Circumradius, Area, Medians,
Stewart's Theorem
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i /BAC = 3 ZBHC
H / /BHY=/CHY= 1 /BHC
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B ﬁ( 2/BAY = /BHY
¥ ¢ = 1 /BHC

= /BAC

/BAY = + Z/BAC
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[ ZBA+/BAC =180
B [\ ) ZCAY+2ZAQ)= 90

/BAY+/BAZ=/CAY+,/ZA()
/BAZ = £ ZAS)
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Question

Where do the perpendicular bisectors of
the sides intersect the circumcircle?

At one end is point of intersection of
angle bisector with circumcircle

The other end is point of intersection of
exterior angle bisector with circumcircle.
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Theorem: Given AABC with circumradius R, let
a, b, and ¢ denote the lengths of the sides
opposite angles ZA, ZB, and £C, respectively.
Then

a b C

—=——=——=/J}
sinA sinB sinC

23-Sept-2011 MA 341 001 7



23-Sept-2011 MA 341 001 8



BP = 2R
= sin P = a/2R
ZA = /P
= 2R =a/sin A
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BP = 2R
= sin P = a/2R
ZA = /P
= 2R =a/sin A
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2R =a=a/sin A
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Theorem: Let R be the circumradius and K be
the area of AABC and let a, b, and ¢ denote the
lengths of the sides as usual. Then 4KR=abc
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c/sin C = 2R

sin C = c/2R

2K = abc/2R
4KR = abc
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Theorem: The medians of a triangle meet in a
single point, called the centroid, G.

B

A
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N

A How can we show this?
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Centroid

MN is the midsegment of AABC so MN||AB and
MN = + AB.

By Alternate Interior Angles

Z/ABG=2ZMNG and LBAG§LNMG:>AABG~AMNG

AG AB
GM MN
AG = 26M c

A N
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Stewart's Theorem (1746)

With the measurements given in the
triangle below, the following relationship

holds:
aczn + b°m = ¢(d? + mn)

b

A

D

A
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= d?(n + m) + mn(m + n)
a’n + b°m = ¢(d? + mn)
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24-Sept-2010

B m=c/2 D

a’n +b°m = c(m? + mn)

2 2 4
a® b® ¢°

a‘c b°c G
+—=c|m’+—

=552
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2m: =a® +b° —%cz

For a 3-4-5 triangle this gives us that the
medians measure:

o~V m - m -2

a 2 C
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X X+8

Find x =3
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Theorem 4

For any triangle, the sum of the lengths of the
medians is less than the perimeter of the
triangle.

N in AF so that NF=AF
ACNB is a parallelogram
BN=AC

In AABN, AN < AB+BN
2AF < AB + AC
2m,<b+c
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m,+ my+ m.<a+ b+ c
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For any triangle, the sum of the lengths of the
medians is greater than three-fourths the
perimeter of the triangle.

BG + CG > BC
Em +§mb>a
3 ° 3

and

gm +g > C Em +Em >b
3T T3 3T T3
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3 a c

m +m +m >%(a+b+c)
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The sum of the squares of the medians of a
triangle equals three-fourths the sum of the
squares of the sides of the triangle.

2mé =b® +¢° —102
2
ot -t vty
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m:+m +m’ ==(a’+b” +c°)
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The sum of the squares of the lengths of the
segments joining the centroid with the vertices
is one-third the sum of the squares of the
lengths of the sides.
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A median and the midline it intersects bisect
each other.

Show AF and DE bisect
each other.

Construct DF and FE.
DF||AE
AD||FG
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A median and the midline it intersects bisect
each other.

ADFE a parallelogram

Thus, AF and DE bisect
each other.
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A triangle and its medial triangle have the same
centroid.

This is HW Problem
2B.1.
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