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PRELIMINARY EXAMINATION IN PARTIAL DIEFERENTIAL EQUATIONS

7 Janua,ry 2008, 9" a,m 12 noon e _:._:. =

' Instructlons n : :
Thls isa three—hour examma,tzon The exam is d1v1ded into two pa:fts You should
attempt at least two questlons from each part and a total of five, questlons Please
indicate clearly on your test paper Wthh five questions are to be graded
+Provide complete solutlons to each problem and give as much. detail as:possible.

: More Wezght will be givento a complete solution of one problem’ than to solutions.of |

the easy bits from-two different problems. Indicate clearly the theorerus and deﬁm—
tions you are using.




- PaRT. I

i Hmt Make the change of vamables £

L Flnd all functlons F R2 :
_ solutlons to the equatlon -

'32 F 6 F B :  f.r}i —

2. Let. A Zf’,f '1 62 / 63;2 denote the Laplace operator \SupI.)ose that u R3 — R

‘has two contmuous derlvatlves a;nd A’u, > 0 Show that

u(O)S 4i fw u(y) dU (y) ,

T

. Let u(z1,29,...,%s) = (x} + -+ - +22)* For what values of o is u subharmonic
in R™\ {0}? For which values is u superharmonic in R” \ {0}?

CLet = {(z,9) € R?: |z < 1 and |y| < 1}. Suppose that u € C*(Q) N C(TT),

Au = —11in 2 and » = 0 on Q. Show that ; < u(0,0) < 1. Hint: Use the
function (z? +4?)/4.

1

R 'Whlch ave tw contmuous d _1vat;1ves and are o
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PART II S O S S

1. For h # 0 and i = 1. o, let A”“u denote the dlfference quotient .-

’U,(ﬂ:) ( (:c—i— he,,) — u(z)).

If we have |[Ahu|| r2me) € 1for h# 0and i =1,...,n, show that the weak
gfadlent Vu, exists and lies in Lz(R”) o |

2. Let A be an x n‘_ matrmwalued function on R” and suppose that the entries
of A are real-valued bounded measurable functions and that there is constant
A > 0 so that we have the ellipticity condition,

A@@)E-€> NEP, ¢€R"and ae o€ R™

© Let u be a function in the Sobolev space, W52(R™) which is a weak solution of
the equation divAVu =0 in R™.

Show that there is a constant C so that for all r > 0, we have

/ iVl ds < £ [ u? dz.
{z:|zj<r} : {a:lzl<2r}

If, in addition, we assume that u is in L*(R"), conclude that v is constant.

3. Let 1 < p < oo and suppose that u belongs to the Sobolev space W'P(R"). We
write points ¢ € R™ as (¢, z,,) with ' € R"! and z,, € R. Show that there is
a constant C == C(p) which depends only on p so that

‘ [R e, 0)Pde’ < C fRn (@) + [Vulz)P de.

4. Let € be a bounded open set in R? with smooth boundary. Suppose that f is
in L*(Q). Consider the boundary value problem

S+t l=f  inQ
u=0 on 0%

a) Give a weak formulation of this boundary value problem.

(
(b) Show that you may use the Lax-Milgram theorem to establish the existence
of weak solutions to this boundary value problem.
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