The Incircle and Inradius
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Inscribed Circles

» We know that every triangle has a
circumscribing circle.

+ Does every friangle have an inscribed
circle?
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Incircle, Incenter, Inradius

The three angle bisectors of a triangle
are concurrent at a point I. This point is
equidistant from the sides and the circle
centered at I ;}s unique.
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Incircle, Incenter, Inradius

We use Ceva's Theorem. We need to show:
B BZ AY CX _,

ZA'YC'XB

Since each is an angle
bisector, we know

Y C
AY _ABY BZ BC CX_AC

YC BC ZA AC XB AB
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Incircle, Incenter, Inradius

BZ AY CX_BC ABAC _
ZA'YC'XB T AC'BC'AB

By Ceva's Theorem the angle bisectors are
concurrent at a point, I.

Drop a perpendicular from I to AC and
from I to BC, intersecting at points E and
D

ZECT = /DCI, /IEC = /IDC and IC=IC. By
AAS ATEC=AIDC = TE=ID.
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Incircle, Incenter, Inradius

Similarly we can show that IE=IF.

Hence I is equidistant from the sides and
there is a circle cenfered at I that is
inscribed in AABC.
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Inradius

Theorem: If K is the area, s the
semiperimeter, and r the inradius of
AABC, then K = rs.

Consider AAIC.
Kazc= 3(IE)AC) = 3rb
Also,
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Kura= S(IF)(AB) = drc 4
Kpre= 3(ID)(BC) = 3ra
K = Kaze + Karp + Kpre=z(atb+c)r=rs
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Inradius

K=rs.

F_K_J@-@@-m@-q
_S_ s
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Points of Tangency

Can we find the points of tangency, D, E,
and F?

We know CE=CD, AF=AE
and BD=BF. Let
x=CE=CD

y=AE=AF
z=BD=BF
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Points of Tangency

Solving, we get:

a+b-c¢
= =85
2
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Extension: Tangent Circles

If we have three
mutually,
externally,

pairwise tangent

circles, then Y
their common

tangent lines are

concurrent.
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BD and CD are perpendicular to the
common tangent through D.

Thus, DeBC, FeAB, E=AC
Now, AF=AE, BF=BD, and
CE=CD. We see
That D,EF are
points of tangenc
of the incircle of
AABC
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More from Incircle

Law of Tangents: If a, b, ¢, and s are as
usual, then

¢)  [s-a)(s-b)
Tan[z} - s(s-c¢)
In ACIE, B

Tan(g]* E =1
\_2_/7 CE s-c

_ |(s—a)(s-b)
- s(s—c)
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Incenter Coordinates

Cartesian coordinates

If A=(X4.Ya). B=(Xp.yb)., C=(x.y.) and sides
are a,b,c then

I:(axo+bxb+cx: aYa+be+CYC]
a+rb+*c ' a+b+c
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Incenter and Euler Segment

C

A
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Euler's Theorem

Let d=0OTI, the distance from the
circumcenter to the incenter.

d? = R(R-2r)
where R=circumradius and r=inradius.
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Circumcenter Coordinates

Cartesian coordinates

If A=(X4.Ya). B=(Xp.yb)., C=(x.y.) and sides
are a,b,c then

c :((Xf 1 20 (/S AL G AR A AAICARL70 A D)

_ 2%, (v, -¥ ) * %,y v ) x (Y. - %))
007+ ¥ )% =)+ 06, + 7,7 )(x, - X )+ (.2 +y.5) (%, - x.)

20%, (s - ¥ )+ % (¥ - Ya) + X (Yo - Yo ))
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Centroid Coordinates

Cartesian coordinates
If A:(XGIYG)I B:(beYb): c:(xCIYC) Then

Gz(xsxux('wwyc]

3 3
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Orthocenter Coordinates

Cartesian coordinates
If A:(XGIYG)I Bz(beYb)/ C:(XCIYC) Then

H=(x,¥.)
= 0o YV (e mYo DV # (o Yo DY XYl = X ) Yo (% =X ) + XY (6 -, )
YoXo #VpX # Yo = XYe T XYa = XY
(= X DG+ 06 =X+ 0%, = XX # XY = ¥) * XY (Ve - V) * XY s - Ye)
Yoo *YpXe * YeXa %Yo = %Yo ~ XY

Ve =
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A=([1,3)

= A0V (TY-6)+ PRY4) (IOU8)+(1TN-H]+ (25Y-3)

B—(_ 4 _1 ) 2-1E] (A6 +(X4) 2@+ NG+ @DE)
- ' (9 al
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C=(4.-3)
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