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Written Assignment 6 for MA 322 - Matrix Algebra (Spring 2017)

March 30, 2017

Problem 1

Suppose A is a b x 5 matriz with ezactly three eigenvalues, and we know one of the eigenspaces is three-dimensional (we
aren’t told about the others). Can we determine whether or not A is diagonalizable? Ezplain why or why not.

If Ais a5 x5 matrix with exactly three eigenvalues, then we know that there are exactly three eigenspaces, each
of which is at least one-dimensional. We also know that the sum of the dimensions of all eigenspaces is less than or equal
to the number of columns in the original matrix. If one eigenspace is known to be three-dimensional, then in order for
the dimensions of all three eigenspaces to add up to 5 we know that each of the other two eigenspaces must be exactly
one-dimensional. Since we know that each eigenspace is at least one-dimensional without having to verify it using the
exact eigenvectors, we immediately determine that A is diagonalizable.

Problem 2

Now suppose A is a 6 x 6 matriz with ezactly three eigenvalues, and one of the eigenspaces is three-dimensional (we aren’t
told about the others). Can we determine whether or not A is diagonalizable? Explain why or why not.

This time, in order for the dimensions of all three eigenspaces to add up to 6, one of the two remaining eigenspaces
must be one-dimensional, and the other two-dimensional. Since the existence of a two-dimensional eigenspace cannot

be verified without checking the eigenvectors, we determine whether or not A is diagonalizable without more
information.

Problem 3

Construct an ezample of a matriz that is diagonalizable, is not diagonal, and is not invertible.

In order for a matrix to be diagonalizable, it must have exactly as many linearly independent eigenvectors as columns.
In order for the matrix to also not be invertible, it must have linearly dependent rows, which always happens whenever
one of the eigenvalues is 0. Therefore, one example of a diagonalizable (yet not diagonal) matrix with 0 as one of the
eigenvalues is a 2 x 2 matrix with eigenvalues 0 and 1, or characteristic equation A% — X\ = 0. Creating a matrix with this
equation is relatively easy - here is one such example:

1

[-%' 1} (characteristic equation = ()\2 -+ 1) - (l> =0 X -)=0)

i 3 4 4

Problem 4

Let A= [_11 ;] , and B = {b1, by} where by = B] and by = [Z] Define T : R? — R? by T(z) = Az. Find [T)s.

Step 1: Figure out the linear transformation of each basis vector:
C[ri411] 2
T(by) = [—1-1+3.1] - M
_|1-54+1-4| |9
T(ba) = [—1‘5+3-4] - M
Step 2: Write these vectors with respect to 4, and make them the columns of [T]g:

[T(b1)) = solution to E i : g}:;[é _51 { (ﬂﬁ[é i’ : g]:[l 0 | 2]:{2]




o\

R 1519 .1 5 | 9 15 |9 10| -1 [
[T'(b2)]# = solution to {1 4| 7]:>[O 1 _2}=>[0 1 2]=>[0 1] 2|72

Problem 5
V3 3 ‘ : - A :
Let A= "3 3l The transformation = +— Az is a composition of a rotation and a scaling.

a. Give the angle of rotation and the scale factor.

Scale factor (s) = norm of every column vector in A:

s = flaull = /(V3)2 + (=3)2 = Vi3 =[2V3]

Dividing A by s makes the rotation easier to see:

}, cosf > 0 and sinf < 0, putting # in Quadrant IV. Applying the

1
A=2V3 [-2@

[T wl&l

cosf —sinf
sinf  cosé
appropriate reference angle, we get

Since the rotation matrix is [

cos—% —sin—-%
- 3 3
A=2v3 {sinmg }

I
cos 3

which means that |0 = —3

b. Find the eigenvalues and a basis for the eigenspace.

Because this is a rotation, the eigenvalues are going to be imaginary:

A-N=06 \/’3;_? \/53—,\ \=0¢>(\/§~A)2+(3)2=0

S3-2V/3A+ X2 +9=0 X -2V/3A+12=0
2\/§:|:\2/12—48 Vi3

> A= =3

The eigenvectors can be computed in a very straightforward manner (NOTE: Only the computation for A = V3+3i
is shown - since A contains only real numbers, the other eigenvector must be the conjugate of this one.)

A-M = [‘/g_l/;;_gi \/5_35_32'] - [_—? —331}

N -3 3 - -3 3 N 1 4
—-3i 3 0 0 00
= z1 = —179 = Nul A = Span { [_11] }

i 1

Thus, the eigenvector for Ay = /3 + 3¢ is —1 = [J, and the eigenvector for A = /3 — 3i is [ﬂ = [_11] Any

matrix involving only rotation and scaling has these two eigenvectors. Therefore, the basis for the eigenspace is

{EREN
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