ANALYSIS PRELIMINARY EXAMINATION

, May 29, 2013
Instructions

1) This is a three-hour examination which consists of two parts: Advanced Cal-
culus and Real or Complex Analysis. You should work problems from the
section on advanced calculus and from the section of the option you have
chosen.

2) You are to work a total of five problems — four mandatory problems (two
mandatory problems from each part} and one optional problem you choose.
Please indicate clearly in your solutions which optional problem is
to be graded.

3) Give complete and detailed arguments. Indicate clearly the theorems and
definitions you are using. Each question is weighted equally.

4) Be sure to write your solutions on only the front side of the paper provided
(since only this side will be copied for the graders).




ADvaNCED CALCULUS

MANDATORY PROBLEMS

1. Let {fx} be a sequence of functions fr : R — R, Suppose that

(a) {fi} converges uniformly to f on R and
(b} each f is continuous at xg.

Show that f is continuous at zp.

2. Let f:R — R be continuous and suppose
fig #e) = lim (=) =0

Show that f is uniformly continuous.

OPTIONAL PROBLEMS

3. Let {a,}22,, be a sequence of positive numbers such that
lim (a3 + ag + - -+ - an) = o0
1~}00

Show that for any complex sequence {‘;zn}f’zi with limit z,

. 012 T agza -t G2y
lim =z
nsoo Q3 +ag+ -+,

4. Let f(z,vy) be a real-valued, continuous function on
S={{z,y):0<z<1land 0<y <1}
and put '

Fa) = /0 ' flay) dy.

Show that if g(z,y) = %5($,y) is continuous on S, then F(z) is differentiable on
(0,1} and

1 F'(z) = fg g9(z,y) dy

for every z in (0,1). Hint: Use uniform continuity of g on S and the mean value
theorern.




REAL ANALYSIS

MANDATORY PROBLEMS

1. Let {E)}52, be a sequence of measurable subsets of R and let
E= {:E € R: z € Ey for infinitely many k}.
Show that if -
Y m(By) < oo,

k=1
then m{E) = 0.

2. Let E C R be measurable and 0 < m(E) < oo. Prove that there exists a
measurable set F' C E such that m{F) = m(E) and

m{(ENB(z,7)) >0 for every z € I and every r > 0.

OPTIONAL PROBLEMS

3. Afunction f : R — [--c0,00] is said to be measurable if the set {x € R : f(z) > a}

is measurable for every & € R. Use this definition to show that if { fi} is a sequence of

measurable functions with klim fe{z) = f(z) for every x € R, then f is measurable.
300 .

4. Let f(z,y) be a nonnegative measurable function on R2. Suppose that for a.e.
z € R, f(z,y) is finite for a.e. y. Show that for a.e. y € R, f(z,v) is finite for a.e,
Z.




COMPLEX ANALYSIS

MANDATORY PROBLEMS
1. Let D be a convex domain containing the origin and let f be a continuous complex-
valued function on D such that [ f(w)dw = 0 for every triangle A in D. Given z
in D, define -
F(z) = / flw) dw,

where 'y(z) is the straight line from the 011g1n to z. Give a direct elementary proof
that F' is holomorphic in D with ' = f in D.

2. Compute the integral f da: by applying the residue theorem for a circular

sector with center at the orlgm YOlll solution should obtain the limit of an integral
along the circular boundary of your sector as the radius of the sector approaches
infinity.

OPTIONAL PROBLEMS
3. Show that if f is an entire function with lim |f(z)| = co then f is a polynomial.
F0oC
4. Suppose D) is an open set in the complex plane with the property that every

holomorphic function on D has a holomorphic antiderivative in D. Show that every
real harmonic function in D is the real part of a holomorphic function in D).




