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number?
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Therefore S is bounded and has a least upper
bound. Let u =lub S and let € > o.
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L=@=V(9-4)/2=(3%V5)/2
Which one is it? It cannot be both. Why?
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en thereisn, > n, sothata, <a 1S g1ves

n-*

a, <a,<a,<a, s ..

which is the required monotone subsequence.
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Claim: u <v
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and

v =lim inf a,, = lim(glb {a, | n > N})
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infinitely many a,’s can get close to.
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lim sup a, = +.
Do the case that lim a,, = —o similarly.
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Since lim inf a,, < lim sup q, , we have
liminf a, =lim a, = lim sup q,.
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Thus, lub{a,, |n>N_ <L +e¢ and
a,<L+¢eforall n>N,.
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Equivalently, | a, — L| < e for n > max\[NV,, N,

n

This proves that lim a,, = L.
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n

Thus, {a, } has the Cauchy property.
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previous lemma.

Show: lim inf a,, = lim sup a,,
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1a,, | m > N}, sovy— € < glb{a,, | m > N} = u,.
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