
— Z XiTqi
Tm i=1
The corresponding Koszul complex will be written Ko (x) = Ko (R, x) := (AR (R™), 8x).

This is a commutative (chain) dg-algebra.
A different way to describe K,q(x) is as follows:

R(&1,...,6n)
Ke(x) = R&1, ... &m | 88 = x4] = 72—, 861 = x4
D =Rl 06 = x4 (&85 + &8 X
This isomorphism is given by v — r and
0
]. l—)gi.
0

Definition 6.3.3. A sequence x = (x1,...,%m) is called regular if x; ; 1 isnota

zerodivisor in R/(x1 X2, ,xi)
7 7 7™M
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Definition 6.3.4. Let R = k[Xj,...,Xn] be a polynomial algebra over a field
. R .
k. If (Py,...,Pm) is a regular sequence, then A = /(Ph o Pu) is called a

complete intersection.

Proposition 6.3.5 (Complete Intersection Criterion). A sequencex = (x1,...,Xm)
is regular in R if and only if the corresponding Koszul complex Kq(x) is acyclic
in positive degree. More precisely,

0 n>0

R _
/(X1IXZI"'IXTL) n=0

Hn(Ko(X)) = {

Proof. We only prove the forward direction. Assume that x = (xy,...,%m) is
regular in R. Proof by induction on m.
Take m = 1. Then the corresponding complex is

X1

Ke(x7): 0O R R 0,

with the rightmost R in degree zero. We know that x; is regular, which implies
that multiplication by x1 is injective. Hence, Hq (K¢ (x1)) = 0, and

Ho(Ka(x1)) = coker(x1) = ¥/, .

Now suppose that the claim is true for m — 1, that is, for any sequence
(x1,...,Xm—1). Let’s add xm, to this sequence to get x = (x1,...,xm). We have
a short exact sequence of complexes (horizontally), where the top row is degree
1 and the bottom row is degree zero.

C¢+—mW— o0 —o
Ct— R RO
5.
C¢+—Oo+—m—O

Rewriting, the short exact sequence is the following:

0o —— KO E— K.(X ) K] 0
1 " I (6.2)

R R[1]

where R is the complex consisting of R in dimension zero. (Recall our convention
Definition 5.1.3 where Ko [n]; = K{_p and K*[n]t = Ki+™)
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Let L = Ke(x1,...,Xm—1) and tensor Eq. (6.2) with L.

0 —— L —— L®rKe(xm) —— L[1] —— 0
Al
Ke(X1,...,%m)

Now take the associated long exact sequence in homology:

- — Hnp1 (L) —— Hnp1(Ke(x)) —— Hpgq (L) j

[_) Hn (L) ——— Hn(Ke(x)) ——— Hn(L[1]) j

[% Hn1 (L) — Hno1(Ke(x)) —— Hnq (LO)) —— -~
Notice that H; (L[1]) = H;_1(L).
This implies in particular that the following sequence is short exact:

0 — coker (Hn(L) 9, Hn(L)) — Hp (Ke(x)) — ker (Hn_1 )2 H, (L)) =0

It is easy to check (exercise!) that the connecting homomorphism 0 is induced
on homology by xm-: L = L

Ifn>1,then Hy (L) =0, H,_1(L) =0, so we have Hy, (Ko (x)) = 0.

If n = 1, then by induction we get

Hp (Ke(x)) = ker (HO(L) 9, Ho(L)) = ker (R/(X]’” ) Xm, R/(x1,. X )>

This is zero because x, is regular.
If n =0, then we have

Ho(Ke(x)) = coker (Hn(L) i} Hn(L)) = R/(X], . -

o Xm)’

Corollary 6.3.6. Let R be a commutative ring and I C R an ideal generated by a
regular sequence, say I = (x1,...,Xm). Then there is a natural isomorphism of

R-modules
TorR (R/I,R/I) = /\.R/I (I/Iz) (6.3)

Proof. Note that by Proposition 6.3.5, Ke(R, x) gives a free R-module resolution
to R/1. Hence, we have a quasi-isomorphism

Ke(R,x) = R/p.
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Therefore,

Kn(x) ®g ®/p = /\ (R™) @g */1
= A (%))
= /\TI;/I (Rgﬁm/lem)
= /\1;/1 (I/Iz)

The last isomorphism comes from the following diagram

&m RO®mM X- I I/Iz

bm
R /I—Pm

Note that x; € I implies that §x ®idz, =0 on A% / (I/12). Therefore,

Tor} (R/I,R/I) =H, (K (x) ®r /I) /\R/I </IZ> -

Remark 6.3.7. In fact, more is true: TorR (R/ L}/ 1) has a natural structure of a
graded commutative algebra, and the canonical isomorphism

U2 = Tor} (R/I/R/I)

extends to an isomorphism of graded algebras

P (1) = Tork (1,3

6.4 (Formal) Smoothness

6.4.1 Grothendieck’s notion of smoothness

Let Alg, be the category of all associative k-algebras for a commutative ring k.
Let C C Alg, be a full subcategory, e.g. C = CommAlg, or C = Alg, .

Question 6.4.1. How do we define smooth objects in C?

Let’s enlarge C by embedding it into the category of functors C = Fun(C, Set)
via the Yoneda embedding;:

c—" ¢
A +— h =Hom(A,—)

(ALB) s = (—of)
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Lemma 6.4.2 (Yoneda). h is full and faithful.

Definition 6.4.3 (Grothendieck). (a) A functor F € Ob(C) is called smooth if
for all pairs (C,I) with C € Ob C and I < C a 2-sided nilpotent ideal (i.e.
IN =0 for some N > 1),

F(p): F(C) = F (/1)
is a surjective map of sets, where p: C — €/ is the projection.

(b) A € Ob(C) is called formally smooth if h* is smooth.

Remark 6.4.4. Definition 6.4.3(b) is the same as the following: for all pairs (C, I)
with C € ObC and I <1 C a two-sided nilpotent ideal, and for any ¢: A — ©/1,
there exists ¢ such that the following diagram commutes:

C
A i
.
.
.
.

A C
T)/I

B

Remark 6.4.5. The property of A € Ob(C) being smooth depends on the cate-
gory C in which A lives. If (say) C € C’, and A € Ob(C), it may happen that A
is smooth in C but not in C’.

Remark 6.4.6. Free algebras in C are always smooth: assume that U: C — Set
is the forgetful functor. Then this has a left adjoint k(—): Set — C, X — k(X).

For example, if C = Alg,, then k(X) is the free k-algebra based on X. If
C = CommAlg, , then k(X) = k[X]. Note that

Homc (k(X), C) —— Homc(k(X), /1)
corresponds under the adjunction k(—) - U to
Homget(X, C) —— Homsge(X, /1)

for any ideal I < C, because sets are free (they have no relations).
The moral is that smooth algebras behave like free algebras with respect to
nilpotent extensions.

Example 6.4.7. Let k be a field, and consider C = Alg,..
(a) Any free algebra k(xq,...,xn) is smooth.

(b) If Q is any quiver, then kQ is smooth.
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(c) In fact, all smooth algebras are hereditary, but not conversely. The Weyl
algebra

k(x,
A=A (k)= ( y>/(x x=1)
is hereditary but not smooth.

(d) If T" is discrete, then kI" is smooth if and only if I is virtually free (contains
a free subgroup of finite index).

(e) If A and B are smooth, then their coproduct A L B is smooth as well.

(f) If A is smooth, and M is a projective A-bimodule, then the tensor algebra
Ta M is smooth.

(g) Let A be a commutative algebra viewed as an object in Alg, . Then A is
smooth in Alg, if X = Spec(A) is a smooth affine curve (more precisely,
A is smooth in CommAlg, and gldim(A) < 1).

(h) A =kl[x,y] is not smooth in Alg,.

Proposition 6.4.8. If A is smooth in Alg,, then for any vector space V, k[Rep,, (A)]
is smooth in CommAlg,_.

6.4.2 Quillen’s notion of smoothness

Let k be a commutative ring and let A be a commutative k-algebra with multi-
plication p: A @ A — A. Let I = ker(p).

Definition 6.4.9 (Quillen). A is called smooth over k if
(a) A isflat as a k-module (i.e. — ®y A is an exact functor).

(b) for any maximal ideal m of A, 11 (m) is a maximal ideal of A ®y A, and
L, —1(m) is generated by a regular sequence in (A @y A), 1 (1)

Remark 6.4.10. Sometimes, one assumes that A is pseudo-flat (or stably flat)
instead of flat. Flatness can be formulated as Torli(A, M) =0foralln >0, and
stably flat is Tor]fl(A, A) =0foralln > 0.

Proposition 6.4.11. Let k be a Noetherian ring and let A be a k-algebra which is
(stably) flat over k and (essentially) of finite type over k. Then the following are
equivalent:

(a) A is smooth in the sense of Definition 6.4.9.

(b) I = ker(u) is locally a complete intersection.
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(c) (Jacobian Criterion) If f: k[X;,...,Xn] — A is a finite presentation of
A then (ker f), is generated by Py, ..., PN € k[Xy,...,Xu] for all primes
p € Spec(A) such thatq = f=1(p), and moreover dPy, ..., dPy are linearly
independent in ngmm(k[X1 o Xnl) @uix . xn] Ap-

(d) A is formally smooth in CommAlg, in the sense of Definition 6.4.3.

Remark 6.4.12. The last condition gives a categorical characterization of smooth-
ness: it says that in a category C of algebras, the smooth objects are those which
behave like free objects with respect to nilpotent extensions.

Example 6.4.13. If k is an algebraically closed field, then (c) says that the algebra
of regular functions A = O(X) on a nonsingular affine variety over k is formally
smooth. Therefore k[x, y] is smooth in CommAlg, .

6.5 Proof of Hochschild-Kostant-Rosenberg

The strategy of this proof is to construct a map en: Ol m(A) — HHn (A), and
another map 7, : HHn (A) — Q%10 (A) such that 7, o €4 is a scalar multiple
of the identity on QF . (A). This exhibits Qf . (A) as a direct summand of
HHn (A).

We then apply Theorem 6.2.9 and Corollary 6.3.6 to show that this is an
isomorphism.

6.5.1 The antisymmetrizer map

Let Sy, be the symmetric group on n letters. Define the action of S;; on Ci (A)

by
O"(ao®"'®an):(l()@(lg—l(])@"'@agfl(n)

This gives Cy, (A) the structure of a k[Sn]-module. Define the antisymmetrizer
En = Z sgn(o)o € k[Sn]
oESH

Notice that ¢y, is not quite a Young symmetrizer; it’s off by a factor of n!. We
have that e%l =nleny in k[Sp].
Next, define the map

AR AL(A) o Cn(A)

aQ®a; ANayNA---ANap —— en- (AR AT ® - ®an)
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or equivalently,

a®a; Nax AN---Nap —— Z sgn(cr)ao@)agq(])®~~®ar1(n).

0ESH

This map is well-defined because ¢, is the antisymmetrizer and the exterior
power is antisymmetric.

Recall from Definition 5.1.19 the Chevalley-Eilenberg differential 5 of Lie
algebra cohomology. Explicitly, thinking of A as a Lie algebra with commu-
tator [a,b] = ab — ba, the Chevalley-Eilenberg differential 6,,: A ® A} (A) —
A® AR '(A) is defined by

(—1)'ag, ail(ao ®(a1 A. . AG A .. Adn)

M-

dn(ap®@ay A---Nan) =

i=1

+ Y D el gl Aar A AGALLAGA. . Aan

1<i<j<n

Lemma 6.5.1. For any associative k-algebra, the following diagram commutes:

A@ALA) —— Cn(A)
Jsn Jo
A@ALA) T Cua(A)
where 6 is the Chevalley-Eilenberg differential for A considered as a Lie algebra.

Proof. By induction on n. (Doable by explicit calculation). O

Corollary 6.5.2. If A is commutative, then 6y, = 0. Therefore, by, 0 e, = 0 for all
n, soim(en) C ker(by). Therefore, e, induces a map

En: A® LA = ker(bn) = enZn(Co(A)) - HHn(A).
This is nothing more than the map induced by ¢, on homology.

Lemma 6.5.3. If A is commutative, then €,, factors as

ADARTA n HHA (A)

e i (64)

Oomm (A)

Wherepn: ag®(aj AN...Nan) — apgda; A...ANdan.
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Proof Sketch. Recall that Q% (A) is the n-th exterior algebra of Q! .. (A),
that is Q% (A) = AR (Qlomm(A)). In QL 11 (A), we have relations

—d(ajaz)+ajda; +azda; =0
for aj, ay € A. These imply a relation in QO ,,, (A) of the form

0=—apd(ajaz)ANdaz /\...Ndan
+apar dar Adaz/A...Ndan +apaz day Adaz A... ANdan

The right hand side of this relation is in the image of pn, as pn (x) where

x=—ap® ((ajaz)NazA...an)
+apa; ®(az NazA...Nan)+apa; ®(a; AazA...\an)
We only checked this for indices i = 1,j = 2, but in principle this works for any

pair of indices i and j.
It suffices to check that €, (x) C im(by, 4 1). Indeed

En(x) =—bni Z sgn(o)o-(ap®a; ®-+ ®an)
oeSn
o(1)<o(2)
The proof of this is then by induction. O

Definition 6.5.4. The map en: Q% (A) = HHy(A) from (6.4) is called the
HKR map.

For the second step, define the projection map

Tn: Cn(A) —— Q% mm(A)

a®- - ®an —— apdaj A---Adan
Lemma 6.5.5. 7, 0 by, 11 =0

Proof. By direct calculation. Easy. O

Therefore, we get a well-defined map 7, : HHn (A) = QO m(A). Indeed,
Tnlim(b,.;) = 0, 8O 7t induces a map

HH, (A) = ker(bn)/_

n
im(by, ) " CeommlA)

Lemma 6.5.6. The composition
Qlmm(A) =" HHn(A) = O (A)

isequal tonlidgn (A)-
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Proof.

apdaj A...Aday —— Z sgn(o)(ap®as-1(1) @+ @ az-1 ()
o0ESH

AL Z ag (daj A...Adan) =nlagda; A...ANdan

oESH
]

To summarize, if A is any commutative algebra A, then 7t o ey = n!idQ?Omm (A)-
Hence, Q% ,,m(A) is a direct summand of HH,, (A).

6.5.2 Thecasen =1
Recall that we had a map e : Qf,m (A) — HHp (A) given by

apda; A...Ndan — Z sgn(o)(ap, ag-1 (1) Qg1 (n)).
oeSn
We also saw that 71, 0 e, = 1! idQ&)mm( A), 80 for any commutative algebra A,
this map is split injective.
Let’s look at the casen = 1.

Lemma 6.5.7. For any commutative unital algebra A, the map &1 is an isomor-
phism of A-modules HH; (A) = ngmm(A).

Proof Sketch. Recall that Q! . (A) = A® A/(a ©be—ab®c—ac®b

sider the multiplication map p: A® A — A and let I = ker(p). This is the two
sided ideal generated by (1® a—a®1)) CA®A. Wehave A= A®A/I, so
we can identify

) Con-

~ 1
ngmm(A) = /IZ'

This isomorphism comes from the diagram

I—— AQ®A — Q) nm(A)
\\\\\N Iz ////<j/ﬂ

We will prove that HH; (A) = 1/1? homologically. Consider the short exact
sequence of (A, A)-bimodules (note that A’ = A if A is commutative, so
A =A@, A)

0 I A€ A 0 (6.5)
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and apply A ®ae(—) to get the long exact sequence
0 —— Torf (AA) —— A®@pcl —— A —— A@pc A — 0

Since Torf*" (A, A) = HH(A) and A®ac A = HHo(A) = A/a a] = A, we get
the isomorphism
HH;(A) = AQae L.
On the other hand, tensor Eq. (6.5) with —®ae I to get the long exact se-
quence
C— I@AeI%I%A@)AeI;)O

X®Y —— Xy

This shows that A @ ae I = 1/12.
Putting it all together, we get an isomorphism

- ~ 1y~
HHi(A) = A®pel = /IZ = —ngmm(A) =

Remark 6.5.8. 1*: Spec(A) — Spec(A ® A) = Spec(A) x Spec(A) is the diago-
nal embedding.

6.5.3 The general case

Lemma 6.5.9 (Local to global principle). If f: M — N is a homomorphism of
A-modules over a commutative algebra A, then f is an isomorphism if and only
if fn: Mim — Ny, is an isomorphism for any maximal ideal m of A.

Proof. In the forward direction, this is clear because localization is functorial.
Conversely, assume that f,, is an isomorphism for all maximal ideals m of A.
If f is (say) not injective, then ker(f) # 0, so there is some nonzero x € ker(f).
The annihilator of this element is nonzero. 0 # Ann(x) C A. Then we have
that Ann(x) C m, which implies that ker(fy, ) is nonzero. This is a contradiction
because fy, is an isomorphism. O

Here k is a field. Assume that A is a smooth commutative k-algebra. Let
m C A be a maximal ideal, and let p: A® A — A denote multiplication. For
R=A®A and I = ker(u), we have:

HH, (A) = TorR (R/I/ R/I)

Qcomm(A) = /\:/1 (I/IZ)
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Now letR = (A®A)u4 (m) and I = (ker u)u” (m) SO that R/1 = Am. Then
by Corollary 6.3.6 and Theorem 6.2.9, we have isomorphisms for all maximal
ideals m of A:

Ol (A)m = Ny, (I/Iz) = TorR (R/I,R/I) = Tor* ®A (A, A)m = HHn (A)m
Then by Lemma 6.5.9, we conclude

Qi mm(A) = HHy (A).
6.6 Noncommutative Differential Forms
We will follow the approach of Cuntz-Quillen in this section.
Definition 6.6.1. Let A be an associative unital k-algebra. Define

QrA:=A@A"",
where A = /i1 A+ We write elements of Q™ (A) as
(ap,as,...,an) =ap®a; ®---@an

withap € Aand ay,...,an € A.

Definition 6.6.2. Put

and define d: Q*A — Q**1(A) by
d(a()/a]/-'-/an) = (]laOIG']/-'-/aTL) (66)

Note that d? = 0. Also define

n
(/s an) - (@nt1, Qns,eee a) = Y (<1 Hao, o0, araisn, .-, ax)

i=1
(6.7)
Theorem 6.6.3.

(a) Formulas (6.6) and (6.7) define a DG (cochain) algebra structure on Q°(A)
which is the unique one satisfying

ap-daj .- dan = (ap,a, ..., an)
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(b) (Universal Property) Given any DG-algebra I'* = @, '™ and any al-
gebra homomorphism u: A — T°, there is a unique map of algebras
uy: Q°(A) — T such that the following commutes

Q*A) ——— 5T

RNt

A

Proof of Theorem 6.6.3(a). First, we will prove uniqueness. Suppose we have any
DG algebra (B, d) that contains A as a subalgebra in degree 0, with (B® D A).
Then the following formulas in B hold:

d(apdaj day---dan) =dagday ---dan (6.8)

(apdag - -dan) - (anyq1dany2---day) =
n
(—1)"apas daz - - - day + Z(—1)n4ao day ---d(ajaiq) -
iz
6.9)

(6.8) is immediate from the Leibniz rule and d* = 0, and (6.9) follows by
induction on n.

So assuming that Q°®A is a DG-algebra, by applying the above information,
we see that (6.6) and (6.7) define a DG structure satisfying

ap - daj ---dan = (ag,...,an).

For existence, we deduce (6.6) and (6.7) in the following way. Apply Con-
struction 6.6.4 (below) to (Q°*A, d) and define a DG-algebra

E* = (LM'(Q'A), dHom) .

This is the collection of all k-linear endomorphisms of Q)°A of all degrees. Define
the left-multiplication operator {: A — £°® by a — (g, where { is the linear
map

lq: (ap,a1,...,an) — (aag,as, ..., an).

We may then extend { to a map {: Q°A — £° by
l(ap,ar,...,an) — Lq - dHom“m) s dHom(ean)

Notice that im({,) C £° is the DG subalgebra generated as a DG-algebra by
¢(A) C &°. (Strictly speaking, we should check (6.8) and (6.9) for £{(A) C £°.)
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Next, we define
ev:&* —— Q°A
f — f(1)

Notice that foralli=0,...,n,

[dleai}(]lai—"]l' --/an)

(dgai _gaid)(]/aiﬁ—]/' . '/ak)
= (ai/ai+]/'--/an)_o
(1

,Qi, Qi ],---,0n)

This implies that
ev (L(ao, ay,...,an)) = (ap,a1,...,an).

Hence, we have shown that ev is a retraction (left-inverse) for {,. Therefore,
£: Q°(A) — £° is injective. So we identify O®(A) with its image under £,
inside of £°. Using this isomorphism, we transport the graded algebra structure
of £° to Q°(A).

So we need to check that the differential dpjom transports to dg 4. To thatend,
consider the diagram below (where im(£,)™ denotes the elements of im({.) C
E* of degree n).

£y .
OQMA) ——— im(£,)"™ (ag,...,an) —— Lq,ld, Lq,]---[d, La,]
% ldHom I Idﬂom
on ! (A) L) im(f*)n+] (11 Ap,e., an) — [d/eao}[d/ eaJ e [drean]
O

Proof of Theorem 6.6.3(b). Given any algebra map u: A — I'®, define

Ui

Q°*(A) r

(ao,...,an) —— (uap)dr(uas)---dr(uan)
This is the required DG algebra homomorphism by formulas (6.8) and (6.9). O

Construction 6.6.4 (Morphism Complex). Consider two cochain complexes of
k-modules M*® and N°. Define

Hom®(K*,N®) := | - - - — Hom™(K*, N*) 2Hom, Hyom™+1(K*, N®) — - -

where Hom™ (K*®, N*) is the collection of linear maps f*: K®* — N* of degree n

Hom"™(K*,N°®) := | [ Homy (K}, N*F™)
ieZ
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and df}_,.: Hom™ — Hom™ "' is given by
Affom (f) = [d, fl:=dn o f — (=1)"fodk

Notice that d4, = d% = 0so0 d7, ., = 0 as well.

If K* = N*, then End®(K*) := Hom*(K?®, K*) is naturally a DG-algebra with
composition as the product.

This construction defines an internal Hom in the category of cochain com-
plexes.

Definition 6.6.5. Given any associative, unital k-algebra A, Q°®(A) is called the
DG-envelope of A.

Corollary 6.6.6 (Corollary to Theorem 6.6.3). The functor Q is left-adjoint to the
forgetful functor U: dgAlg, — Alg,, given by U: I'* — T'°.

Notice that Q' (A) = A®A is naturally an (A, A)-bimodule. Elements of
Q' (A) are written ag da; = (ag, aq). What is the bimodule structure? The left
A-module structure is:

ARQNA) —— Q1(A)

a®apda; —— aaldag

a®(ap,ar) —— (aap, ar)
The right A-module structure is:

QA RA ——— 5 0'(A)

Leibniz

adai®a — ap-day-a apd(aja) —apaj da

((10, aq ) ®ar—— ((10, aq (l) - ((10(11/(1)

Exercise 6.6.7. Define Q' in the category of Lie algebras.

Proposition 6.6.8. There is a natural isomorphism of graded algebras
Q°(A) =TA(Q'(A)).

Proof. Recall the universal property of tensor algebras: if A is an algebra, M
an (A, A)-bimodule, then for all algebra maps up: A — B and (A, A)-bimodule
maps u;: M — B, there is a unique algebra map u: TAM — B such that
ula =ug and ulp = ug.

In our case, B = Q*(A), ug: A — Q°*(A), u;: Q'(A) — Q°*(A). So we geta
w: TA(QN(A)) — Q*(A).
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This is an isomorphism because

Q' A) A O™MA) = (AQA)RAARA™)
=AQAQAT
—AgAMY Z gntl(a)
O

Remark 6.6.9. This should be compared to the commutative case, where we
have O} (A) = A°A ngmm(A). So we might think of Q'(A) as the space of
noncommutative Kahler differentials on A.

Definition 6.6.10. Given a derivation D: A — M, and a bimodule map f: M —
N, then the derivation induced from D by f is the derivation f,D = foD: A —
N.

Lemma 6.6.11. The derivation d: A — Q'(A) is the universal derivation on
A in the sense that any derivation D: A — M is induced from d by a unique
bimodule map f: Q'(A) =5 M;D = f,d.

A

In other words, this lemma says that the (A, A)-bimodule Q'(A) represents
the functor Dery (A, —): Bimod(A) — Vecty; there is a natural isomorphism

Derk (A, M) = Homae(Q'(A), M).

Proof. Given any algebra A and bimodule M, define the semidirect product
A X M = A @ M with the multiplication

(a1, m1) - (az, mz) = (ajaz, aymy + myaz).

Notice that M? = 0.

Given a derivation D: A — M, we can make A x M into a DG-algebra by
setting da = D(a) for all a € A and dm = 0 for all m € M. So we have an
algebra map u: A — A x M given by a — (a,0). So by the universal property
of DG-envelopes, there is a unique map

U O°(A) — A x M.
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Hence, there is a commutative diagram

A—%4 Q1A

Lemma 6.6.12. There is a short exact sequence of bimodules
0 —— 0'A) 5 A0A —“ 3 A — 0

wherej(ap dai) = (apa, 1) — (ap, a7) and pla ® b) = ab.

Thus, Q'(A) = ker(pn) as an (A, A)-bimodule. If we identify Q'(A) as
ker(p), then the natural isomorphism Dery (A, M) = Homae (QV(A),M)is easy
to describe. Given an (A, A)-bimodule map ©: Q' (A) — M, the corresponding

derivation is
D:A— M

a—— BOa®1—-1®a)
Notice that for M = A® A, j corresponds to the derivation Ay: A - ARQA
given by
Ap:A —— ARA
a— a®1—-1®a.
A is called the canonical double derivation.

Remark 6.6.13. Notice that A ® A has two commuting (A, A)-bimodule struc-
tures, making it into a bi-bimodule:

x-(a®b) - y=xa®by (outer)
x-(a®b)-y=ay®xb (inner)
If we write A* = A® A, then A ® A is an (A€, A¢)-bimodule.

Here, Dery (A, A® A) is a bimodule with respect to the inner bimodule
structure. Define

Ty (A) = Ta (Der(A,A® A))/(AA Y

for some A € A.

Exercise 6.6.14. If A = kQ is the path algebra of a quiver,and A = } ;- Aiei €
A with A € k, then IT,, (Q) is what we called the deformed preprojective algebra

of Q, Q
/(ZaeQ] la,a"] =2 icq, 7‘161)
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Here Q denotes the doubled quiver: for each arrow a € Q1, add another arrow
a* in the opposite direction.

Exercise 6.6.15. If A = O(X) for a smooth affine curve X, then Ty (X) = O(T*X)
and 1Ty (X) = D(X), where D(X) is the ring of differential operators on X.

Connecting the two exercises, the intuition is that deformed preprojective
algebras are the differential operators on quiver algebras.
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Chapter 7

Higher Hochschild Homology

7.1 Some Homotopy Theory

We recall some definitions of homotopy theory here. For references, see [ ,
) 1

Question 7.1.1. If X is a topological space, we define the classical singular
homology He (X, A) with coefficients in an abelian group A. Can we define a
homology theory of a space with coefficients in commutative algebras?

Recall that we may model topological spaces with simplicial sets, which are
functors X: A°P — Set, where A is the simplicial category.

Definition 7.1.2. A is the simplicial category with

Ob(A)_{[n}_{O<1<...<n}}

Mor(A) = {f: mM—-=mMmi<j = fi) < f(j)}

The simplicial category is generated by morphisms
sl - m+1] 0<i<n, n>0),
o:n+11—= M 0<i<n, (n>1).

=

Informally, &' is the map that omits i in the image, and o7 is the map that takes
the value j twice.

We write d; = X(d!) and sj = X(0)) for their images under the functor
X: A% — C.

Definition 7.1.3. Let C be any category. The category of simplicial objects in
Cis Fun(A%, C) = CA™.
Similarly, the category of cosimplicial objects in C is Fun(A, C) = CA.
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If C = Set, then CA” = sSet is called simplicial sets.
Example 7.1.4. An example of a cosimplicial space is the geometric simplicies

ix@}

Ak = {(xo,...,xn) € R™H!
i=0

The functor A®*: A — Top defines a cosimplicial space, that is, a cosimplicial
object in Top, sending a set [n] to A™ and a map f: [n] — [m] to f,: A™ — A™
given by f.(ei) = e¢(;), where e; is the j-th standard basis vector of R¥

ALTOP

n] — A™

([n] 5 [m]) — (A“ LN Am)

Definition 7.1.5. The geometric realization of a simplicial set X, is

XI= | | XnxA™/ ~

n>0
where (x, f.y) ~ (f*x,y) for any f: [n] — [m]in A.

The map f: [n] — [m] gives a map f,: A™ — A™ between geometric simpli-
cies, and a map X(f) = f*: X; — Xy, between sets.

Lemma 7.1.6. The geometric realization functor | —|: sSet — Top is left adjoint
to the functor S: Top — sSet sending a topological space X to the simplicial set
of n-simplicies inside X;

-
|—|: sSet L Top: S
u

X — X
Homp (A™, X) ¢——— X

Theorem 7.1.7. Let C be a cocomplete locally small category. Then the cate-
gory C2 of cosimplicial objects in C is equivalent to the category of simplicial
adjunctions

T
L:sSet L C:R
~_

L is called the realization of a simplicial set in the category C.
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Proof sketch. Given A®: A — C a cosimplicial object in C, we will construct L
and R.

Consider the Yoneda embedding Y: A — sSet. Let L = Lany(A®) be the left
Kan extension of A® along Y; this exists because C is cocomplete and locally

small.

ALC

/)(
Yl L

sSet
Define R: C — sSet by

R(c): A —— Set
n] ——— Homc¢(A™,c)
This is right-adjoint to L by construction. O

Example 7.1.8. We have already seen one example of this — the geometric
realization.

Example 7.1.9. Let C = Cat, and define the cosimplicial object A — Cat that
sends [n] to the category 1 with presentation

n=0—-1—22—---—5mn)

The right adjoint (as in Theorem 7.1.7) A': Cat — sSet is called the nerve of a
category, and sends a category C to the simplicial set N'C with

NCn = HornCat(ﬁ',C) = {CO —Cc1 — - —=Cn

ci € Ob(C)}

Example 7.1.10. Let G be a discrete group. Then G can be thought of as a
category with one object whose morphisms are elements of G. To distinguish
this category from the group G, we write G for the category.

Then NG = BG is the classifying space of G.

Example 7.1.11. Let G be an algebraic group over k, i.e. a representable functor
G: CommAlg, — Gr, A — G(A) (for example, G = GL (—)). Let O(G) be the
corresponding representation

I_IOInCommAlgk (O (G),A) =G(A)
Let BG, be the classifying space of G; we have

BGh=G"=GxGx - xG.

97



PROPS 29 March 2017

This classifying space is a simplicial scheme

BG.: CommAlg, ——— sSet
A+— B(G(A))
Then O(BG.,) is a cosimplicial commutative algebra, sending [n] € Ob(A) to
the commutative algebra O(G X G x - - x G) = O(G)® ™.

By Theorem 7.1.7, we get a simplicial adjunction L: sSet ;= CommAlg, : R,
L - R. This yields the following theorem.

Definition 7.1.12. A simplicial set X is called reduced if Xy has cardinality 1.
The category of all such simplicial sets is denoted sSet.

Theorem 7.1.13. The realization functor corresponding to O(BG,) € CommAlg,
restricted to sSety is given by

sSety ———— CommAlg,

X —— O (Repg(m (1X],%)))

7.2 PROPS

There are several ways of thinking about algebras: using monads, operads, or
PROPs. We will talk about PROPs.

Definition 7.2.1. A symmetric monoidal category is a category S equipped
with a bifunctor X: S x S — S, together with a distinguished object 1 and
natural isomorphisms

axy,z: (XKY) - KZ
Ax:IRX = X
px: XK1 — X

Txy: XKY -5 YXX

A symmetric monoidal category is called strict if &, A, p are identities.

Definition 7.2.2. A PROP (short for products and permutations category) is a
strict symmetric monoidal category S with Ob(S) =N, and nXm =n+m.

Example 7.2.3. Consider F the full subcategory of finite sets with objects [n] =
{1,2,...,n}and 0 = @, and tensor product given by disjoint union.
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Example 7.2.4. Let G be the prop of finitely generated free groups, with objects
Fn, the free group (n) on thesetn ={1,2,...,n}. Tensor product is given by the
free products (n) X (m) = (n+ m). Morphisms are group homomorphisms.

Definition 7.2.5. A k-algebra over a PROP P is the category of strong monoidal
functors
Alg, (S) = Fun® (P, (Vecty, Qy))

Lemma 7.2.6. The k-algebra over the prop F is the category of commutative
k-algebras.

Proof. Define the functor CommAlg, — Alg, (F) that sends a commutative
algebra A to the functor A: F — Vecty; this functor A sends n to A®™ and
f: n — m to the function

A®n A®m

Q@ Qap — b @ @by

where

jef (1)
fori=1,...,m.

In the other direction, define a functor Alg, (F) — CommAlg, thatsends a
strong monoidal functor T to the commutative k-algebra T(1); here multiplica-
tion p1: A®2 — A is given by the image under T of the morphism 2 — 1, and
the unitn: k — Ais given by the image under T of the morphism 0 — 1.

Check that these are inverse functors giving an isomorphism of categories.

O

Proposition 7.2.7. The k-algebra over the prop G is the category of commutative
Hopfk-algebras.

Definition 7.2.8. A co-group object in C is an object A € Ob(C) such that for
any B € Ob(C) Hom¢(A,B) is a group (in the ordinary sense) and for any
f: B — B/, the morphism f,: Homc¢(A, B) — Homc(A, B’) is a morphism of
groups.

That is, Hom¢ (A, —): C — Set factors through the category of groups.

Remark 7.2.9. I. Berstein, for which the Berstein seminar at Cornell is named, is
famous for studying cogroups in the category of spaces — called “co-H-spaces.”

Example 7.2.10.

(a) Cogroups in Set or Top are trivial
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(b) Cogroups in the opposite category of commutative algebras are cocom-
mutative Hopf algebras.

(c) (Kan) Cogroups in the category of groups are precisely the free groups.

(d) Reduced suspensions are cogroups in the homotopy category of pointed
topological spaces. But these are not all of the cogroups (due to L. Berstein).

Theorem 7.2.11. Let G be the PROP of finitely generated free groups, and C a
monoidal category. Then the category of strong monoidal functors from G to C
is isomorphic to the category of cogroup objects in C.

7.3 Higher Hochschild Homology

These ideas were developed by Loday and Pirashvili in 2002.

Let A be a commutative k-algebra. Recall that A corresponds to the strong
monoidal functor A: F — Vecty sending n to A®™. We may extend A to a
functor A: Set — Vecty by

A(X) = colimy,_,x A(n)

Let Xo: AP — Set be a simplicial set. Then we define a simplicial vector
space by composing with A.

Vo = A 0 Xe: A% — Vecty

Theorem 7.3.1 (Dold-Kan Correspondence). Let A be any abelian category. Then
there is an equivalence of categories N between chain complexes in A and
simplicial objects in A,

N:sA ~ Com(A).

So to our simplicial vector space V,, we apply the Dold-Kan correspondence
functor N to get a chain complex NV,.

Definition 7.3.2. The higher hochschild homology of X with coefficients in A is
HH. (X, A) := He(NV,)

In the above definition, we conflate a topological space X with a simplicial
set X.

Example 7.3.3. Let X = S] be the simplicial circle. Then the higher hochschild
homology in this case is classical hochschild homology.

HHo (S, A) = HH4(A)
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This leads to the following generalization of the HKR theorem (Theorem 6.1.5).

Theorem 7.3.4 (Pirashvili 2002). Assume A is a smooth k-algebra. Let X =S¢
be the simplicial n-sphere with d > 1. Then there is a natural isomorphism of
graded commutative algebras

HH,(S9,A) = Sym , (ngmm{d]) .

We may consider HHq(—, A) as a homology theory of spaces with coefficients
in commutative algebras. This leads to the question of whether or not this is
a stable homotopy invariant of X, that is, if for two spaces X and Y we have
IX=1Y,is HHe (X, A) = HH. (Y, A)?

The answer to this question is yes, but only so long as A is smooth. In
general, the answer is no [ ].

7.4 Homotopy Theory of Simplicial groups

Let Group be the category of groups, and sGroup the category of simplicial
groups I': A°° — Group with
di: T — 1 face maps

$j: 'n — Thy1 degeneracy maps
Definition 7.4.1. The Moore complex of a simplicial group is the complex

do

(NIMyi=| -+ —— NI NI

where o
(NIMNy = ﬂ ker(di: Th = Th1)

i=1

We have that dg o dg =0, so this is indeed a complex.

This defines a complex of not-necessarily abelian groups. We further define

(I = kelr(d())/im(do)

In general these are not groups, but spaces of left-cosets with an action of the
group. But in many interesting cases, 7, (I") are groups.
Let’s consider an example where this was used.

Example 7.4.2. Let M be a manifold (or more generally, any topological space).
The configuration space of n-ordered points in M is

Conf, (M) = {(xo,...,xn_1) EMX - X M| Xy # %5 wheni;ﬁj}
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There are maps

pi: Conf, 1 (M) —— Confy (M)

(X0, Xn) —— (X000 Xise e e Xn)
From these maps, we have induced maps on the fundamental groups:
di := (pi)«: m (Confy 1(M)) — 771 (Confn (M))

We define a semi-simplicial group (it doesn’t have degeneracy maps)
Cont(M)™* = {m (Cont1(M)), 4
n>0

Although this is only semi-simplicial, we may still define it’s Moore complex
because the Moore complex doesn’t consider degeneracy map.

Then we can ask about 7. (Conf(M)™). The following theorem provides a
partial answer for the 2-sphere.

Theorem 7.4.3 (Berrick, Cohen, Wong, Wu 2008). If M = S2, then
7n (Conf(S%)™) = 7 (S?)
foralln > 4.

Definition 7.4.4. A simplicial group Iy = {I'n}n>0 is semi-free if there is a
subset B,, C I,y for each n, such that

(a) T, is free on By, foralln > 0, and
(b) B :=Un>0 Bn is closed under degeneracy.

The second condition here simply states that s;(Bn,) € B4 7 foralln >0
and all j. Write By, for the set of non-degenerate generators of I,

n—1

Bn:=Bn\ U Sj(Bn71 ).
j=0

Recall that sSety C sSet is the full subcategory of reduced simplicial sets,
i.e., those X € sSetg such that Xy = {x}.

Definition 7.4.5. The Kan loop group construction assigns to each reduced
simplicial set X a semifree simplicial group GX, where (GX)n, has the presenta-
tion:

(GX)n == Kni1 Iso(x) =1Vx € Xq).

This construction is a functor G: sSety — sGroup.
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We write B, = X1 \ s0(Xn), and the inclusion B, — X; induces an
isomorphism between (GX)n and the free group on B,.
The face and degeneracy maps of GX are as follows.

. s?x is induced by s]x;

o df¥Xisinduced by dﬁr] for alli > 0;

° dg’x: (GX)n — (GX)n—1 is given by

d§X(x) :==d; (x) - do(x) .

Definition 7.4.6. The Kan construction is a pair of adjoint functors

T o
G: sSety 1 sGroup: W
7’\_/

W is called the (simplicial) classifying space functor which is determined by
WT = BT, where I is a discrete simplicial group.

Theorem 7.4.7 (Kan 1958). The adjunction G - W is a Quillen equivalence, and
moreover G preserves cofibrations, W preserves fibrations, and both G and W
preserve weak equivalences.

To say that an adjunction is a Quillen equivalence is to say that induces an
equivalence on the homotopy categories.

Recall that Ho(sSet) ~ Ho(Top) via the adjunction | — | 4 §. This descends
to an equivalence Ho(sSety) ~ Ho(Top, ;) between the homotopy category
of pointed simplicial sets and that of pointed, connected spaces, given by the
adjunction | — | 4 ES. Here ES is the Eilenberg singular complex functor

ES(X) := {f € Homrop (A™, X) | f takes all vertices to the basepoint}

The conclusion of all this is that we may use simplicial groups to model
(pointed connected) spaces.

7.5 Representation Homology

The material in this section is due to Berest, Ramadoss, and Yeung [ ].
Recall the prop G of finitely generated free groups. The objects of G are the
free groups of order n, and morphisms are group homomorphisms. We saw
that
Alg, (G) = Fun® (G, Vecty ) = CommHopfAlg, .
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We also defined an affine algebraic group scheme as a representable func-
tor G: CommAlg, — Group, sending A to G(A) = HomCOmmAlgk((’)(G),A),
where O(G) is the coordinate ring of G. We see that O(G) is a commutative
Hopf algebra with coproduct dual to the multiplication G x G — G.

Example 7.5.1. The general linear group is an affine algebraic group scheme
G = GL,: CommAlg, — Group, sending A +— GL,(A). Then we have
O(G) = klxij, det(xi;) 1.

Given a commutative Hopf algebra H, consider the functor H: G — Vecty
that sends the free group Fn to H®™. We may include G into the category
FGr of free groups (T, S) such that I' = (S). Morphisms in FGr are all group
homomorphisms (so may not necessarily preserve the generating set).

Take the left Kan extension H = Lan;(H).

g L CommAlg,

e
I s
- H

FGr ’

Definition 7.5.2 ([ ]). The representation homology of a reduced simpli-
cial set X with coefficients in H = O(G) is

HR. (X, G) := H, (NE(GX)) = m,H(GX)

!

AP EX, FGr —— CommAlg,

Fact 7.5.3. We have that
HRo(X, G) = k (Repg (m11X], *)
We can relate the representation homology back to Hochschild homology.
Theorem 7.5.4 ([ ]). For any simplicial set X € sSet,
HR.(2(X4), G) = HH. (X, O(G))

Here, X4 = X U {*}is X with an artificially added basepoint. The simplicial
set X, is defined so that [X|; = [X|.
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Chapter 8

Quillen Homology

8.1 Model Categories

Definition 8.1.1 (See [ ). A model category C is a category with three
distinguished classes of morphisms:

(1) weak equivalences (WE), with arrows decorated with a tilde (—)
(2) fibrations (Fib), with arrows decorated with two heads (—)
(3) cofibrations (Cof), with arrows decorated by a hook (—)

these classes satisfy five axioms, (MC1) - (MC5).

(MC1) Chas all finite limits and colimits. In particular, C has initial and terminal
objects.

(MC2) Letf: A — B and g: B — C. If any two of f, g and gf are weak equiva-
lences, then so is the third.

(MC3) All three classes WE, Fib and Cof are closed under taking retracts.

(MC4) Consider the diagram
A— X

R
£ lg

B——Y

with f € Cof and g € Fib. If either f or g is in addition a weak equivalence,
then there exists h: B — Y making the diagram commute.
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(MC5) Any morphism X LA may be factored in two ways: either as a fibra-
tion followed by an acyclic cofibration (weak equivalence that is also a
cofibration)

A,

X QA

or as an acyclic fibration (weak equivalence that is also a fibration), fol-
lowed by a cofibration

X «——5 RX — A.

Here, QA is a cofibrant object in C (i.e. © — QA is a cobibration) and RX
is a fibrant object in C (i.e. RX < * is a fibration).

Remark 8.1.2. In practice, a model category C is usually fibrant or cofibrant —
all objects are either fibrant or cofibrant.

Definition 8.1.3. The homotopy category of a model category C is the category
in which we formally invert all weak equivalences; Ho(C) := CIWE~'"]. This
comes with a canonical map yc: C — Ho(C).

There is a canonical functor y: C — Ho(C) called the localization functor.

Remark 8.1.4. There is another approach to homotopy theory using homotopy
categories instead of model categories, which only has one axiom. But it's very
hard to use in practice; see [ ].

Example 8.1.5.

(a) Let A be an associative k-algebra. Let C = Com(A) be the category of
chain complexes of A-modules. There are two model structures on C:
the projective and injective ones. The injective structure is dual to the
projective one, so we only describe the projective model structure.

In the projective model structure:
o the fibrations are morphisms f.: My — N, such that f,, is surjective
for all n.

o the cofibrations are fo: Mo — N, such that f;, is injective for all n,
and coker(f: My — Ny ) is a projective A-module.

o weak equivalences are quasi-isomorphisms of complexes.

Here the zero object (both initial and terminal) is the zero complex. Com(A)
is fibrant: K, — 0 is always surjective. An object P, is fibrant if Py, is a
projective A-module.

(b) dgAlg,, dgLie, , dgCommAlg, are all model categories, when the char-
acteristic of k is zero.
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e The weak equivalences are quasi-isomorphisms of DG-algebras.

e the fibrations are degreewise surjective homomorphisms of DG-
algebras.

o the cofibrations are (retracts of) semi-free-extensions of DG-algebras:
amap f: A — B is a semi-free-extension if there is an isomorphism
of the underlying graded algebras between B and the coproduct of
A and a free algebra. In the case of dgAlg, , for example, we get
By = Ay L T V.

(c) If C (= Set, Group, Alg,, Cat) is a category, then simplicial objects in C
forms a model category sC = Fun(A°P, C), with the model structure as
follows.

e weak equivalences are weak homotopy equivalences: f: X, — Y,
that induce homotopy equivalences on the geometric realizations:
i T ([Xel, x0) = i (Yel, f(x0)).

e cofibrations are degreewise injective maps f: Xo — Y.

o fibrations are determined by the weak equivalences and cofibrations

Remark 8.1.6. The homotopy category of the category Com(A) is equal to the
derived category of complexes; Ho(Com(A)) = D(Com(A)). Therefore, we
think of Ho(dgAlg, ) as the nonlinear analogue of the derived category.

Similarly, we have Ho(sSet) = Ho(Top), and for any commutative ring k,
Ho(sAlg, ) = Ho(dgAlg, ).

Given a functor F: C — D between two model categories, how can we
get a functor between their homotopy categories? F doesn’t induce a functor
Ho(C) — Ho(D) unless F preserves weak equivalences. The idea, however, is
to approximate the non-existent induced functor using Kan extensions.

Definition 8.1.7. Given a functor F: C — D between two model categories C, D,
the left-derived functor of F is the right Kan extension of F along yc: C —
Ho(C).

T
i\/c -
--7 LF=Rany. (YpoF)

Definition 8.1.8. The left-derived functoris a pair (ILF, t) of LFcolon Ho(C) —
Ho(D) with a natural transformation t: LF oyc = yp o F such that for any
other pair (G, s) with G: Ho(C) — Ho(D) and s: Goyc = yp oF, thereis a
unique s: LFoyc = Goyc suchthatt =so5.
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There is similarly a definition of a right-derived functor. This is the left Kan
extension, instead of the right one.

Theorem 8.1.9 (Adjunction theorem). Given a pair of adjoint functors F 4 G
between model categories C and D such that F preserves cofibrations, or equiv-
alently G preserves fibrations, then ILF 4 RG.

8.2 Quillen Homology and Cyclic Formalism

Recall that for a unital associative k-algebra A we defined the universal DG-
algebra of noncommutative differential forms (Q°®A, d), and showed that Q°(A) =
TA(Q'(A)).

If we try to define the de Rham cohomology naively, as the cohomology of
Q°*(A), we only get trivial things.

Proposition 8.2.1. For any associative k-algebra A

k n=0

Proof. For n > 1, there is an exact sequence

0 —— do™T(A) 25 o(A) 45 a0™ —— 0 0O

w— 1w

So how do we extract from (O°(A) some interesting homological information?
There are two different answers to this question: the Quillen homology (a simple
way of looking at homology) or the cyclic formalism of mixed complexes (due
to Connes, Quillen, Kassel, Tsyzan, ...). Quillen homology appears in Chapter
Vof [ 1.

Quillen homology can be defined in any model category, and recovers the
usual homology for many algebraic structures.

Definition 8.2.2. If C is any category, we may define an abelian group object
A € Ob(C) such that the functor Homc(—, A): C — Set, represented by A
factors through the category of abelian groups.

This says that for all B € Ob(C), Hom¢(B, A) is an abelian group and for
any f: B — B’ € Mor(C),

f*: Hom¢(B’,A) — Hom¢(B,A)

is a homomorphism of abelian groups.
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Proposition 8.2.3. Let C be a Cartesian category (i.e. C has all finite products
and a terminal object E € Ob(C)). Then A € Ob(C) is an abelian object if C if
and only if there are morphisms

m:AxA—= A (product)
i:A—0A (inverse)
e:E— A (unit)

such that the following diagrams commute.

id
AxAxA Y A A
lm lm (associativity)
m

AXA —— A

id,! id
AxE 9 A a MY Ega

m (unit axi )
X % / unit axioms

id,id
A A A

(inverse axioms)

(commutativity)

Exercise 8.2.4. Prove the previous proposition.

Definition 8.2.5. If C is a category, we denote by C,}, the category of abelian
objects in C. This comes with the inclusion functor i: C,, — C which is faithful
(but not in general full).

Example 8.2.6.
(a) If C = Set, then C,, = Ab = Z-Mod.
(b) If C = Group, then C,, = Ab. Here i: Ab — Group is fully faithful.
(c) If C = sSet then C,, = sAb.
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(d) If C = Liey, then C,, is the category of abelian Lie algebras, i.e. Lie
algebras with trivial bracket. Indeed, if a is an abelian Lie algebra, then
for any Lie algebra g,

Homyie (g, a) = Homyje (9/ (o,0)/ a) = Homy (g/ (9,017 a)

(e) If C = Alg, (or dgAlg, orsAlg, ), then C,, = {0}; there is only one abelian
object in this category. Similarly for commutative algebras.

Let C be a model category and let C,, be the category of abelian objects.
Assume that i: C,, — C has a left adjoint, namely

Ab
/>
C 1 GCyp
~—
i

Assume that C,j, also has a model structure and that the adjunction Ab H1iis a
Quillen adjunction. Then we also have an adjunction

IL Ab

HO(C) 1 HO(Cab)

Definition 8.2.7. The Quillen homology in C is (the homology theory as-
soicated to) the derived abelianization functor IL Ab: Ho(C) — Ho(C,p).

In practice, to compute the Quillen homology, we use the fact that for all

objects X of C, L Ab(X) = Ab(QX), where QX — X is the cofibrant resolution
of Xin C.

Remark 8.2.8. If C is an “algebraic” category, then C,y, is an abelian category
with a (small) projective generator P € Ob(C,,) such that C,, = End(P)-Mod.
We denote Z(C) := End(P), and call it the ring associated to C.

8.2.1 Quillen Homology of Simplicial Sets

Example 8.2.9. If C = sSet, then C,, = sAb. Given a simplicial set X,, the
abelianization is given by the simplicial abelian group ZX,; which at level n is
the free abelian group ZX,, generated by the set Xy,.
Since sSet is cofibrant, then we may take QXo = X, for all simplicial sets X,
that is,
L Ab(Xs) = Ab(X,e) = ZXa.

Recall that | —|: sSet — Top has a right adjoint the singular complex functor
S: Top — sSet, given by S(Y)n, = Homrep (A™,Y)
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Then
7 (L Ab(S(Y))) = 7. (Ab(S(Y))) = Hi (N(ZS(Y))) = H«(Y, Z),
where N(ZS5(Y)) is the Dold-Kan complex of the simplicial abelian group ZS(Y).

Remark 8.2.10. In this case, sAb (and sGroup) is a fibrant model category by
a theorem of Moore (every simplicial group is a Kan complex in sSet, and
therefore fibrant). Hence, Ri(A.) = i(RA.) = i(A.) for any simplicial abelian
group A.

Example 8.2.11. Let C = s Group and then C,, = sAb. Then for a simplicial
group T, the abelianization functor takes the abelianization at each level:

Ab(N)n = (M)ap = ™/ 1l
If G is a group, let’s think of G as a discrete simplicial group. Then
L Ab(G) = Ab(QG)

where QG —» G is the cofibrant replacement of G. We may assume that e = QG
is a semi-free simplicial abelian group.

Theorem 8.2.12 (Quillen). For alln > 0, there are natural isomorphisms
L Ab(G) = Hy y1(G; 2)

Sketch. Recall that He(G;Z) := He(BG), where BG is the classifying space of G.
Let’s apply the functor B: Group — sSetto I'n = QG.. This gives a bisimplicial
(free) abelian group

I'=2Z(B.ly¥) = {Z(B‘prq)}P,QZO'

There are two filtrations comping from the two different simplicial degrees,
giving rise to two different spectral sequences. The E' page of the first sequence
is the following;:

Z q=0
"B} =Hq(BIp) = Hq(Mp, Z) = <1 /[T, Tl q =1
0 q>1

mpILAb(T") q =1, anyp
2
"B q=12 p=q=0

0 otherwise
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This sequence converges to

n=0

IH“(TOt(ZB'r'))_{n LAb(T) n> 1
n—1 [

The second spectral sequence has first page:

ngr _ [ZBG p=o0
0 p #0.

Then this converges to
"H, (Tot(ZB4T.) = Hn (BG)

for all n. Therefore, comparing the two expressions for the homology of the
total complex, we obtain the desired conclusion.

TnIL Ab(T') = H,, 1(G; Z) O

8.2.2 Quillen Homology of Algebras

Example 8.2.13. Let k be a commutative ring and consider the category Alg,
of k-algebras. Then there is only one abelian group object: (Alg, )., = {0}
Fix A € Ob(Alg, ) and consider C := Algy/,  whose objects are algebra maps
¢: B — A with codomain A and morphisms are commutative triangles

B—f B

N

Given M € Bimod(A), recall we defined the k-algebra Ax M = A& M
with
(a1, mq) - (az, m2) = (a1az, aymz +myaz)

This comes with a projection 7t: A x M — A, making 7t an object of C.
Moreover, this construction is functorial in M, giving a functor

A X (—): Bimod(A) —— Alsi/,

M—— AXM

Lemma 8.2.14. This functor is fully faithful, with essential image being C,y,.

Proposition 8.2.15.
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(a) The functor A x (—) is fully faithful, with essential image being C,,
(b) A x (—) has left adjoint

Ql <(_)/A) : Algk/A — Bimod(A)
¢ 1
(BHA) — AcpQl(B)@s A
Proof.
(a) There are inverse functors given by

Homgimoa(a)(M,M/) —— Hompjg, /A (A X M, A x M)
f (id, f)

glm ¢

Therefore A x (—) is fully faithful.

Letf € HomAlgk/A (B/A,Ax M/A). Then f: B — A X M is an algebra
map such that

B\‘—‘/>A|><M

commutes.

(b) If we write f = (fo, D) with fo: B — A and D: B — M, then this diagram
tells us that fo = ¢, and f is an algebra homomorphism if and only if
D is a derivation D: B — Mg, Since fj is determined by ¢, then f is
determined by the choice of D.

Hence,
Homyjg, /A (B/A, AKM/A) = Dery (B, sM¢)
= Homae (O}(B), Homae (reAfe, M)
= Hompe (Ae ®pe Q]L(B),M)
= HoMpimod (A (A ®p Q' (B)®p A, M)

The second line follows from Lemma 6.6.11. All of these isomorphisms
are natural, so this shows that A x (—) is right adjoint to Q] (—/A).

O

113



Quillen Homology and Cyclic Formalism 19 April 2017

Hence we have the setup for Quillen homology for algebras.

Alg, /A L Bimod(A)
Ax(—)

Definition 8.2.16. A right DG-module M over a DG-algebra A is a DG-vector
space (M*®, dpm ) which is a graded A-module:

dm(m-a)=dmm)-a+ (—1)™m-da(a).

Let dgAlg, be the category of DG-algebras over k, and dgBimod(A) the
category of DG-bimodules over a DG-algebra A.

Remark 8.2.17. If C is a model category, and A € Ob(C) is fixed, then C/A has
a model structure where

B— B

N

is a weak equivalence, fibration, or cofibration in C/A if and only if f is a weak
equivalence, fibration, or cofibration in C.

Consider the category Mor(C) = C{*~*) with objects all arrows in C and
morphisms commutative squares. This also has a models structure coming from
C.

In general, if I is a small (or even finite) category, then C! = Fun(I, C) does
not inherit a model structure from C. Butif I={e «— ¢ — o}, I = {0 — @ o},
orI = AorI= A°, then C! does have a model structure.

Lemma 8.2.18. The adjunction
Ql(—/A): dgAlg, /A = dgBimod(A): A x (—)

is a Quillen adjunction.
Proof. By the basic axioms of model categories, the following are equivalent:
(1) Fpreserves cofibrations and G preserves fibrations,

(2) Fpreserves cofibrations and acyclic cofibrations,
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(3) G preserves fibrations and acyclic fibrations.

The third one is clear in our case. Therefore,

LQJ (*/a): Ho (Algk/A) — Ho(dgBimod(A)): A x M

How do we compute ILO_J< (7/a)?
LOL (T/A) = A®qe Qr(QB) ®gp A
where QB is a fibrant resolution of B.

QB — B

o S

Definition 8.2.19. The noncommutative cotangent complex of A is

LA =Ly (A/A>
where A/5 =ida: A — A.
In particular,
LA =A®ga QL(QA)®qa A € Ho(dgBimod o) = D (dgBimod(A))
Example 8.2.20. If A = k[x,y], then QA = k(x,y,t | dt = [x,yl]). Then
Lie\kixyl = kDYl @y ,1) @ Q' (k(x,y,1)) O (xy,t) @ kXYl
What kind of homology theory does this give?

Theorem 8.2.21. For an ordinary ¢: B — A in Alg,,

(il (1) - {21

TorEH (ALA) n>1

This is called André-Quillen Homology.
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8.3 André-Quillen Homology

Recall from Remark 8.2.8 that if C is an “algebraic” category, then C,, is an
abelian category with a (small) projective generator P € Ob(C,,) such that

C.p = End(P)-Mod. We denote Z(C) := End(P), and call it the ring associated
to C.

Example 8.3.1.
(a) C = Group, then C,, = Ab = Z-Mod, and Z(C) = Z.

(b) If C = LieAlg,, then C,, = AbLieAlgy = Vecty = k-Mod. Therefore,
Z(LieAlg, ) = k.

(c) If C = Alg,, then C,, ={0}, so Z(Alg, ) = 0.

(d) Fix A € Ob(Alg, ) and let C = Alg, /A be the category of ring homo-
morphisms whose codomain is A. Then C,, = Bimod(A) = A®-Mod.
Therefore, Z(Alg, /A) = A QAP = A€,

Recall the adjunction
Ql(—/A)
3
Algi/» | Bimod(A) (8.1)
Ax(—)

where the left adjoint is defined by
ol (H/A) . Alg/, . Bimod(A)
(B i}A) —— A Q'(B)®g A

Let C be a model category, and consider the adjunction Ab: C = Cy,: 1.
This is a Quillen adjunction, which implies that we may approximate these
functors by derived functors and get an adjunction on the level of homotopy
categories:

L Ab
T
Ho(C) | Ho(Cyp)
~_ _—
Ri
Now replace in Eq. (8.1) the categories by their DG-analogues. Then we get
an adjunction
Ol (—/A)
>
dgAlg, /| dgBimod(A)
K_/
Ax (=)
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This gives an adjunction on the level of homotopy categories by the above
discussion.

LOJ (—/A)
/\
Ho (dgAlgk/A) | Ho(dgBimod(A))

Ax(—)
where
Lol (/a) = 0 (**B/4) = Aos OLQB) ©qs A
for some cofibrant replacement QB of B. We write
QB/, .= QB >B % A.
Theorem 8.3.2. IfB/5 € Ob (Alg, /A) C Ob(dgAlg, /A), then
Ql(B/a) n=0
TorEH (ALA) n>1.
Proof. Let Q := QB be fixed. Consider its bar complex

Lyl (B/A) = H, (A ®08 OL(QB) ®op A) = {

BQ = {m—>Q®Q®2®Qb—,>Q®Q®Qb—,>Q®Q—>O} Q
Recall that Q] Q = ker(Q ® Q 2, Q). Therefore,

(t=1BQ)[-1] - O1Q

where for alln > 0,

(TEIBQ)[*”n = (T21BQ)n+1 =0Q® Q®n ® Q.

By applying the functor A ®q(—) ®q A to this quasi-isomorphism, we get the
resolution of A-bimodules

—1 =5 Q) (QB

A@qr=1BQI-©Q A —— 0l (/a)

The left hand side is the complex
{---—)A@Q(@Z@A%A@Q@AHO}

If m: QB — B is the acyclic fibration between B and its fibrant replacement,
apply it to the above complex as follows:

[ — 5 AQQ¥2ZQA — AQQ®A — o]

M@m@n@ﬂ ‘1@7[@1

[ — > A®B¥2®A —— A®B®A —— 0]
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The vertical arrows together define a quasi-isomorphism. This second line is
more concisely expressed by the following:

A® (121BB) 1] ® A

Taking the homology of this complex gives us what we want. O

Corollary 8.3.3. In particular, if */ 5 is the object A ida, A, then by the theorem,
LG = LQ} (Ma) = 0k(A)

forany A € Ob(Alg, ).

Definition 8.3.4. We call IL]]:'\% the noncommutative cotangent complex of A.

Fix a commutative ring k and let A be a commutative k-algebra. Let C =

CommAlgk/ A De the category of commutative algebras over A. Then Cp, =
Mod-A. Here, we have an adjunction

Qlomm(—/A) 4 A % (=).
The left-adjoint is given by
(B A) — A Qlpm(B).
The right-adjoint is given by the k-algebra A x M with multiplication
(a1, mqy) - (az, mz) = (araz, aymz + azmy).

Now replace CommAlg, by dgCommAlg, or sCommAlg, (although we
must choose simplicial commutative algebras when the characteristic of k is not
zero). Then Ho(dg Mod-A) = D(Mod-A) is the usual derived category, and we
have an adjunction of derived functors

LO o (—/A) 4 A K (—)

Definition 8.3.5 (Grothendieck, Illusie). The cotangent complex of an affine
scheme Spec(A) is

LA = LQ)mm(ida) € D(Mod-A)
Definition 8.3.6 (André,Quillen).

(a) The André-Quillen homology of A is

Dg(K\A) i= Hg(Lin ) = Hg (A @A Olomm(QA))
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(b) If M is an A-module, then the André-Quillen homology of M is

Dy (K\A, M) := Hy (ILk\A A M)

Theorem 8.3.7 (Quillen). Suppose A is a finitely generated k-algebra. Then A is
(formally) smooth if and only if L\ o =~ Qlimm(A) (&= Dq(k\A) = 0 for all
q > 1)and Q.. (A) is a projective A-module.

Remark 8.3.8. The theorem also characterizes formally smooth algebras in
Alg, because QL(A) is a projective (A, A)-bimodule if and only if A is formally
smooth.

8.4 Automorphic Sets and Quandles

For references for this section, see [ , ]. To make things confusing, we
will follow the definitions from [ ] but use the notation of [ ].

Definition 8.4.1. A non-empty set R is called automorphic (or a rack) if there
is a binary operation on R

>:RxR —— R

(¢ y) —— x <y
such that {x = x> —: R — R is an automorphism of (R, >>).
Equivalently, we can restate this as follows:
(R1) £x: R — Ris a bijection for all x € R, and
(R2) €x(y>z) =4Lx(y) > Uk(z) forall x,y,z € R.
This second condition says that the operation > is self-distributive:
x> (y>z)=(x>y)> (x> z).
Given a rack (R, I>), define a new operation

> T:RxR —— R

(xy) — & (y) =x>"Ty.

Definition 8.4.2. Thus, a rack is a tuple (R, >, >—1) where >, > 1: Rx R — R
such that

R1) x> (x>""Ty)=x>"" (x>y) =yforallx,y € R.
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R2) x> (y>z)=x>y)> (x> 2).
We may also rewrite self-distributivity as
beoly =Ly, (y) o by
which is occasionally useful.

Example 8.4.3. Let G be a group, and define

>:GxG —— G

(x,y) —— xy>F1

This is called a conjugacy rack.
Remark 8.4.4. Let Rack be the category of racks. Then we have an adjoint pair
Gr
Rack /L\) Group
\Co_nj/
(R,>>) —— Gr(R) := (R xyx~ ' =x<y)
Example 8.4.5. An alternative way to look at racks is crossed G-sets or aug-
mented racks: consider quadruples (X, G, p, @) where
e Xis a nonempty set,
e Gisa group,
e p: G — Aut(X) is a left action of G on X, and
e ®: X — Gisan anchor map,

satisfying @(g - x) = g®(x)g~'. Every such quadruple gives the data of a rack
via
XXX — X

(x,y) —— ©(x) -y

> X x X —— X

(y) — O(x) "y

We should verify that this satisfies the rack axioms (R1’) and (R2’). This is easy
to check.

Notice that @ is a rack homomorphism X — ®, where G has the conjugacy
rack structure. @ is commonly called the augmentation.

120



Automorphic Sets and Quandles 24 April 2017

Example 8.4.6. Conversely, given a rack (R, >), define Aut(R) as the automor-
phism group of (R, >) and let [Aut(R) be the inner automorphisms of R.

[Aut(R) := (&x € Aut(R) | x € R) C Aut(R).

Define also
C(R):=(d € Aut(R) | poly =Ll o dVx €R)

Then this defines a crossed G-set (R, G = [Aut(R), p, &) where p is the natural
action of G on R and ¢(x) = £y for all x € R.

Theorem 8.4.7. These two constructions in Example 8.4.5 and Example 8.4.6
define an equivalence of categories Rack ~ C°, where C is the category of
crossed G-sets and C° is the full subcategory with objects (X, G, p, &) such that
p is faithful and im(¢) generates G.

Definition 8.4.8. The free rack on a nonempty set X is a rack R(X) with a set
map j: X — R(X) satisfying the universal property

A model for a free rack is defined as a crossed G-set
R(X) = F(X) x X
where F(X) is the free group on X and the action is
F(X) x R(X) — R(X)
v, (e, x) —— (ve, x)

with
O: R(X) —— F(X)

(o, x) — axa .

Example 8.4.9. Consider R{x} = F(x) x {x} = F{x} = Z. An element (x™,x) €
F(x) x {x} corresponds to n € Z. Then the rack operation is given by

(x™,x) > (x™,x) = (x™1 x)

Hence, Z is a rack with operation >: Z x Z — Z, n>m = m + 1. This does
not depend on n.
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Definition 8.4.10. The torsion of a rack (R, >) is a map

Xx:R —— R

X — XD>X

Fact 8.4.11. x € C(R), meaning x(x >y) = x(x) > x(y) forall x,y € R.

Remark 8.4.12. x defines an automorphism of the identity functor of Rack, and
the center of this category Z(Rack) is generated by .

Definition 8.4.13. A Quandle is a rack with trivial torsion (x = idg).

Proposition 8.4.14. Let

Q) ="

(o, x) ~ (06, x) > (o, %)
The equivalence relation ~ is compatible with > on R(X)

(a,%) ~ (a,x) and (b,y) ~ (by") = (a,%)5> (b,y) ~ (a’,x) > (b',y")
and the quotient set Q(X) becomes a quandle which is the free quandle on X.
Proposition 8.4.15. Q(X) is the union of conjugacy classes of elements x € F(X).

Example 8.4.16. Let V be a finite-dimensional R-vector space and (—,—) a
nondegenerate symmetric bilinear form on V. Then for each nonzero x € V,
define reflection s through the hyperplane perpindicular to «

Sq: V — V

2(o,x)

x X To)

A (non-crystallographic) root system in V is R C V' \ {0} such that
1) IRl < o0
(2) s(B) € Rforall o, B € R.

The coxeter group of R C Vis W(R) = (s« | « € R). It is always finite
when R is a root system.
A root system is a finite automorphic set with

D:RXR — R

() — s«l(PB)

Inthiscase, X =R, G=W(R), D: > $«.
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Definition 8.4.17. A knot in R3 (or $3) is a smooth embedding ST — R3 (or
S$3).

A diagram Dy of a knot K is a projection of a knot onto a plane in R® which
is regular in the sense that each point in Dy has at most 2-preimages; these
should be transverse in the diagram.

Points with two preimages are called crossings; let Cross(D ) be the set of
crossings of the diagram.

Call the connected components of Dk \ Cross(D ) arcs; the set of these is
Arc(Dy).

Definition 8.4.18. The knot group 7(K) of a knot K is the fundamental group
of the knot compliment: 7t(K) := m; (R3\ K).

Joke 8.4.19 (Life Advice). We are like cars. In order to go fast, we must first
warm-up.

Definition 8.4.20 (Joyce 1980). The knot quandle QK of the knot K in R3 with
regular diagram Dy is defined by the coequalizer

coeq <Q<Cross(DK)> $ Q(AI‘C(DK)>>

where the top map f takes a crossing c to x >y and the bottom map g sends a
crossing c to z.

X y

/
/

z

A crossing c.

Proposition 8.4.21 (Joyce). Gr(QK) = 7n(K), where 7t(K) is the knot group of X,
and Gr is as in Remark 8.4.4.

Proof. Gr maps the presentation of QK to the classical Wirtinger presentation
—1
zZ=xyx '. U

8.4.1 Topological Interpretation

Let C be a category of triples (X, Y, x) where X is a topological space, Y C X
is a subspace, and * € X\ Y. A morphism f: (X,Y,x0) — (X’,Y’,x() is a map
f: X — X' such that 1 (Y’) = Y and f(xg) = x}.

Define (D, {0}, z9) € Ob(C) as follows:
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e zo € Rwithzy > 1.

e D is the union of the unit disk in the complex plane C with the line
connecting 0 and zo. This set is called a noose.

D

20

Define for every (X, Y, x) the homotopy classes of maps into (X, Y, *) from
the noose (D, {0}, zo).

A(X,Y,*) == [(D,{0},z0), (X, Y, *)lho(c)

There is a natural action of 711 (X\ 'Y, %) on A(X,Y, ) given as follows. If [f] €
A(X,Y, x) is represented by f: D — X, then fory € ;1 (X\ Y, %), y(f): D — X is
defined by mapping I C [1,z] by y and the rest by restriction and reparameter-
ization of f.

The anchor map ¢: A(X,Y, *) — 1 (X\ Y, %) is given by

(I)Z fi— ﬂaf)
Then (A(X,Y, *), 1 (X\Y, %), d) is a crossed set. Then the associated quandle
(A(X,Y, ), 1>)

is called the fundamental quandle of (X\Y, ).
Now take a knot K C R? and apply this construction. We get a map

®: A(R3, K, ) —P 711 (R3\ K, %) —2s H;(R3\K;Z) = Z

The latter map is the abelianization map, taking a meridian m of the knot
compliment to a generator m of Hy.

Proposition 8.4.22 (Joyce). QK = @' () is a subquandle of the fundamental
quandle of K.

Theorem 8.4.23 (Joyce). QK is a complete knot invariant.

Remark 8.4.24. QK is a complete knot invariant, whereas 7t(K) is not!
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8.4.2 Quillen Homology of Racks

We want to construct an abalianization functor for racks and quandles, and
compute Q(QK).

Definition 8.4.25. The Alexander module My is a Z[t*']-module associated
to the knot K.

Theorem 8.4.26 (Joyce). Q(QK) is isomorphic to the classical Alexander module
of K.

Definition 8.4.27. An abelian rack is an abelian object in Rack, or equivalently
a rack object in Ab.

Explicitly, M is an abelian object in Rack if and only if
(1) M has the structure of an abelian group (M, +,0); and
(2) >: M x M — M is a homomorphism of abelian groups.
The latter of these two conditions says that
>((m,p)+(n,q)) = >(m,p) +>(n,q)
forall m,n, q,p € M, or equivalently
(m+n)>(p+q)=(m>p)+(neq).
In particular, we have an automorphism of M

aM — M
x —— 0> x

and an endomorphism of M

eM — M
X —— x>0

Therefore,
x>y=x+0)>(0+y)=x>0+0>y = ¢e(x) + a(y).

Hence, «, ¢ completely determine the rack operation I>. Moreover, x and &
commute:

e(x(y)) =e(0>y)=(0>y)>0=(0>y)>(0>0) =01 (y>0) = afe(y))
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Theorem 8.4.28. The category of abelian racks is isomorphic to the category of
modules over the ring

Z[t, el
A= e/<ez—e(1—t)>.

Proof. It is easy to show that every A-module has a rack structure

>M —— M

(x,y) —— ex+ty.

Let’s check — it’s clear that [> is a homomorphism of abelian groups, but we
need to check

by >z) = b (y) > Ux(2)

The left hand side is
U (y > z) =(ey +tz)
= ex + t(ey + tz)
=ex+tey + t?z
The right hand side is

U (y) > Ui (2) = (ex+ty) > (ex + tz)
=e(ex+ty) + t(ex + tz)
= (e? +te)x + ety + t°z

Since e2 — e + te = 0, these coincide.
Conversely, Let M be an abalian rack. Note that for all x € M,
e(x) =x>0=x>(0>0)
=(x>0)> (x>0)
=e(x) > e(x)
= (e(x) > 0) + (0> g(x))
=2 (x) + ae(x)
Therefore,
2 +xe—e~0

in an abelian rack M. Then as before, we have ex = ae and €2 — (1 — «)e = 0.
Hence, M is an A-module. O

Corollary 8.4.29. The category of abelian quandles is equivalent to the category
of modules over Z[t*1].
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Proof. Recall that Quandles are racks (R,>) such that x > x = x. By Theo-
rem 8.4.28,
Quandle,, C Rack,, = A-Mod.

So any abelian quandle M is an A-module, where A is as in Theorem 8.4.28.
Moreover, for all x € M,

x=x>x=ex+tx — (e+t—1)x=0.
Now define f: A — Z[tT1] by

Azt

t—— t
e —— €.

Then f,: Z[t*']-Mod — A-Mod induces the inclusion of Quandle,, into
Rack,,. O

Corollary 8.4.30. The inclusion functor i: Rack,, — Rack has left-adjoint
(abelianization) given by

Q: Rack —— Rack,, = A-Mod

ZR

(R, B>) — (x>y=-ex+ty)

Similarly, for quandles, we have

Q: Quandle —— Quandle,, = Z[tt1]-Mod

z
Q) — Q/(x|>y = (1—t)x+ty)

Now we want to apply this to knots. Recall that for a knot K in R or S3, we
defined the knot quandle QK as a coequalizer in Definition 8.4.20.

f
coeq <Q<Cross(DK)> _— Q(ArC(DK)>>
g
It is convenient to define the knot quandle this way because we want to apply
Q toit, and Q is a left-adjoint functor so preserves colimits.

Proposition 8.4.31. For any knot K, with diagram Dy,

0(QK) = coker (Z[ti1]<Cross(DK)> — Z[ti]KArc(DK)))

C (T—t)x+ty—z
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Proof. Since Q is a left adjoint, then Q) preserves colimits. In an abelian category,
the coequalizer of f and g is the cokernel of the difference f — g. O

Example 8.4.32. Let K be the trefoil knot. Then

Q(QK) = coker | Z[tt1®3 Z[tt®3

+1

Remark 8.4.33. It’s interesting to compare this with groups. In that case, the
functor Q: Group — Ab is the usual abelianization functor. Applying this to
the knot group K = Gr(QK) gives Q(7K) = Z. This doesn’t depend on the
knot! So the knot quandle QK is a stronger invariant.

Let K be a knot and let X = $3\ K. Then the commutator subgroup
(X, %) (1) of 711 (X, ) defines a covering space X of 71 (X, x) called the infi-
nite cyclic cover.

1 (S3\K, %)V = 11 (S3\ K, %) = Z
Z acts on X by covering transformations; write Z = {t™};;cz. This makes
H; (X;Z) into a module over Z[t*].

Definition 8.4.34. The Alexander module Ak of a knot K is Ax = Hi(X;Z),
thought of as a ZtE1-module.

For any knot
£1
Ay =2t ]/(AK(t)) o Z*,

where Ak (t) is the Alexander polynomial of K. The annihilator of the torsion
part of Ay, is the module generated by this polynomial.

Theorem 8.4.35 (Joyce). Q(QK) is isomorphic to the classical Alexander module
Ak of a knot K.

Can we construct Ak from groups instead of quandles? The answer is yes,
if we work relatively. Work in the category Group /Z of groups over Z.

Exercise 8.4.36. Show that
Q_1 (—/Z) . Grou]?/Z = (Group/z) . ~ Z[ti1]-Mod: (Z % _)

a

is an adjunction, and moreover

Q' (*/z) = Ax.
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8.4.3 Rack (co)homology

Given a rack (X, I>), we define a chain complex
CR.(X) = [ 5 CRR(X) S CRu_1(X) = -+

where
CRA(X)=ZX" " =ZXxXx -+ xX]
n+1
and 6: CRp(X) — CRy—1(X) is defined by 6 = 59 — 51, where

)
6?()(1/"'/)611) = (X]r-"/i\j/"'/xn)
(

1
6]- (X1, 00 Xn) = (X1, X 1,% B> X541, %5 B> Xj 42,00, X5 B> Xn)

Brute force calculation shows that §2 = 0.
Example 8.4.37. 6: CR¢(X) — CRp(X) is given by d(x,y) =x —x>y
Definition 8.4.38. For an abelian group A, we define the Rack homology
HR: (X5 A) := H (CR.(X) @z A)

and the Rack cohomology

HR*(X; A) := H*(Hom(CR4(X), A))
Example 8.4.39. HRy(X) = Z and HR; (X) = Zlorbits of X].
Theorem 8.4.40. Rack Homology is Quillen Homology (up to degree shifting).

This says that there is an adjunction
LO: Ho(sRack) < s(A-Mod),, = D(Chso(A-Mod)),

and
7 (LQ)®Z = HR, 11 (—;2).

Remark 8.4.41. For quandles, LQ: Ho(sQuandle) — D(Z[t*'] — Mod) is
given by

LO(QK) = cone (Z[tﬂ}(Cross) — Z[ti]]<Arc)>

c—— (T—t)x+ty—z
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Chapter 9

Differential Graded
Categories

Throughout this section, we make the following assumptions and use the fol-
lowing notation.

k is a commutative ring (e.g. a field or Z).
Mod(k) is the category of k-modules.

We will work with both cohomologically and homologically graded mod-
ules: in the first case, we write V® = EBpe 7z VP and in the second case, we
write Vo = @, cz Vp, following the standard convention.

The degree shift functor is defined by V*[1] = @,z VP*1; this means
that V*[1]P = VP* for cohomologically graded modules, and V,[1], =
Vp_1 in the homological case.

If f: V — W is of degree n, then f(VP) C WPT™ for all p € Z. This is
equivalent to f: V — W/(n| being degree zero.

If V, W are graded k-modules, then VO W = P,z (V@ W)™ and

Vvew)"= g VvPeowsi
p+q=n

We follow the Koszul sign rule: if f: V — V' and g: W — W/, then
(fog)vew) = (-1)9Mfv) @ g(w).

For a category C, write C(X,Y) := Hom¢(X,Y) for X, Y € Ob(C).
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o We often call complexes of k-modules differential graded (DG) k-modules.
If (V,dv) is a DG k-module, then V(1] has differential dy/[1; = —dy.

e Similarly (V, dy) ®(W,dw) = (V@ W, dy » w) where
dvew = dy ®idw +idy ® dw
with the Koszul sign rule in mind.
We begin with the following definition.
Definition 9.0.1. A k-category A is a category enriched in Mod (k).
Explicitly, A consists of the following data:
(1) aset of objects Ob(A);
(2) for every pair X,Y € Ob(A), a k-module A(X, Y);
(3) for every triple X,Y,Z € Ob(A), a k-bilinear map
A(Y,Z) x A(X,Y) —— A(X,Z)
(f,g) fog

satisfying the usual associativity condition;

(4) for each X € Ob(A), 1x € A(X, X) satisfying the unit condition with
respect to composition.

Notice that k-bilinearity of the composition map in (3) above means that it
factors through the tensor product of k-complexes:

A(Y,Z) x A(X,Y) ° A(X,Z)

T

A(Y,Z) @ A(X,Y)

We will distinguish between “k-categories” and “k-linear categories.”

Definition 9.0.2. A k-linear category is a k-category A that has all finite direct
sums.

Example 9.0.3. An associative unital k-algebra is a k-category with one object,
but it is not k-linear.

Example 9.0.4. Let A be a k-algebra and let ey, ...,en be a complete set of
orthogonal idempotents:
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° ei2 =e¢;iforalli=1,2,...,n;

e eiej =0fori#j;

[ Z?:] ey = ]A-
Then define a category A with objects {e1,...,en}and A(e;, ;) = ejAe;asa
k-category. Composition is given by the product in A. This is occasionally called
the Pierce decomposition of A.

As an example, consider a finite quiver Q = (Qo, Q1) where {ei}icq, are
vertex idempotents. Then for A = kQ, A = kQ is the path category of Q.

Example 9.0.5. If B is a k-algebra, then Mod(B) is a k-linear category.

Definition 9.0.6. A DG-category A is a category enriched in the category of
complexes of k-modules.

Explicitly, A consists of the data:
(1) A set of objects Ob(A).
(2) Forall X,Y € Ob(A), a complex of morphisms A(X,Y) € Com(k).

(3) The composition of morphisms is a morphisms of complexes and factors
through the tensor product of complexes

AlY,Z) 2 A(X,Y) = A(X, Z),
satisfying the usual associativity condition.
(4) Forall X € Ob(A), 1x € A(X,X).

Remark 9.0.7. We call a DG-category A homological (resp. cohomological)
if its morphism complexes A (X, Y) are homologically (resp. cohomologically)
graded. We will deal with both homological and cohomological DG-categories.

Example 9.0.8. A differential graded k-category with a single object x is a unital
associative differential graded k-algebra A. Indeed, by Definition 9.0.6(3), the
following must commute:

Ak, %) @ Ax, %) —— A(x*, %)

J{dA&A J{dA

A, %) @ Ax, %) [1] —— A(*,*)[1]
Chasing the diagram around counterclockwise, we get

odagA(f®g) =o(da ®ida +ida ® da)(f®g)
=o(daf®@ g+ (—1)19AIflf 4, g)
= (df)g+ (—1)/lrdg
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Chasing the diagram around clockwise, however, we get da (fg). Hence we
recover the Leibniz rule:

da(fg) = (df)g+ (—1)'Ir dg
Fix a k-algebra B. Define
C(B) := Com(Mod(B))

the category of complexes of right B-modules. This is not a DG-category, but
just a k-category. We can define a DG-category by enlarging homs as follows.

Definition 9.0.9. The morphism complex of X,Y € Ob(C(B)) is the complex

Hom3 (X,Y) := € Hom§ (X, Y)
nez

where
Homg (X,Y) = | [ Homg (XP,YP*+™).
peZ

This is precisely the set of morphisms of graded B-modules of degree n. The
differential dijom: Hom§ (X, Y) — Hom]';r] (X,Y) is defined by

dHom (f) == [d,f] = dy o f — (=1)/Tlf o dx: HomB(X,Y) — HomE "' (X,Y)
Since d2 =0 = di, we have dﬁom =0.

Definition 9.0.10. Cp(B) is the DG category of complexes of B-modules. The
objects of Cp g (B) are the objects of C(B), that is, complexes of B-modules, and

Cpg(B)(X,Y) := Homg (X, Y)

What's the relation between Cp g (B) and C(B)? Consider

dg! g
Homg (X, Y) = |--- — Hom ' 2 Hom® —™ Hom' — - --

Define
Z°(Hom* (X, Y)) := ker(d¥, )

this is the set of f*: X* — Y* of degree zero such that dyf = fdx; the usual
morphisms of complexes C(B)(X,Y).
Now consider the homology in degree 0:

. ker d?
HO (Hom (X, ) = <" Somf 41
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Here im(dﬁ;m) is the set of those f*: X* — Y*® such that

f=d;

Hom

(h)=dyoh+hodx

for h € Homgpg (X,Y). More concisely stated, this is the null-homotopic mor-
phisms f*: X* — Y* in C(B).
Now let H(B) be the category of complexes of B-modules up to homotopy.
Then
H(B)(X,Y) =C(B)(X,Y)/ ~

where ~ is homotopy equivalence, and
H® (Hom§ (X, Y)) = H(B)(X, ).
Thus, we see that C(B)(X,Y) = Z° [Hom® (X, Y)] and 4 (B)(X,Y) = H° [Hom® (X, Y)].
Remark 9.0.11.
(@) f~g = HY(f) =Hi(g) forallic Z.

(b) Wesay that f: X — Y is a homotopy equivalence if thereis some g: Y — X
such that fg ~ 1y and gf ~ 1x.

From both (a) and (b) we conclude that if f is a homotopy equivalence, then f is
a quasi-isomorphism. But the converse is not true!

Example 9.0.12. Consider f: X — 0 where
X = [0 kit 5 ki =2 k- 0]

Then f is a quasi-isomorphism but not a homotopy equivalence.
Definition 9.0.13. Let A be a DG k-category. Define:

(a) The opposite category A°P where A°P(X,Y) := A(Y, X).

(b) The category Z°(A) has the same objects as A and morphisms

Z°(A)(X,Y):=Z° (A(X,Y)).

(c) The category H®(A) has the same objects as A and morphisms

HO(A)(X,Y) :=H°(A(X,Y)).

Example 9.0.14. If A = Cpg(B), then Z°(A) = C(B) and H°(A) = H(B).
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9.1 DG functors

Definition 9.1.1. A functor F: A — B between DG-categories is called a DG-
functor if for all X,Y € Ob(A),

F(X,Y): A(X,Y) — B(FX, FY)
is a morphism of complexes of k-modules compatible with composition.

Example 9.1.2. If A and B are DG-k-algebras, that is DG-categories with a single
object, then F: A — B is a DG-functor if and only if F is a homomorphism of
DG-algebras.

Definition 9.1.3. Given two DG-functors F, G: A — B, a DG natural transfor-
mation «: F — G is given by

o= {(ocxz F(X) — G(X)) € Z° (B(FX, GX)) }
XeOb(A)

such that the following diagram commutes for all f: X — Y-

(X) =% G(X)

lﬂf) lG(f)

F
FY) 2% G(Y)

Definition 9.1.4. Fun(A, B) is the k-category of all DG-functors A — B with
morphisms being DG natural transformations.

We enrich the k-category Fun(A, B) into a DG-category Funpg (A, B) in the
same way as we enrich C(B) to Cpg(B).

Define for two fixed DG-functors F, G: A — B the complex of graded mor-
phisms as follows.

Hom*(F,G) := @ Hom™(F, G)
nez
where Hom"™(F, G) is the k-module of all DG-natural transformations « with
ax € B(FX,GX)™ for all X € Ob(A).
The differential

dgcom: Hom™ — Hom™*!

is induced from the one on B(FX, GX).

Definition 9.1.5. The category Funpg(A,B) has the same objects as the k-
category Fun(A, B), namely the DG-functors A — B, but the morphisms are
now

Funpg (A, B)(F, G) .= Hom*(F, G).

Remark 9.1.6. Note that Fun(A,B) = Z° (Funpg(A, B)).
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9.2 The DG category of small DG categories

Definition 9.2.1. The category dgCat,_ is the category of small DG k-categories,
whose objects are small DG k-categories and whose morphisms are DG-functors.

Our goal is to study the homotopy theory of dgCat, . Here are some proper-
ties of dgCat:

o dgCat, has an initial object, which is the empty DG-category, and a termi-
nal object *, which is the one object category with End () = 0.

o dgCat, is monoidal. If A, B are DG-categories, then their tensor product
A X B is the category whose objects are pairs (X,Y) € Ob(A) x Ob(B),
and whose morphisms are

(ARB)((X,Y), (X, Y)) =AX,X)®B(Y,Y)

The unit for this tensor product is k, considered as a one-object DG-
category.

e dgCat, has an internal Hom, given by Funpg(A, B).
Proposition 9.2.2. For any A, B,C € Ob(dgCat, ), we have
HomdgCatk (A®B,C) = I_I()IndgCatk (A, Funpg(B, C)).

Theorem 9.2.3. dgCat, is a symmetric closed monoidal category, with tensor
product X and internal hom Funpg (A, —).

9.3 DG-modules

Let A € Ob(dgCat, ) be a small DG-category.
Definition 9.3.1. A (right) DG A-module M is a DG-functor M: A°? — Cpg(k).
For notation, we write:
C(A) :== Fun(A°P, Cpg(k)) a k-category
Cpg(A) := Funpg(A°P, Cpg(k)) a DG k-category
Note that C(A) = Z°(Cpg(A)).
By Proposition 9.2.2, giving a DG A-module is equivalent to giving
o A complex M(X) of k-modules for each X € Ob(A)
e for each pair of objects X, Y € Ob(A), a morphism of complexes
M(Y) ® A(X,Y) = M(X)

defining a right-action of A(X,Y) on M(Y); this must satisfy the usual
associativity and unit conditions.
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9.3.1 Examples of DG-modules

Example 9.3.2. Let A = A be a DG k-algebra, which is a DG category with one
object . Then a right module M is a functor M: A°? — Cpg(k) sending the
single object * to some chain complex M(x) of k-modules. The DG-algebra
homomorphism A° = End(*) — End®(M(x)) corresponds to a right-action of
A on M. Hence M is a usual right DG-module over A.

If A is an ordinary k-algebra, then a DG-module M over A is a complex of
A-modules.

Many classical constructions in homological algebra can be interpreted in
terms of DG-modules.

Example 9.3.3. Let A = Ay (V), where V = kx is a 1-dimensional k-vector space
generated by x of degree —1. Then A = k @ kx, where the first summand is in
degree zero and the second is in degree —1. The differential is zero da = 0.

A DG-module over A is called a (cohomological) mixed complex. It is given
by a graded k-module M = ,,cz MP with two endomorphisms

BM—M bM—M

m —— (=1)Mmm.x m —— dp(m).

These endomorphisms have degrees |B| = —1 and |b| = +1, with B? = 0and
b? = 0and Bb +bB = 0.

Dually, a (homological) mixed complex is given by (M =®pezMp, B, b)
where B is degree +1, b is degree —1, with relations B2 = 0, b2 = 0 and
Bb+bB =0.

Example 9.3.4. Let A be an associative unital k-algebra and consider the reduced
Hochschild complex

Cn(A)=Cn(AA)=A@A""
where A = /i.1. We have a Hochschild differential

b: Cn(A) = Cha(A)

where
n—1 )

bnlao,..-,an) = ) (~1)(ag,-.., ai@iy1,...an) + (1) (anao, ..., an_1).
i=0

But there is also another differential in the other direction,

B: Cn(A) = Crpi(A),
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where

n

B(ap,ay,...,an) = Z(f1)m(1,ai,ai+1,...,an,ao,ah...,ai,]).
i=0

One can check by brutal calculation that b? = 0, B = 0, and bB 4 Bb = 0.

Definition 9.3.5. The differential B is called the Connes differential of Hochschild
homology.

Fact 9.3.6 (Rinehart 1963, Connes 1985). If A is a smooth commutative k-algebra,
then the Hochschild-Kostant-Rosenberg Theorem says that HH, (A) = Q™ (A).
In fact, the following diagram commutes
HHn(A) —— HHp 1 (A)
%JHKR %J{HKR

on(A) —IR, o)

where the map B is induced by the Connes differential B: C(A) — C(A).

Thus, the Connes differential B can be viewed as an abstract version of the
de Rham differential. Associated to a mixed complex, is cyclic homology theory.
In many cases, this turns out to be an extremely useful variation of Hochschild
theory.

Definition 9.3.7. Let M = (C.(A), b, B) be a homological mixed complex. Let
u be a formal variable of degree [u| = —2.

e Define the negative cyclic complex CC~(A) := (Co(A)[[ull, b+ uB). Con-
sider an element of CC™(A) as a formal power series

Z Xnu™ = (X0, X7, -+, Xn,...) € Co(A)®
n>0

e Define the periodic cyclic complex CCP"(A) := (Co4(A)((u)), b+ uB),
where Co(A)((u)) is the ring of formal Laurent series in Co(A).

o Define the cyclic complex

CCPer(A
CC(A) = ( )/CC,(A) -
with differential induced by b + uB.

There is a short exact sequence of complexes

0 —— CC(A) —— CCP¥'(A) —— CC(A) —— 0
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Definition 9.3.8. The cyclic homology HC, is the homology of the cyclic com-
plex.

Now back to examples of DG-modules.

Example 9.3.9 (Yoneda DG-modules). Let A be a DG-category. Consider the
functor

—

(=): A —— Cpg(A)
X —— X=A(—X)

where A(—,X): Y = A(Y,X) € Ob(Cpg(A)). Xis called a DG-module rep-
resented by the object X. By (an enriched version of) the Yoneda lemma, we

have
FHom(X, M) = M(X)

for any DG-module M.

The Yoneda functor (—) embeds A into the DG-category of DG A-modules,
which allows one to perform various operations on objects of A by regarding
them as DG-modules.

Example 9.3.10 (Morphism Cone). Consider X,Y € Ob(A). Then as in the
previous example, we have XY e Ob(Cpg(A)). Given f: X — Y a morphism
in Z°A(X,Y), we get a morphism f: X — Y of DG-modules. Then we define the
morphism cone of f to be the complex

cone(f) := (\? @ X[1], dcone)
where

do T
dcone = { OY _df(:| .
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Chapter 10

Model Categories Interlude

10.1 Cofibrantly generated model categories

We now introduce a very important class of DG-functors.

Definition 10.1.1. Let F: A — B be a DG functor. Then F is called a quasi-
equivalence if

(QE1) Forall X,Y € Ob(A), Finduces a quasi-isomorphism between A(X, Y) and
B(FX,FY) in C(k).

(QE2) The induced functor HO(F): H°(A) — H°(B) is an equivalence of k-
categories.

Our goal is to demonstrate that there is a model category structure on dgCat;
such that the weak equivalences are the DG-functors F: A — B that are quasi-
equivalences. To do this, we must define cofibrations and fibrations satisfying
Quillen’s axioms.

Remark 10.1.2. To define a (closed) model category, we only need to specify two
out of three classes of morphisms: either weak equivalences and the fibrations
or the weak equivalences and the cofibrations; the dual class (either cofibrations
or fibrations) is forced by the axioms (see [ 1). We will only define the
cofibrations and weak equivalences.

In fact, we can do better. We may choose small subsets Z C Cof and
J C Cof N WE which generate the model structure in a natural way. This is a
cofibrantly generated model category.

Definition 10.1.3. A model category C is called cofibrantly generated if there
are two sets of morphisms:

(1) the generating cofibrations Z C Cof and
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(2) the generating acyclic cofibrations J C Cof N WE
subject to the following.

(@) The acyclic fibrations are precisely those morphisms which have the
right-lifting property with respect to all morphisms in Z, i.e. Fib "\WE =
RLP(Z).

(b) Fibrations are precisely those morphisms which have the right-lifting-
property with respect to 7, i.e. Fib = RLP(7).

(c) The domain of every f € 7 is small with respect to Cof.
(d) The domain of every f € J is small with respect to Cof N WE.
(See Definition 10.2.1 for the definition of small objects.)

Example 10.1.4. The category C = Com>((R) of non-negatively graded chain
complexes over a k-algebra R has a model structure where

e The weak equivalences are quasi-isomorphisms;

e the fibrations are morphisms of complexes that are objectwise surjective
in positive degree;

o the cofibrations are morphisms of complexes that are objectwise injective
whose cokernels are projective R-modules.

In this case, J is the set of generating acyclic cofibrations
J ={0 = D(M)tn>1,

where D(n) is the n-disk; the chain complex

id

Dn)=| 0 R R 0

with R in degrees n and n — 1 and zeros elsewhere.
7 is the set of generating cofibrations, given by

I={S(n—1) < D(n)}nzo u{0 — S(0)}
where S(n — 1) is the complex with R in degree (n — 1) and zeroes elsewhere.

Remark 10.1.5. The complex D(n) as above represents the functor T, that picks
out the n-th term of a complex

Tn: Com>o(R) —— Mod(R)

Ae — An.
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Example 10.1.6. In the category of topological spaces with the usual model
structure,

T = {Dn 2D, x [0,1]}

n>0

I= {5“1 =03Dpn — Dn}
n>0

Then the class of fibrations consists of those maps which satisfy the right-lifting-

property with respect to J; this is exactly the definition of a Serre fibration (the

fibrations in the usual model structure on Top).

Dn%E

ioj/ ’HFt, l
Dn x [0,1] — B
t

Example 10.1.7. Let C = sSet. This is a bit different from the previous example,
because C is a cofibrant model category. Then

>1

n
0<k<n

J = {/\k[n] — A[n]}

7= {aA[n] — A[n]}

n>0

Recall that A[n] is the standard n-simplex

AMn] = Homp (—, [n]): A°P — Set
Al = {(Go,j1,-+-,ik): 0 <jo < .o < <

Note that the geometric realization of A[n] is A™, the n-dimensional geometric
simplex. We define
A== [J d'An-1]
0<i<n
The geometric realization of dA[n] is the (n — 1)-sphere S™~ 1.
The k-th horn is
A= |J d'An—1]
0<i<n
i£k
the geometric realization of the k-th horn is the boundary of the geometric
n-simplex without the k-th face. [Ay[n]| = 0A™ \ (k-th face).
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10.2 Quillen’s Small Object Argument

Let C be a cocomplete category, and let  C Mor(C) be a class of morphisms.

Definition 10.2.1. A € Ob(C) is (sequentially) small with respect to F if the
functor C(A,—) = Homc¢(A,—) commutes with sequential colimits of mor-
phisms in F.

That is, given a sequence

fq 12 f3 fn

fn
Xo X1 X2 Xn + Xng1 — -

with f; € F. Taking the colimit of this sequence, we obtain maps of sets
C(A, Xn) — C(A, colimy x,, ). Taking the colimit of the sets C(A, Xy ), we geta
canonical map

colimy, (C(A, X)) — C(A, colimy Xq ).

We say that A is small with respect to F if this canonical map is a bijection of
sets.

Definition 10.2.2. If 7 = Mor(C), and A is sequentially small with respect to
F, then A is simply called a small object of C.

Remark 10.2.3. This generalizes to any arbitrary ordinal A, which gives a notion
of A-small objects.

Remark 10.2.4. Sometimes small objects are called compact objects.
Example 10.2.5.
(a) In C = Set, a set A is small if and only if A is a finite set.

(b) In C = Mod(R), an R-module A is small if and only if A is a coherent
R-module, i.e. it has a finite presentation: A = coker (R™ — R™).

(c) If C = QCoh(X) for X a quasi-projective variety, then a quasi-coherent
sheaf F is small if and only if it is actually a coherent sheaf.

(d) In C = sSet, a simplicial set X is small if and only if X has only finitely
many nondegenerate simplicies. This is called a finite simplicial set.

(e) In C = Com(R) is the category of chain complexes over a ring R, a chain
complex A, is small if and only if A, is a bounded complex and each
term is coherent (the cokernel of a map between free R-modules). Such a
complex is called perfect.

(f) Let C = Top and let F be the class of closed inclusions of topological
spaces. A space X is small with respect to F if and only if X is compact.
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Theorem 10.2.6 (Quillen’s Small Object Argument). Let C be a cofibrantly
generated model category with generating sets of cofibrations T C Cof and
J C Cof N"WE. Then we may factor any f: X — Y in two ways

(@ f:X—5Q—"LsY

b) f:X sz Gy
So that both factorizations (i, p) and (j, q) are natural (functorial) in f.

Remark 10.2.7. This strengthens the axiom (MC5) of model categories, which
doesn’t guarantee naturality in the choice of factorizations.

Proof of Theorem 10.2.6. We will construct a natural factorization (j, q) with j an
acyclic cofibration and q a fibration. The construction of (i, p) is similar.
First, set Zp :== X, qo = f: Zp — Y and consider the set of diagrams

A2 7,
Uy = \[1 lqo i € I, A sequentially small

B _Po .,y

This yields the pushout diagram

]_[A—>Z

IUNG i

LIB4>Z1

where _
Z, = colim (HB H 1A £, zo) .

This also gives us a map q1: Z; — Y from the universal property of pushouts,
with Y Bo: [[B— Yand qo: Zp — Y.

Because cofibrations are preserved under pushouts and coproducts, j; is a
cofibration. Therefore, we may repeat the process with the set of all diagrams

A1 Z,4
u; = \[i lm i € I, A sequentially small

BLY

Yielding as before Z, and q: Z; — Y.

145



Quillen’s Small Object Argument 12 May 2017

By induction, we get a sequence

X = Z, j1 Z j2 Z, RN Zn in

each of which has a map qi: Z; — Y. Now define Z := colimy, (Z,); this comes
with natural maps jn: Zn - Zand q: Z =Y.
We factor f: X — Y as

X=Zy %y 7z 9,y

Since each jn, is a cofibration, )70: X =Zy — Zis a cofibration as well.
Now it only remains to prove that q: Z — Y is an acyclic fibration. To do
this, it suffices to show that q has the right-lifting property with respect to all

morphisms in 7.

#

A z
//ﬁl

iJ ap Jq

B - Y

S
B

Since A is small, we know
colimn, C(A,Zn) = C(A, Z).
Surjectivity of this map gives factorizations

In

7 /7
3& bn

-

A—>—7Z
Then by construction of Z,, ; 1, there is a diagram

A—% 57,

-

B——— Znp

Composing the bottom map with the inclusion Z,, 1 — Z gives the required {.
Hence, q has the right-lifting-property with respect to Z, and is therefore an
acyclic fibration. O

Remark 10.2.8. We may produce an abstract version of the small object argu-
ment in any complete and cocomplete category C.
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e Let 7 C Mor(C) be a class of morphisms.

e Let Fiy be the set of all morphisms with the right-lifting property with
respect to F, i.e. Finj = RLP(F).

o Let F o be the set of all morphisms with the left-lifting-property with
respect to Finj, i.e. Feof = LLP(Fipj).

o Let F . be the set of all f: A — B such that there exists a chain

Zo Oz, 2y 7, Ty Z, n

with A = Zy and colimy (Z,) = B and each j, is a pushout of some map
in F and the induced map Zy — colimn (Zy) is isomorphic to f in the
morphism category Mor(C).

Theorem 10.2.9. Assume in addition that the domain of every f € F is small
with respect to F. Then there is a functor

Mor(C) —— Feent X Jrinj

f—— (q(f),j(f),

where Mor(C) is the category of morphisms and natural squares, and F o and
Finj are considered subcategories of C.

Example 10.2.10. If C is a cofibrantly generated model category, and F = Z or
F = J, then this is just the small object argument.

10.3 Applications of the Small Object Argument

10.3.1 Promoting Model Structures
One of the main applications of the small object argument is the following.

Construction 10.3.1. Let F: C = D: G be a pair of adjoint functors. Suppose
that C is a cofibrantly generated model category, with Z a set of generating
cofibrations and J a set of generating acyclic cofibrations. We will define a
model structure on D from the one on C.

For f: X — Y in D, say that

o fis a weak equivalence in D if and only if Gf is a weak equivalence in C;

fe WEp <= Gf € WEc
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e fis a fibration in D if and only if Gf is a fibration in C;

f € Fibp <= Gf € Fibc

e fis a cofibration in D if and only if f has the left lifting property with
respect to all acyclic fibrations in D.

COfD =LLP (WED N FlbD)

Theorem 10.3.2. Suppose that
(a) G: D — C commutes with all sequential colimits, and

(b) Ifamap f: X — Y in D is both a cofibration and has the left lifting property
with respect to all fibrations in D, then it is a weak equivalence in D.

Cofp NLLP(Fibp) € WEp

Then D is a cofibrantly generated model category, with
Ip = {Fi: ie I}
Jo={Fj:je T}
Moreover, the adjunction F - G is a Quillen pair between these model categories.

The proof of this theorem is essentially repeated application of the small
object argument.

Remark 10.3.3. It is usually hard to check condition Theorem 10.3.2(b) directly.
A useful criterion (again due to Quillen) is the following proposition.

Proposition 10.3.4. If D satisfies all the conditions of the above construction
except for (b), and

(a) there is a functorial fibrant replacement functor X — RX in D: i.e.

X —— RX —
(b) Every B € Ob(D) has a natural path object, i.e.
P(B)
-

B—— BxB

Then Theorem 10.3.2(b) holds in D.
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Remark 10.3.5. Note that Proposition 10.3.4(a) holds when D is fibrant, and
Proposition 10.3.4(b) holds when D is a simplicial model category.

Example 10.3.6. Let k be a commutative ring, and let C = C* (k) be the category
of chain complexes over k. Then

¢ the weak equivalences are the quasi-isomorphisms

o the fibrations are maps f: Xe — Y, such that f}, is surjective in positive
degree

e the cofibrations are maps f: X¢ — Y, such that coker(fy ) is projective for
alln > 0.

This is the standard (projective) model structure on C(k).
We have an adjunction

u
e
Ct(k) T dgAlg,
~
Sym,

where U is the forgetful functor and Sym,_is the symmetric algebra functor.

If k is a field of characteristic zero, then teh aboe theorem applies and gives
the standard (projective) model structure on dgAlg;’.

But, if k has positive characteristic, say characteristic two, the theorem
does not apply. Indeed, if the conclusion of the theorem were true, then the
left adjoint F = Sym,_ (being Quillen) would perserve all weak equivalences
between cofibrant objects. As k is a field, C* (k) is a cofibrant model category
(every k-module is projective). Take the “n-disk” in C* (k),

D(n) = [0—= kL k- 0]

with k in degreesnand n — 1.
Then 0 — D(n) is a weak equivalence in C* (k), but

Sym, (0) ——— Sym, (D(n))

J J

k —— k[x,y | dx =y, dy = 0]

is not a quasi-isomorphism because x? is a cycle of degree 2n which is not a
boundary. (In fact, if n is even, then dx? = dxx + (—1)™x dx = 2x dx = 2xy = 0.

But there is no z such that dz = x2.)
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Another example where the theorem fails is the free k-algebra/group of
units adjunction between simplicial groups and simplicial k-algebras

(=)~
sGr l(l'\ sAlgy
Py

The problem here is that k[—] does not map cofibrations to cofibrations.

10.3.2 Recognition Theorem
The next important theorem allows one to identify model structures in practice.

Theorem 10.3.7 (Recognition Theorem). Let C be a complete and cocomplete
category, and let W be a class of morphisms. LetZ, J C Mor(C) be two sets of
morphisms such that:

(a) W satisfies the two-out-of-three property and is stable under retracts
(b) for all f € Z, the domain of f is small with respect to L ;.

(c) forall f € J, the domain of f is small with respect to Jeey1.

(d) Jeen ©WN Liy;.

(€) Linj © WN Jinj-

() W leot € Jeor 0r WN Tinj € Lin-

Then C has a unique cofibrantly generated model structure with class of weak
equivalences W.
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Chapter 11

The category of DG-categories

11.1 Model Structure on dgCat,

There are really two model structures on dgCat, — the Dwyer-Kan model struc-
ture, and the Morita model structure due to Téen. The latter can be obtained
from the former by a localizing procedure (so-called Bousfield localization). We
will discuss only the Dwyer-Kan model structure where the weak equivalences
are the quasi-equivalences.

Let dgCat, be the category of small DG-categories over a commutative
ring k. Throughout this section, we use the homological convention. For all
X, Y € Ob(A), A(X,Y) is equipped with a differential of degree (—1).

Recall:

Definition 11.1.1. A functor F: A — B is a quasi-equivalence if

(a) forall X,Y € Ob(A), F: A(X,Y) — B(FX, FY) is a quasi-isomorphism of
complexes

(b) HoF: Ho(A) — Ho(B) is an equivalence of categories.

The goal is to construct a cofibrantly generated model structure on dgCat,
in which the weak equivalences are the quasi-equivalences.

Construction 11.1.2 (Drinfeld DG-Category). Define a DG-category K as fol-
lows. It has two objects:
Ob(K) ={1,2}

and Mor(K) is generated by f € K(1,2)o, g € K(2,1)o, 11 € K(1,1)1, 12 €
K(2,2); and 1, € K(1,2)5.
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The differential is defined by

df =dg=0
dr; = gof—idy
dry =fog—id;

dri; =fory—ryo0f
Pictorially, this looks like

T2
f
1 2
nCe  “epn
9

where the black arrows sit in degree zero, the blue arrows in degree one, and
the red arrows in degree two.

Definition 11.1.3. Let A be any DG-category.

(a) a morphism s € Zy(A) is called a homotopy equivalence if it becomes
invertible in Hy(A)

(b) an object X € Ob(A) is called contractible if the DG-algebra A(X, X) is
acyclic, or equivalently, if there is h € A(X, X); such that dh = idx. Such
an h is called a contraction of X.

Lemma 11.1.4 (Drinfeld). For any DG-category B, there is a bijection between
the set of DG functors K — B and the set of pairs (s, h) where s € Mor(Z(B))
and h is a contraction of cone(s) € Cpg(B).

In the lemma, 5 denotes the image of s under the Yoneda embedding A —
Cpg(A) and cone(—) is as in Example 9.3.10.

Proof. The DG-category K is defined by generators and relations. Hence, the
datum of a DG-functor F: K — B corresponds to the data of objects 1 — X,
2 — Y, and morphisms in B:

o the image of f, a morphism s € B(X,Y)y,
o the image of g, a morphism p € B(Y, X))o,

e the image of r1, a morphism rx € B(X, X),

the image of 15, a morphism ry € B(Y,Y);,

the image of 112, a morphism rxy € B(X,Y),.
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These must satisfy the relations

ds=0
dp =0
dry =pos—1x (11.1)

dTY:SOp—1Y
drxy =sorx —Txos.

On the other hand, by definition, a morphism s € Zy(B) is a morphism s €
B(X,Y)o such that ds = 0.
A degree-one morphism h € Cpg(cone(s), cone(s)) is given by a matrix

<?Y ?XY>
P Tx

with p € B(Y, X)o, vx € B(X,X); and ry € B(Y,Y);. This presentation of h is
because cone(s) := Y @ X[1], and

de  §
dcone(?) = ( OY —dA)
X

s0 a morphism cone(s) — cone(s) of degree 1 fits into the diagram below.

dcone

= Y11 Xy — Yn & X — -

/ /
dcone

Yn+2@xn+1 — Yn+1 @Xn —_—

Such an h is a contraction if and only if its differential equals 1.ne(5), that is,

Fx Txy) (d¢ S T dy 5\ (Tv Txv) _ Tx 0
P Fx 0 —dg 0 —dg)\P 7x 0 Tx

By performing the matrix multiplications and taking into account the fully
faithfulness of the Yoneda DG-functor (—), we recover exactly the relations
(11.1). O

Before we continue, let us set some definitions and notation.

Definition 11.1.5. Let k be the DG-category with one object, denoted 3, and
morphisms k(3,3) = k in degree zero.

Note that for any B € dgCat,, the class of DG-functors F: k — B is in
bijection with objects of B.
For n € Z, we recall that Sy, denotes the chain complex k[n] € C(k):

Sn=[0—=k—0]

with k in degree n.
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Definition 11.1.6. Let S(n) be the DG-category with two objects {4, 5} and mor-
phisms

S(n)(4,4) =S()(5,5) =k

S(n)(5,4)=0

S(m)(4,5) = Sn.

The composition is given by multiplication in k.

For n € Z, recall that the n-disk in C(k) is given by the mapping cone on
Sn,] : )
Dy, := cone(ids, ,) = [0 — k% k — 0]
Definition 11.1.7. Now, define D(n) to be the DG-category with two objects
{6, 7} and morphisms

Definition 11.1.8. Finally, for n € Z, define the DG-functor i(n): S(n—1) —
D(n) on objects by 4 — 6 and 5 — 7, and on morphisms by

S—1)(4,4) =k L x = D(n)(6,6)

Sn—1)(5,5 =k L x=DMn)(7,7)
(7,6)

S(n—1)(5,4)=0—-0=D(n)
S(n—1)(4,5) =Sn—1 = Dn =D(n)(6,7)

where the map S,,_1 — Dy, is defined by

0 K 0 0
o
0 3 K 0

This functor is summarized in the following diagram.

Sin—1) ™, pn)

o=
o

Spho1 — Dn

A — ~
VAN

~C N
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Denote by 7 the set of DG-functors
T = (i)}, U{2 )
Definition 11.1.9. Let By be the DG-category with two objects {8, 9} and
Bo(8,8) =Bo(9,9) =kBo(8,9) =Bp(9,8) =0

Let j(n): Bo — D(n) be the DG-functor sending 8 — 6 and 9 — 7.
Denote by J the set of DG-functors

31

T = {0}z U {5 K}

Theorem 11.1.10 (Tabuada 2005). Let C = dgCat,, and let W denote the set
of quasi-equivalences of DG-categories (Definition 11.1.1). Let Z and J be as
above. Then (C,W,Z, J) satisfies the hypotheses of the Recognition Theorem
(Theorem 10.3.7). Hence, dgCat, admits a cofibrantly generated model structure
with weak equivalences being quasi-equivalences and Fib = RLP(J).

Fibrations in dgCat, can actually be described explicitly.
Proposition 11.1.11. A DG-functor F: A — B is a fibration if and only if

(F1) Forall X,Y € Ob(A), the morphism in C(k)
F(X,Y): A(X,Y) — B(FX, FY)
is degree-wise surjective.

(F2) Given X € Ob(A) and a homotopy equivalence v: F(X) — Y in B, there is
a homotopy equivalence u: X — X' in A such that F(u) = v.

Corollary 11.1.12. dgCat, is a fibrant model category, that is, every DG-category
is a fibrant object.

Cofibrations and cofibrant objects in dgCat, are harder to describe, although
there is a necessary condition that is easy to verify.

Proposition 11.1.13 (Toén 2007). If A is a cofibrant DG-category in dgCat,, then
for all X,Y € Ob(A), the complex A(X, X) is cofibrant in C(k), i.e., consists of
projective k-modules.

This is the start of the theory of noncommutative motives in derived alge-
braic geometry.
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