1. ORDERING

Definition 1.1. A continuum is a nonempty set C together with a relation <, which
satisfies the following axioms:

OA1: For all x,y € C such that x # vy, either x < y ory < x.
OA2: Forallz,y €C, if x <y then x # y.
OA3: Forallz,y,z€C, ifx <y andy < z then z < z.

IA: C has no first or last points. (See Definition 1.2)

CA: C is connected. (See Definition 4.1)

A relation which satisfies axioms OA1-3 is called an ordering. Technically the “or”
which appears in OA1 is an inclusive or, but the next proposition shows that it is
secretly the exclusive or.

Proposition 1.1. If x and y are points of C, then x < y and y < x are not both
true.

The next definition explains the meaning of TA.

Definition 1.2. If A C C, then a point a € A is a first point of A if, for every
element x € A, either a < x or a = x. Similarly, a point b € A is called a last point
of A if, for every x € A, either x < b or x = 0.

Lemma 1.2. If A is a nonempty, finite subset of C, then A has a first and last point.

Proposition 1.3. Suppose that A is a set of n distinct points in C. Then symbols
ai,...,a, may be assigned to each point of A so thata; < ag < -+ < ay, i.e. a; < Qi1
for1 <i<n-—1.

Definition 1.3. If z,y,2 € C and both x < y and y < z, then we say that y is
between x and z.

Corollary 1.4. Of three distinct points, one must be between the other two.
Definition 1.4. Ifa,b € C and a < b, then the open interval (a,b) is defined by

(a,b) ={z €Cla < x < b}.
The closed interval [a,b] is defined by

la,b] = {z € Cla < x < b}.
Proposition 1.5. If z is a point of C, then there exists an open interval (a,b) such
that x € (a,b).

2. LiMiT POINTS

Definition 2.1. Let A be a nonempty subset of C. A point p of C is called a limit point
of A if every open interval I containing p has nonempty intersection with A\ {p}.
Explicitly, this means:

for every open interval I with p € I, we have I N (A\ {p}) # 2.
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Notice that we do not require that a limit point p of A be an element of A.
Remark: Note that p is not a limit point of A if there exists an open interval (a, b)
such that p € (a,b) and (a,b) N A\ {p} = 2.

Proposition 2.1. If p is a limit point of A and A C B, then p is a limit point of B.

Lemma 2.2. Suppose (a,b) is an open interval. Define the exterior of (a,b) to be
the set C \ |a,b]. Then no point in the exterior of (a,b) is a limit point of (a,b), and
no point of (a,b) is a limit point of the exterior of (a,b).

Proposition 2.3. If two open intervals have a point x in common, their intersection
1s an open interval containing x.

Corollary 2.4. If n open intervals have a point x in common, their intersection is
an open interval containing x.

Theorem 2.5 (*). Let A, B C C. If p is a limit point of AU B, then p is a limit
point of A or B.

Corollary 2.6. Let Ay,..., A, be n subsets of C. Then p is a limit point of A; U
-~ U A, if and only if p is a limit point of at least one of the sets Ay.

Proposition 2.7. If p and q are distinct points of C, then there exist disjoint open
intervals Iy and I containing p and q, respectively.

Corollary 2.8. A subset of C consisting of one point has no limit points.
Corollary 2.9. A finite subset A C C has no limit points.

Corollary 2.10. If A C C is finite and x € A, then there exists an open interval I
such that ANT = {z}.

Proposition 2.11. If p is a limit point of A and I is an open interval containing p,
then the set I N A is infinite.

3. TorPoLOGY
Definition 3.1. A subset of C is closed if it contains all of its limit points.

Theorem 3.1. The sets @ and C are closed. Moreover a subset of C containing a
finite number of points is closed.

Definition 3.2. Let X be a subset of C. The closure of X is the subset X of C
defined by: o
X =XU{z eC|xis alimit point of X}.
Proposition 3.2. X C C is closed if and only if X = X.
Proposition 3.3. The closure of X C C satisfies X = X.
Corollary 3.4. Given any subset X C C, the closure X is closed.

Definition 3.3. A subset U of C is open if its complement C \ U is closed.
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Theorem 3.5 (*). Let U C C. Then U is open if and only if for all x € U, there
exists an open interval I such that x € I C U.

Corollary 3.6. Fvery open interval is open. Every complement of an open interval
is closed. Moreover & and C are open.

Theorem 3.7. Let {U,} be an arbitrary collection of open subsets of C. Then the
union |, Uy is open.

Corollary 3.8. Let {X,} be an arbitrary collection of closed subsets of C. Then the
intersection (), Xy is closed.

Theorem 3.9. Let U be a nonempty open set. Then U is the union of a collection
of open intervals.

Theorem 3.10. Let Uy, ..., U, be a finite collection of open subsets C. Then the
intersection Uy N --- N U, s open.

Corollary 3.11. Let X;,..., X, be a finite collection of closed subsets of C. Then
the union X1 U---UX,, s closed.

Definition 3.4. Let X be any set. A topology on X is a collection T of subsets of
X that satisfy the following properties:

(1) X and @ are elements of T.
(2) The union of an arbitrary collection of sets in T is also in T .
(3) The intersection of a finite number of sets in T is also in T .

The elements of T are called the open sets of X. The set X with the structure of the
topology T is called a topological space®.

4. CONNECTEDNESS

Definition 4.1. Suppose X C C. We say X is disconnected if there exist open sets
A, B C C such that

X C AUB
ANB = o
ANX,BNX # o@.

We say X is connected if it is not disconnected.
Proposition 4.1. The only subsets of C that are both open and closed are & and C.

Theorem 4.2. For all x,y € C, if x < y, then there exists z € C such that z is in
between x and y.

Corollary 4.3. Every open interval is infinite.
Corollary 4.4. Every point of C is a limit point of C.
Corollary 4.5. Every point of (a,b) is a limit point of (a,b).

IThe word topology comes from the Greek word topos (té6moC), which means “place”.
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Definition 4.2. Let X be a subset of C. A point u is called an upper bound of X if
forallz € X, x <wu. A point [ is called a lower bound of X if for all z € X, | < x.
If there exists an upper bound of X, then we say that X is bounded above. If there
exists a lower bound of X, then we say that X is bounded below. If X is bounded
above and below, then we simply say that X is bounded.

Definition 4.3. Let X be a subset of C. We say that u is the least upper bound of
X and write u = sup X if:

(1) w is an upper bound of X, and

(2) if v’ is an upper bound of X, then u < u'.
We say that | is the greatest lower bound and write | = inf X if:

(1) I is a lower bound of X, and
(2) if U' is a lower bound of X, then " <.

Lemma 4.6 (*). Let X C C and define:
U(X) ={z €C|xis not an upper bound of X}

and
Q(X) ={xz €C|x is not a lower bound of X}.

Then U(X) and Q(X) are open.

Theorem 4.7 (*). Suppose that X is nonempty and bounded. Then sup X and inf X
both exist.

Theorem 4.8 (*). Let X be a subset of C. Suppose that sup X exists and sup X ¢ X.
Then sup X s a limit point of X. The same holds for inf X.

Corollary 4.9. Both a and b are limit points of (a,b).

Corollary 4.10. Every nonempty closed and bounded set has a first point and a last
point.

Theorem 4.11. Every closed interval [a,b] is connected.

5. CONTINUITY
Definition 5.1. If f : A — B, and X C B then the preimage of X is the set
fHX) ={a€ Alf(a) € X}.
Lemma 5.1. Suppose f : A — B, and X, Y C B. Then
fFEXUY) = fHX)UFHY) and fHXNY) = 71X N Y
Lemma 5.2. Suppose f: A — B, and X, Y C A. Then
fXNY) CfX)n fY).

Definition 5.2. A function f : C — C is continuous if for every open set U C C, the
preimage f~1(U) is open.

Theorem 5.3 (*). Suppose that X C C is a connected subset of C and f:C — C is
continuous. Then f(X) is connected.
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Corollary 5.4 (Intermediate Value Theorem). Suppose f : C — C is continuous,
and |a,b] C C is a nonempty closed interval. Then if y is between f(a) and f(b) then
there exists ¢ € [a,b] such that f(c) =y.

Theorem 5.5 (*). f: C — C is continuous if and only if for all x € C and every

open interval I containing f(x), there exists an open interval Iy containing x such
that f(Iy) C 1.

Theorem 5.6. Let f : C — C be continuous and suppose that x is a limit point of
A CC. Then f(x) is a limit point of f(A) or f(x) € f(A).

6. COMPACTNESS

Definition 6.1. Let X C C, and suppose O = {U,} is a collection subsets of C. We
say O is an open cover of R if i) every Uy is open and ii)

X clJu
A

Definition 6.2. Let X be a subset of C. X s compact if for every open cover O of
X, there ezists a finite subset O' C O that is also an open cover.
Proposition 6.1. Any finite subset of C is compact.
Proposition 6.2. C is not compact.
Theorem 6.3 (*). If X is compact, then X is bounded.
Lemma 6.4. Let p € C and consider the set:

O ={ext(a,b) |p € (a,b)}.
No finite subset of O covers C \ {p}.
Proposition 6.5. No open interval (a,b) is compact.
Theorem 6.6. If X is compact, then X is closed.
Proposition 6.7. The set [a,b] is compact.

Theorem 6.8 (Heine-Borel). Let X C C. X is compact if and only if X is closed
and bounded.

Theorem 6.9 (*). Suppose X C C is compact, and f : C — C is continuous. Then
f(X) is compact.

Corollary 6.10 (Extreme Value Theorem). Suppose f : C — C is continuous, and
[a,b] is a closed interval. Then fla,b] has a mazimum and a minimum.

Theorem 6.11 (Bolzano-Weierstrass®). Fvery bounded infinite subset of C has at
least one limit point.



