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Combinations

Rule (Combinations)
If we start with n objects, each selection or combination, of r of these
objects, with no reference to order, corresponds to r! permutations of
size r from n objects. Thus the number of combinations of size r from
a collection of size n is

n P(n, !
C(n,r) = (r) - (7! " B r!(nn— !’ Osrsn

David Murrugarra (University of Kentucky) MA 320: Section 3.2 Spring 2017 2/13


mailto:murrugarra@uky.edu

Rule (Combinations)

If we start with n objects, each selection or combination, of r of these
objects, with no reference to order, corresponds to r! permutations of
size r from n objects. Thus the number of combinations of size r from
a collection of size n is

C(n,r)= (n> _ P _ n 0<r<n.

r! r'(n—r)V’

Remark
Note that
@ (7) isread "n choose r",
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N
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Rule (Combinations)

If we start with n objects, each selection or combination, of r of these
objects, with no reference to order, corresponds to r! permutations of
size r from n objects. Thus the number of combinations of size r from
a collection of size n is

C(n,r)= (n> _ P _ n 0<r<n.

r! r'(n—r)V’

Remark
Note that
@ (7) isread "n choose r",
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Rule (Combinations)

If we start with n objects, each selection or combination, of r of these
objects, with no reference to order, corresponds to r! permutations of
size r from n objects. Thus the number of combinations of size r from
a collection of size n is

C(n,r)= (n> _ P _ n 0<r<n.

r! r'(n—r)V’

Remark

Note that
@ (7) isread "n choose r",
°@=0r="1

° (1) = (1) =n
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Rule (Combinations)

If we start with n objects, each selection or combination, of r of these
objects, with no reference to order, corresponds to r! permutations of
size r from n objects. Thus the number of combinations of size r from
a collection of size n is

C(n,r)= (n> _ P _ n 0<r<n.

r! r'(n—r)V’

Remark

Note that
@ (7) isread "n choose r",
°@=0r="1
° (1) =(l)=n

@ When0<n<r, (7)=0.

| \
N
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Example

Example

A hostess is having a dinner party for some members of her charity
committee. Because of the size of her home, she can invite only 11 out
of the 20 committee members. If the order is not important, in how
many ways she can invite "the lucky 11"?
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Example

Example

A hostess is having a dinner party for some members of her charity
committee. Because of the size of her home, she can invite only 11 out
of the 20 committee members. If the order is not important, in how
many ways she can invite "the lucky 11"?

20 20!
(11) = m = 167960 ways .
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The Binomial Theorem

(x+y)" = <g>xoynJr (’17)X1yn—1 4 (Z)Xzyn—erm

n n—1 1 n\ n o
ol e (G

or
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The Binomial Theorem

What is the coefficient of x°y? in the expansion of (x + y)’?
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The Binomial Theorem

What is the coefficient of x°y? in the expansion of (x + y)’?

Answer: () = () = 21
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The Binomial Theorem

What is the coefficient of x°y? in the expansion of (x + y)’?

Answer: () = () = 21

v

What is the coefficient of a°b? in the expansion of (2a — 3b)”?
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The Binomial Theorem

What is the coefficient of x°y? in the expansion of (x + y)’?

Answer: () = () = 21

v

What is the coefficient of a°b? in the expansion of (2a — 3b)”?
Replace x =2aand y = —3b.

David Murrugarra (University of Kentucky) MA 320: Section 3.2 Spring 2017 5/13


mailto:murrugarra@uky.edu

The Binomial Theorem

What is the coefficient of x°y? in the expansion of (x + y)’?

Answer: () = () = 21

v

What is the coefficient of a°b? in the expansion of (2a — 3b)”?
Replace x =2aand y = —3b.

Answer is (£)x®y? = 21(32a%)(9b?) = 6048a°b2.
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The Binomial Theorem: Applications
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The Binomial Theorem: Applications

For (1), setx =y =1.
For (2),setx=1and y = —1. O
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The Multinomial Theorem

Theorem

For positive integers n, t, the coefficient of x{" x3? - - - x{" in the
expansion of (X1 + Xo + -+ + x¢)" is

( n )_ n!
- A A1
m,no,---, Nt ntno! - nyl

where each n; is an integer with0 < n; < n, V1 <i < t, and
n—+no+---nNg=n.
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The Multinomial Theorem: Example

In the expansion of (x + y + z)7,
@ What is the coefficient of x2y?23?
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The Multinomial Theorem: Example

In the expansion of (x + y + z),

@ What is the coefficient of x2y2z3?
Answer: (223) = oot = 210.

@ What is the coefficient of xyz>?
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The Multinomial Theorem: Example

In the expansion of (x + y + z),

@ What is the coefficient of x2y2z3?
Answer: (223) = oot = 210.

© What is the coefﬂment of xyz®?
Answer: (| 1s) = s = 42.

© What is the coefficient of x3z4.
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The Multinomial Theorem: Example

In the expansion of (x + y + z),

@ What is the coefficient of x2y2z3?
Answer: (223) = oot = 210.

© What is the coefﬂment of xyz®?
Answer: (| 1s) = s = 42.

© What is the coeff|0|ent of x3z4.
Answer: (3’3’4) = st = 35.
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Combinations with repetitions

The number of combinations of n objects taken r at a time, with
repetition, is

C(n+r—1,r)= (n+r—1) _ (ntr-1)!

r ri(n—1)!
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Combinations with repetitions

The number of combinations of n objects taken r at a time, with
repetition, is

C(n+r—1,r) = <n+r—1> _(n+r—=1)

r o ori(n—1)!

Seven high school freshmen stop at a restaurant where each of them
has one of the following: a cheeseburger, a hot dog, a taco, or a fish
sandwich. How many different purchases are possible (from the
restaurant point of view)?

David Murrugarra (University of Kentucky) MA 320: Section 3.2 Spring 2017 9/13


mailto:murrugarra@uky.edu

Seven high school freshmen stop at a restaurant where each of them
has one of the following: a cheeseburger, a hot dog, a taco, or a fish
sandwich. How many different purchases are possible (from the
restaurant point of view)?
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Seven high school freshmen stop at a restaurant where each of them
has one of the following: a cheeseburger, a hot dog, a taco, or a fish
sandwich. How many different purchases are possible (from the
restaurant point of view)?

1. c.c,hhttf | xx|xx|xx|X
¢ | cheeseburger 2.cecchtf | xxxx|x|x|x
h hot dog 3.¢ccecccf | xxxxxx|||x
n 1aC0 4. httffff IX | XX|XXXX
T Fish sandwich 5. 4ttt f [ X XX XX | XX

6. Lttt [ X XXX XXX |
VAR ARARRRRI [ ]]XXXXXXX
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Seven high school freshmen stop at a restaurant where each of them
has one of the following: a cheeseburger, a hot dog, a taco, or a fish
sandwich. How many different purchases are possible (from the
restaurant point of view)?

1. c.c,hhttf | xx|xx|xx|X
¢ | cheeseburger 2.cecchtf | xxxx|x|x|x
h hot dog 3.¢ccecccf | xxxxxx|||x
n 1aC0 4. httffff IX | XX|XXXX
T Fish sandwich 5. 4ttt f [ X XX XX | XX

6. Lttt [ X XXX XXX |
VAR ARARRRRI [ ]]XXXXXXX

The number of different purchases is <170> =120.
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Order is | Repetitions | Type of result Formula
relevant | are allowed
Yes No Permutation | P(n,r),0<r<n
Yes Yes Arrangement n,nr>0
No No Combination (1),0<r<n
No Yes Combination | (™", n,r>0
with repetition
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More examples

Prove that if n and k are positive integers with n = 2k, then % is an
integer.
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More examples

Prove that if n and k are positive integers with n = 2k, then 2”7' is an
integer.

Consider n symbols, x1, X1, X2, X2, . . ., Xk, Xk, then we have n objects
with n; = 2 indistinguishable objects of a first type, ..., and nx =2
indistinguishable objects of an k™ type, where

ny + no +--- + n, = n, then there are,

n! n! n . . "
N, = 2151 = ok (permutations with repetitions)

(linear) arrangements of the given n objects, which is an integer. O

v
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President Helen has four vice presidents: (1) Betty, (2) Goldie, (3)
Mary Lou, and (4) Mona. She wishes to distribute among them $1000
in Christmas bonus checks, where each check will be written for a
multiple of 100.

@ In how many ways she can distribute the checks?
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President Helen has four vice presidents: (1) Betty, (2) Goldie, (3)
Mary Lou, and (4) Mona. She wishes to distribute among them $1000
in Christmas bonus checks, where each check will be written for a
multiple of 100.

@ In how many ways she can distribute the checks?

n+r—1 4410 — 1 13
() ()

@ Each vice president should receive at least $100.

David Murrugarra (University of Kentucky) MA 320: Section 3.2 Spring 2017


mailto:murrugarra@uky.edu

President Helen has four vice presidents: (1) Betty, (2) Goldie, (3)
Mary Lou, and (4) Mona. She wishes to distribute among them $1000
in Christmas bonus checks, where each check will be written for a
multiple of 100.

@ In how many ways she can distribute the checks?
n+r—1 4+10 -1 13
()= (T ) = () =20
@ Each vice president should receive at least $100.
n+r—1 4+6—1 9
= pum—y = 4‘
(=0T = (e) -

© Each vice president should receive at least $100 and Mona, as
executive vice president, gets at least $500, then

v
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President Helen has four vice presidents: (1) Betty, (2) Goldie, (3)
Mary Lou, and (4) Mona. She wishes to distribute among them $1000
in Christmas bonus checks, where each check will be written for a
multiple of 100.

@ In how many ways she can distribute the checks?

n+r—1 4410 — 1 13
() ()

@ Each vice president should receive at least $100.

n+r—1 4+6-1 9
= pum—y = 4‘
()= )= ()
© Each vice president should receive at least $100 and Mona, as
executive vice president, gets at least $500, then

(*27) =) =10

David Murrugarra (University of Kentucky) MA 320: Section 3.2 Spring 2017 13/13

v



mailto:murrugarra@uky.edu

