MATH 6101
Fall 2008

Newton and Differential Equations

10/1/2008

A Differential Equation

What is a differential equation?

A differential equation is an equation relating the
quantities x, y and y' and possibly higher
derivatives of y.

Examples: y'=x+y
y'-y=0
L+ x3)y" +2xy’ +4x’y =0
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Differential Equations

How are differential equations used?

Newton’s Second Law:

2
F:ma:d(mv):md S

dt dt?
Radioactive decay:
P _ e
dt




Differential Equations

Newton’s Law of Cooling:

Q _p AT, -1,

dt
The wave equation:
2
E)_l:’ =c’Veu
ot

The heat equation:
au [82u d%u 82u]
—k +

—_ _Jr_ —_ =
ot ox*  oy?  07°
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Differential Equations: Modern
Solution

Consider the following simple differential equation:

P _.p
dt
Our “modern process” is Separation of Variables

introduced by I'Hospital in 1750.
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Separation of Variables

P P
dt
P .dt

p
deP:fk-dt:kfdt

In(P)+C, =kt +C,

In(P) = kt +-C
P(t) _ ekt+C — Aekt




Newton’s Method of Series

P _p
dt

Now, assume that we can express P as a function of t by:

Pt)=> at"
n=0
apP & _
Then E = Z nant“ ' and our first equation gives
n=1
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Newton’s Method of Series

P _p
dt

inant" = kiant” = ikant"
n=1 n=0 n=0

at®+2a,t +3a,t? +4a,t +--- =ka t® + kat + ka,t* + kat® + -

Setting corresponding powers of t equal, gives the following
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Newton’s Method of Series

a, =ka,
2a, =ka, :»azzgalzk?zao
3a, =ka, ﬁaszgaz :g%
4a, =ka, = a, :%aS = 2.k3AA4a0
na, =ka, ,=a, = K M—&aO
n!
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Newton’s Method of Series

e o0 kn o0 kt n
P(t):Zant”:Zaoﬁt" :aoz( )
n=0 n=0 .

= n!

We will show later that

x "
ef =) —
nZ;n!
Therefore,
> (kt)" Kt
P(t)= =a.e
(®) ao; =%
01-Oct-2008 MATH 6101 10

10/1/2008

Newton’s Method of Series

Example 2: Find a solution to the following equation

y'+y=0

Let
00
y=3ax
n=0
Then
o0 o0
y'=> nax"* and y’=> n(n-1ax"?
n=1 n=2
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Newton’s Method of Series

y'+y=0
y'=-y
in(nfl)anx" 2 :7§:anx"
n=2 n=0
2a, +3-2a,x +4-3a,x* +5-4a,x° +-- = —a, —a,x —a,x* —a,x’ —

This gives us that
2a,=—-a, 4-3a,=-a, 6-5a;=-a, 8-7a,=-—a
3-2a,=-a, 5-4a,=-a, 7-6a,=-a;, 9-8a,=-a,
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Newton’s Method of Series

1 1
2a,=—a,=a, = —an = —an

1 1
3.2a,=-a, =a,= —Ea1 = —Ea1

1 1 1
4.3a,=-a,=a, :—4'3a2 :ma0 =Ea0

1 1 1
S S A A T T T 345 Bl

1 1 1
B I A T W AN Ik

1 1
[ A N WIS AN The
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Newton’s Method of Series

y=> ax"=a,+ax+a,x’ +a,x*+a,x’ +-
n=0

:a0+a1xfiaoxzfia1x3+ia x"+ia1x57ia(,x‘tialx7 oo
21 3l 41°°" 5l 6! 71

=a, 1—i><2+ix“—i><s+---]+a1[x—%x3 iy Ly +]

2! 41 6! 5! 7!
Let
c(x):lfix2+ix"fix5+w
2! 41 6!
and
. Lta s 1.
s(x)fx—ax +ax —ﬂx +e
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Newton’s Method of Series

This gives us that
y = a,e(x) +a,5(x)

Note that:
[ef +[s(f = 1—ix2+ix‘—ix5+---z+ x—ix%ix%ixhrmz
217 Ta” el 30 TsT T
12 b 2 2 e 2o e 2yey L ye 26
217 T21210 T 2147 el T TE TR
_ | Ly 2 2| o2 2, 1 2}
=i@-Dx +{2!2!+4! 3 2w e tam e
1,1 1 11 11
=140X +| = === X |- = = = X -
* +[4+12 3] +[ 24 360 36 60)° ©
4 4 6 16
=140X? +|———[X* +| -+ =[x+
AR T 12] +{ 360+360] *
=1
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Newton’s Method of Series

Also note that:

c(0)=1
s(0)=0
Further note that:
icos(x) = —cos(x)
dx

d . .
&sm(x) = —sin(x)

We can show that:
c(x) =cos(x)
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s(x) =sin(x)
Your Turn

Solve by Newton’s method (i.e., find the first 5 non-zero
terms):

1 Y =y+—
1-x
2) y' =1+xy
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, 1
y=y+—
1-x
y(x):am+(1+au)x+%aux2+%[1+%au x%é %aDA x“+é[1+%au]x5+-~
y'=1+xy
(x)=a, Fx4E x2+lx3+£a x‘+ix5+-~
yx=2 2% 13 8" 15
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Solving Algebraic Equations

How can we solve an equation of the following form?
Y2 +3y—4—x’y+2x =0

For this technique we do the same: assume that y has a
power series expansion in terms of x.

N
y=>ax"
n=0

Where does this lead us?
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Solving Algebraic Equations

2
+3> ax"[-4-x*> a x"|[+2x=0
n=0 n=0

o
> ax"
n=0

How do we cube out a series? This seems to be the only
sticking point to proceeding with this process.

We will make a couple of definitions and assumptions.
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Solving Algebraic Equations
y= ianxn
Given the above series define the tail series to be

n__ n n+l n+2
ax"=ax"+a, X" +a, X"+

t =

n

e

=

=n

We then have that

t,=y and t,=ax"+t,
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Solving Algebraic Equations

Given an algebraic equation we will write it as
F(x,y)=0
And we will begin our procedure by setting
Fo(x.y)=F(x,y)
The kth iteration of our process consists of three steps

1) Extract the x* level equation from F (x.t) =0. That is
find the coefficients of x* and set them equal to O.

2) Solve the x¥ level equation for a,.

3) Substitute t, = a, X+ t,,, into F,(x,t,) = 0 and use the
Binomial Theorem to obtain the new equation
Fk+1(xvtk+1)
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Solving Algebraic Equations
Example:
F(x,y) =y’ +3y—4-x’y+2x=0
Fo(Xt):  t2+3t,—4—x%t, +2x=0

Step 1: Since t;=a,+a,x+a,x?+... and the x° level equation
ignores all non-constant terms in F(x,t,):

X0 level:

a,’+3a,-4=0 = (a,+4)(a,-1)=0 = a,=—4ora,=1

This will give us two solutions and two equations
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Solving Algebraic Equations

Solution 1: a, =1
Now, replace t, with 1+t, to get:
(14t +3(1+t,)—4—x(1+t,)+2x =0
1+2t +t2+3+3t, —4—x*—t,x* +2x=0
5t, +1,° — x> —t,x* +2x =0

Ignore all terms with degree > 1.

5a,+2=0
a1 = 72
5
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Solving Algebraic Equations
F.(x,t,) =5t +t°—x* —t,x* +2x =0
Now, replace t; with 7gx +1,

5t, +t2 —x* —t,x* +2x =0

2
5[7§x +t2]+[73x +t2] —x? 7[7§x +t2]x2 +2x=0

5
5t, +1,° 7£th —x%, Ay 250
5 25 5
Ignore all terms with degree > 2. 21
5a, - —=
25
21
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Solving Algebraiczlzquzations

F,(x,t,) =5t, +t,> ——=xt, — x’t, ——x*+=x>=0
2( 2) 2 2 5 2 2 25 5

i sz +t
Now, replace t, with 125 3

5t, +t,° —ﬂxtg 7§x2t3 166 5 2184 Lo
5 125 625 15625

Ignore all terms with degree > 3.

166
5a, += =
625
166
3125
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Solving Algebraic Equations

So, we find a series expansion for y of the form:

> 2 21 166
=Y ax"=1-Sx+——x*——x?
Y § " 5 125 3125
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Your Turn

1) Find the solution corresponding to a, = -4

2) Find the first four terms of the infinite series
expansion of y if y3 + xy = 1.
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Your Turn

1) We can solve the original equation for y and then
find the series expansion for that. We should get
the same answer.

y?+3y—4—x’y+2x=0
Y +(B-x*)y+(2x—4)=0

y— (x* —3)£+/(3—x*) —4(2x —4)

2
(x? —3)£+/x* —6x? —8x+25
y B
2
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Your Turn
_ x? —3+44/x* —6x* —8x+25

2

2 .21, 166 o 304 .,

Yi

+ox -
57 1257 3125 15625

_ XP—3—4x*—6x*—8x+25
B 2
2 104 , 166 ; 304 ,
=4 =X+ =X =X = — =X
5 125 3125 15625

Y2

This is what we should have found with our other
process.
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Your Turn

2) Find the first four terms of the infinite series
expansion of y if y3 + xy = 1.
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Yy +xy—1=0

y=13f08+1\12x° 81 - ——2X

6 3108 +124/12x° 1 81
11 1
=1-=X+—=X 4+ —=—x

Y= e T oas
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Problem 2

Fx.y)=y +xy-1=0
Stage 0: F,(x,t,)=t,’ +xt,—1=0
a,’—1=0
a,=1
Stage 1: In Fo(x,to) replace  t,=1+t;
F(t) =(+t)° +x(A+t)-1=0
F(x,t) =3t +3t" +t° +xt, +x=0

3a,+1=0
_t
%773
Problem 2

Stage 2: In Fy(x,t,) replace t, = _§X +t,

F(x,t,) =3t +3t% +t°+xt, + x=0

2 3
F2(><,t2):3(7%x+t2)+3{7%x+t2aU t[l»%t(lﬁ»tz +x 7%x+t2 +x=0
23t 4387 11, X, 4o xt, X x® =0
2 2 2 2 3 2 2 27
3a,=0
a,=0
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Problem 2

Stage 3: In F,(x,t,) replace t, =0x*+t, =t,

F,(x.t,) =3t, +3t,> +1,° —xt, +%X2t2 —Xt,? 72—17><3 =0

1 1
Fa(x,ty) =3t, + 3t +1,° —xt, +§x2t3 —xt,’? _Ex3 =0

3a,——=0
27
a L
* 81
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Problem 2
Stage 4: In F4(x,t,) replace  t, _ly +1,

F(t) =3t + 362 1, xt, +%x2t3 xtLx=0

27
x3 x° (% ’ x*
Fo(Xt) =3 -+t [+3| -+t | +| o+t | — X[+t |+
A(X0t,) PR PR TR TR
3 3 2
Ly X, ]-x X—H,, Lo
3 81 81 27

X, 2x°t, 2x't, N x°t, 2+
3 27 81 2187
X3t42 XA XS XG X7 XB
o+ - +
27 81 243 2187 6561 531441

=3t,+3t,7 +1t,° —xt, +

=0
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