Preliminary Examinatioﬁ on Partial Differential Equations

January 3, 2002

o Instructions B

. This isa three—hour examination. You are to work a total of five problems The exam -

i is d1v1ded mto ‘two parts. You must do at least two problems from each part
Please mdlcate clearly on your test papers whlch five problems are to. be graded.

You should. pr0v1de complete and detailed solutlons to each problem that you work ;

‘More weight will be given to a complete solutmn of one problem than to solutions of the e

easy bits from two dlﬁerent problems Inchcate clearly what theorems and deﬁmtlons you :
. are usmg ' : : .
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" o PART ONE

[, Problem 1. Let u € CZ(Q) where Q C }R" is open Suppose Au > 0 in Q 1e u is .

5 ‘subharmomc Show that

- u(y) dy for all B(z,r) C Q.

'* “(“3) !B(m Bl B(;, 0"

o Problem 2. Let ‘B, denote the. ball in R"' 'centered at 0 with radlus T. Let u, be a

S nonnegatlve harmomc function in- By. Prove the followmg version of Harnack mequahty
; for a,ny T,y € Bl, ) '
' 3 u(:c) < u(y) < 3"u(z).

' -Problem 3. Let Qbea bounded smooth domain in R”. Suppose that u € 6'2 (© x [0, 00))
isa solutlon to the 1mtla,l-Neumann problem

mAum{),. in Qx (0,00),

gu—-O onBQx(O 00),

U(ﬂc 0) =g(z), = ef
o ':where v denotes the outwa,rd umt normal to 6Q and g satxsﬁes
- Oy

E‘E =0 on 69

. i._Show that for any 0 <T < 00,

/|umT)|2da:+f fIVu:L't)lzdxdt /Ig 12dm.-

* Problem 4. Suppose u € OV 1 ) scﬁves
mt—Au 0 lnR" x (0 00)."
le g G R”” to > 0 and coosxder the cone o '
| | C:{(:I:t) {)<t<t0, ]m x0,<t0__t}

' Show that 1f u(x, (}) = U (:L' 0)=0on B(mg, tg) then u=90 Wlthlll the cone C
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. PART TWO ' .
i Problem 5 Let Q be a bounded domam in R®.

 (a) Let u,v E L,OC(Q) and a be a multi-index. What does it mean if v is sald to be
the ath—wea,k partlal derivative of u. L : _

(b). State the deﬁmtmns of Wir (.Q) and WyP(Q) for 1 < p < co0.
(c) Use deﬁmtlons in (a) and (b) to show tha,t if € CP (Q) and u € wh Z(Q), then :

D“(¢u) 1/)D°‘u+uD“1,b for [oz{ =1

and a,[m €W, (n)

' Problem 6. -Let Q be a bounded domain in R“ Consider the secoﬁd—ofder, -'unifcrm:
_ elhptlc pa,rtla,l dlfferentlal opera,tor L given by _

L.”ﬁ‘éﬁa(va )*Dk*—“

o 7_ ' v;,hé‘re a” = &ga;-bg, ce L5° (Q) Let B[ ] be the assoc1ated bilinear form on H (Q)

'_7' _ (a) Prove that there ex1st posmve constants Cl, Cz, Cs such that, for any u,v € H} (Q)

. |B u, 'U]| < Cl"“”ffl(ﬂ)””"ﬂl(g),
and o | _ '
- Gz”’"'”Hi'(a) < Blw, ul + Callull ).

(b) If bk = {] forl<k<n and ¢ =0, prove that the followmg Dmchlet problem for L

o h -ha,s exactly one weak solution for any feL? (Q):

Lu =f .in Q, _a,nd w=0 on J.
'Problem 7. Let 2 be a bounded domaiﬁ in R*. Let

L=- Zl ’*’a o7, +Zbk -
=

where am = a_,,,, be are continuous and sat1sfy the uniform elhptlelty condltlon on Q
' -'Suppose u € 02(9) n C’(Q) and £u <0in 1 2. Show that ' :

maxu = ma.xu
) a5

" This is a weak version of the maxirnum prinéiple. ,




- /D aJMezg D-L#M&«,Z“ / j_uafﬁg_m 9‘&4&.; ?m.‘
I;rc;biemS Let P o |
o . : L= _ g}l ai% (a.-jg%)

“be a uniform elliptic operator on § with aij € L®(Q), ai; = aji- Suppose u€ HY(Q) is a
. weak solut10n of Lu =0in Q Show that -

5 f L Vu@)Pds< & f lu(z) Pz
B(wa,f) . B(wg,2r) :

: for any B(:Eg, 2r) cC Q, where C depends only on n, Ilawnm, and the elhpt1c1ty coustants '
. jof L. ThlS is the Ca,cmppoh mequallty




