Loci: Hyperbolas

MA 341 - Topics in Geometry
Lecture 26

UK

10/30/2011

Conic Sections

Believed first used by Apollonius of Perga
hyperbola comes from Greek word meaning

"excessive"
ellipse comes from Greek word for
"deficient"

parabola comes from Greek word for

“comparable”

May refer to eccentricity of curves
hyperbola - greater than one
ellipse - less than one
parabola - exactly one
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Hyperbola

Given two points F; and F, and s > 0.

Find the locus of points, C, so that

ICF, - CF,| =s
/C\
Fa

Fi
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Hyperbola

Called a hyperbola with foci F, and F,.

Let V be point on F;F, so that
VF, = 3(F;F;-s)
Then
vFl‘sz = (Fle = sz) = VFZ = F1F2' 2VF2 =s

If we reflect V across the midpoint we get
a second point, V', on the hyperbola.

V, V' - vertices of hyperbola
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Hyperbola

M = midpoint of F,F,
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Hyperbola
The common difference is 10:
F1C1'F2C1 = 10 FICZ-F?_CZ = 10
FIC3'F263 = 10 FIC4'F264:10
0

Cs
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Hyperbola

Flcll‘cmll =-10
We have two branches depending onc,
order of terms
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Hyperbola

-X=a | X=a
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Hyperbola

1 -X=a | X=a

What is thé common diffefence here?
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Hyperbola

-X=a ' X=a

VF,=c-a
VFi=2a+c-
za+c

)

R S
1 ' ' 1
[ '
[ C
! 1
[ 1
! 1

VF;-VF,=a+c-(c-a)
= 2a

Y

:T?":
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Hyperbola

P=(x.y)

\/(x +cf+yt - \/(x —c)F +y* =(2a)
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Hyperbola
Joc+ e +y? - Jix - F +y? = (200
(x+c) +y2 —Z\f(x+c)2 +ya\/(x -y +yz +(x—c) -v-ya =4qd°
X +y?+c® -2d° :J(x +c) er?\/(x—c)2 +y
(¢ +y? =¢? - 20°) = ((x + ] + y)(x - cF = ¥°)
Xyt et s gt - Adke? - ik — daly? - 26 + 2hyR + 2xy?
=x* syt st —2ci? < 2c%y < 2xPy?
4a* - 4a°c® - 4a’x° - 4a%y" + 4 =0
(cz _GZ)XZ _GZYZ - GZ(CZ _ GZ)
Let b*=c*-a?
b?x* - a%y? = a%b?

XZ YZ
% -L -1 Standard Form
a b
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Parts of the Hyperbola

transverse axis
chord /
v\ >

-
\

conjugate axis

31-Oct-2011 MA 341 13

10/30/2011

Asymptotes of the Hyperbola

Take;‘—:—g—zzl and set =100

2
b
7§:0 y::ax
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To Draw a Hyperbola

b b
y=-—X y=—X
a a

-a a
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Hyperbolas with

Standard equation
Focal axis

Foci

Vertices
Semitransverse axis
Semiconjugate axis
Pythagorean relation
Asymptotes
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Center (9,0)

2

Y Y _x _
x-axis y-axis
(£¢0) (0.=¢)
(+a,0) (0,%a)

a a

b b

¢ =a?+b? ¢ =at+b?

—-bx ==

y== y==g

MA 341

10/30/2011

Hyperbolas with Center (h,k)

Standard equation

(x=hY (y-KF _
02 2

g (kP Gehy
a

1

b bF
Focal axis y=k x=h
Foci (hzck) (hk=c)
Vertices (h=ak) (hk=a)
Semitransverse axis a a
Semiconjugate axis b b
Pythagorean relation ¢ =a’-b ¢ =at-b?
b a
Asymptotes y==_(x-h)<k y==p(x-h)+k
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Eccentricity
The eccentricity of a hyperbola is

a

¢ at+b?

a

where a is semitransverse axis, b is
semiconjugate axis, and c is distance
from center to focus.

31-Oct-2011

MA 341




Example

Given two fixed points A and B, find the loci of
points P so that ZPAB = 2/PBA.

P
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Example

Put origin at A and B at (1,0).

mp, = Tan (2a) hence for x = 0, tan(2a) = y/x.
P If x=0, a = 45°

tan(a) = y/(1-x)

e £

(0,0) 1-x (1,0)
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Example
2tan(a)
1—tan’(a)

Y

Y _ tan(2a) =2 1"‘2
X Y

iy
y(1-x)
(1 _X)Z _yz

y((1-x) —y*) =2xy(1-x)

tan(2a) =

Y_»
X
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Example

y(( - %) —y*) = 2xy(1-x)

1-4x+3x°-y* =0

(x-%y ¥ _
my ()Y
Hyperbola - center at (2/3,0)
a=1/3 and b=/3

a2+ b?2=4/9,s0 c=+2/3 and foci are at
(0,0) and (4/3,0)
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Example IT

Show that the graph of the curve xy = lis a

hyperbola.
Center = (0,0)
Vertices = (1,1) and (-1-1)
a=J2 D
Asymptotes are perpendicular
So,b=a '
c? = a? + b2=2+2=4
c=2 (-1-1)
Fi=(-/2,-/2)
Fz = (f2, f2)
Example IT
To show a hyperbola we need to show
|PF, - PF,| = 202

P=(xy), x#0andy=1/x.
LR IR EI N

x

N
xz/.

+ X+

s\

\PE—PE\:J4f2J2_:x‘~£:+:xHi‘—Jté—sz.ml

X X X
Let u= x+1/x
PR - PR|= V2 + 2d2u + & ~vf2 - 2vu+
PR, PR = o+ 2] - o= 2]

u2= x +2+ 1/x>2 s0 |u| 2 V2
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Example IT
Ifuc-2
PR - PR = [-u=v2 - (-u+2)| = |-242| = 242
Ifu2/2

|PFl—PFZI:‘u+\/5—(u—\/§)‘:2‘/E

Therefore, P lies on the hyperbola.
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