PRELIMINARY ‘EXAMINATION IN PARTIAL DIFFERENTIAL EQUATIONS
3 January 2007 -

Instructions

- This is a three-hour examination. The exam is divided into two parts. You should
attempt at leéast two questions from each part and a total of five questions. Please
indicate clearly on your test paper which five questions are to be graded.

Provide complete solutions to each problem and give as much detail as possible.
More weight will be given to a complete solution of one problem than to solutions of

the easy bits from two different problems. Indicate clearly the theorems and defini-
tions you are using.
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. Let % be harmonic in B(0,1) = {m [mi < 1} CR™ Thus all the second partlal :
denvatwes of u are contmuous in B(O 1) and Au =0 in B(0, (0,1). '
(a) State and prove the mean value property for u in B(0,1).

- {b) Use thls mean va.lue property to show that if u has an absolute maximum
in B(0,1) then u = constant.

. Given that deriva.tives of harmonic functions are harmonic.

(a) Show that if v is harmonic in B(0,1) = {z : lz| < 1}, with |[v} < 1 in
B(0,1), then |Vu(0)| < c where c is an absolute constant and Vv denotes .
the gradient of v.

(b) Use your result in (a) and the translation and dilation invariance of har-

monic functions to show that the only bounded harmonic functions in R®
are constants.

- Given u(z,t) = 2t 2 exp [-22/4t] when z > 0, ¢ > 0.

(a} Prove that u, = u,, when z > G, t>0.
(b) Find 1ir(x)}+ w(z,t) when ¢t > 0 and
T
lim u(z,t) when z > 0.
i—0t

(c) Does the boundary value problem

v(z,0) = 0 whenz>0,t=0

V¢ = Upe Whenz>0,1>0
v(0,t) = 0 when z =10,t >0

have a unique solution? Why or why not?

- Let f € C§°(R?) where C$°(R?) is the collection of functions which are smooth
and compactly supported in R?.

Define u by
uw{z,t) m/o /0 flez —y,t— s)dyds.

Show that u is a solution of the equation

Upr f
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. Let B = B(0,1) = {z € R®: |z| < 1} be the-unit ball in R : .-
(a) For 1 < p < oo, give the definition of the Sobolev space Wy*(B).

- (b) If f is in Wy *(B) and g is in W'2(B), show that fg lies in W&"’*/Q(B)g

. Let @ ¢ R™ be a bounded open set. Let A be a symmetric matrix-valued
function A(z) = (ay;(x)) with each a;; € L(02} and real valued. Assume that
the matrix A is uniformly positive definite in 2. Thus, there is a A > 0 so that

> ay()E; = ME, zef), EcR™ .
4,j=1
Define an operator by

=0 d

=1

(a) Let f € H (), the dual of HL() (or Wy2(£2)). Give the definition of a

Weak solution to

Lu=f, in £

(b) Use the difference quotient method to prove: If each a;; € C*{(§1) and
f € L?(), then any weak solution u € H(2) to Lu = f in Q is in
HE {(§2). Moreover, for any ball B CC Q,

[V?ullz2gm) < C{f 2 + Vuliz@)

where C depends only on n, L, dist(B3, ). Here, V2u is the matrix of
second derivatives.

. Let L be as in problem 2. Suppose that u is a weak solution of the equation
fu—u=0

in B{(0,2). (Note that we do not assume that u vanishes on the boundary of
B(0,2).)

Show that wu satisfies the Caccioppoli inequality

/ Vul? de < C ] u? dz.
B{0,1/2) B(0,1)

The constant C depends only on the coefficients I and the dimension, n.
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4.. Assume that L and 0 are as in Problem 2 _a.n'd-t}iat' thé:'c{)éﬂiéiéh:ts of L are
smooth. ' o I

L‘etl-u_ € C®(£2 x [0,-+00)) be a solution of

w+Lu=0  inQx (0,+00) _
w=0 - on 982 % [0, +.00)
u=g on Qx {t = 0}.
Prove the exponential decay estimate:

lul oy < e llgllizg, >0,

where C' > 0 depends only n,(), L. (Hint: Multiply by u, integrate on 0, apply
the ellipticity of L and the Poincaré inequality.)
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