Preliminary Examination in Numerical Analysis

Jan. 5, 2018

Instructions:
1. The examination is for 3 hours.

2. The examination consists of eight equaily-weighted problems., The first four cover Ma-
trix Theory and Numerical Linear Algebra and the last four cover Introductory Numerieal
Analysis.

3. Attempt all problems.




Problem 1. Show that the growth factor of the Gaussian elimination with partial pivoting
applied to an n X n unreduced upper Hessenberg matrix A = [a;;] (e, a5 =0for i > 7+ 1) is
bounded above by n.

Problem 2. If A € R™*" is an orthogonal matrix and B € R***, prove that {AB)f = BtA™!,
Show that this is not true if A is invertible but not orthogonal by giving a counterexample.

Problem 3. To compute the Schur decomposition of 4, why do we usually first veduce A to an
upper Hessenberg matrix H and then apply the QR Algorithm to H rather than applying the
QR algorithm directly to A7 Explain carefully with precise statements but no proof is needed.

Problem 4. Let T = {£;;} be a symmetric tridiagonal matrix and let A, - - , A,y be the eigenvalues
of T'. Prove that
ml.inl)\i —tant < ltn—tnls

Problem 5. Consider f € C?{a,b} with o € [a,b] a simple root of f. Show that there exists an
€ > 0 such that if @p € fo — €, + €] then the iterates of Newton’s method applied to f, z;, will
converge quadratically to o.

Problem 6. Let mn > 2 and let zp = cos{km/m) for 0 < k < m. Define Up—1(z) = (x -
21} -{2 — Twm_1). It is known that

fl g{@)Um-1{z)V1—22dz =0

for all polynomials g{z) of degree at most m — 2. Use this fact to show that there exist constants
Ag, ..., A such that

1
\/1(_—)12 du = ZAAp(zk)

for all polynomials p of degree 2m — 1.

Problem 7. Let pg,...,pm be polynomials defined recursively by
polz) =1, pu(@) = ez +b,

Pri1{z) = (@nm + by )pa(z) _Pn—i(fv): I<n<m.
Show that

Z anPn(@)paly) = 2)Pmt1 (yy) im'i"l (2)pm(y)

for all integers m > 0. Hint: Multiply the recursion relation by p,(y), then switch z and y and
subtract.

Problem 8. Show that the local truncation error for the Trapezoid Rule
h
Yt = ¥+ 5 (@ 90 + f@i, vi4)

for approximating the solution to 3y = f(rc y) on the interval [, @iy1] I8 —5(mir — 2:)%9"(€),
where £ € {xy, zi41], provided that y € C3¥(z;, z441).
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