Preliminary Examination in Partial Differential Equations
January 6, 2011

Instructions This is a three-hour examination. The exam is divided into
two parts. You need to solve a total of five problems. You must do at least
two problems from each part. Please indicate clearly on your test papers
which five problems are to be graded.

You should provide complete and detailed solutions to each problem that
you work. More weight will be given to a complete solution of one problem
than to solutions of the easy bits from two different problems. Indicate
clearly what theorems and definitions you are using.

Notation. Euclidean n space is denoted by R™ while
B(z,r)={yeR": |ly—z| <r}
PART |

(1) Let A be a solution to Laplace’s equation in B(0,1). That is, k has -
two continuous partials in B(0,1) and Ak = 0 in B(0, 1).
(a) State and prove the mean value property for h in B(0,1).
(b) Use (a) to show that if also A > 0 in B(0,1), then there is
a constant ¢ depending only on n such that A(z) < ch(y)
whenever z,y € B(0,1/4). '

(2) Let £2 be a bounded domain with smooth boundary in R". Let
{7 = Q% (0, T} and let Oy be the closure of Qr. Show that there
is at most one real valued function u in C?({2r) which satisfies

up — Au = —2u8 in 0
u(z,0) = 0, z €0
u(z,t) =0, red, 0<t<T.

(3} A real-valued continuous function w is said to be a weak solution
to the wave equation in an open set I/ ¢ R? if

[ (6= sy udadt = 0
r

whenever ¢ € C5°(U).

(a) Show that if v is a classical solution to the wave equation (i.e.
u € C*(U) and u,, = ug pointwise) in U, then u is a weak
solution to the wave equation in U.

(b) Show that if u(z,t) = f(z — t} where f is a continuous
function on R?, then u is a weak solution to the wave equation
in R2. : :
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(4) Consider the first-order equation
Ly — YUy = U
with initial condition u(z,®) = h(z) where h is a given smooth
function. -
(a) Write down the characteristic differential equations for this
first order PDE.
(b) Using the method of charactersitics solve the PDE in (a).
Express your answer in terms of the function A. _
(c) What can you say about uniqueness of your solution?
: PART Il
(5) Let u(z) = log |3:| when z € B(0,1} C R™.
Prove that u € Wl’P(B(O 1)) when 1 <p < n.

(6) Prove or dlsprove
(a) W (R™) is dense in W1 2(R”)
(b) W”(B(o 1)) is dense in W12(B(0,1)).
You may assume inequalities of Sobolev or Poincaré provided you
first state these inequalities.

(7) v € WH2(B(0,1)) is a weak solution to

v=-y L = (a0) (@) =00 BO,L),

=1
provided

whenever ¢ € C§°(B(0,1)). In this display (a;;(z)) is a symmetric
matrix with measurable coefficients, satisfying

MEP <) (@) < A6z € B(O, 1),
i,j=1
for some 0 < A, A < 00, and all £ € R™. Show that if v-is a weak
solution to Lv = 0 in B(0,1) then there exists ¢ > 1, depending
only on n, A, A, such that

[ |Vovj*dr < c / vidz .
B(0,1/2) B(0,1)




(8) Let v,a;; be as in (7) and suppose also that [v| < M < oo
in B(0,1). Let ¥y € C*(R) be a convex function. Prove that
w = 1) o v is a weak subsolution to L in the sense that if '
¢ >0 e CP(B(0,1)), then

Z 35 (2 )W, (g dz < 0.

.B(O!}-) i,j:I

You may assume that w € W12(B(0,1)).




