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PRELIMINARY ExaMiNaTION 1N PARTIAL DIFFERENTIAL EQUATIONS

8 January 2014

Instructions

This is a three-hour exa,
(3]

mination. The exam is divided into two parts. You should
attem

cms from cach part and a total of five problems. Please
L your test paper which five problems are to be graded. ]

Provide complete solutions to each problem and give as much detail as PO_Sb'lb e[.:
More weight will be given to a complete solution to one problem than to solutions o

the easy bits from two different problems. Indicate clearly the theorems and defini-
tions you are using,



PART I

1. Assume u € C ?(€2) is a harmonic function. Show the gradient estimate:
2n+1n 1
| Du(zo)| < = —— d
@0 < 2o o 10N 4
holds for any ball By(zo) C Q. Here a(n) is the volume of unit ball in R".

e 2
2. Given u(z,t) = zt—3 exp(L%) when z > 0,¢ > 0.

(a) Prove that u, = Uzz when z > 0,t > 0.
(b) Find wlir‘r){r u(z,t) when ¢ > 0 and zl-i+%1+ u(z,t) when z > 0.
(c) Does the boundary value problem

Uy = Uz whenz >0,1>0
v(z,0) = Owhenz>0,t=0
v(0,t) = 0 whenz=0,t>0
has a unique solution? Why or why not?

3. Suppose that 1 is a bounded open subset of R2 with smooth boundary and let
u be a C?*(Q1 x [0,T) solution of the initial-boundary value problem

uy — Au=1u, inQx[0,T)
vu=0 ondx|[0,7T)

Define the energy of a solution u by

E(t) = % [ ezt + [Vu(a, ) da.

- Show that
E(t) < exp(2t)E(0), te0,7).

4. Find a solution of the initial-value problem

w+uu, =0, t>0, z€eR
u(z,0) =1z% z€R

- Explain why there is only one smooth solution of this initial-value problem.
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PART II

1. L i
- Let u be in C°(R"), n > 2. Establish the representation formula,

Vuly) - (z — ¥)
Re |z -yl ek

u(z) = ¢y,

Your proof should include g, computation of the value of ca.

2 LeF QC{(z,...,2,) eR": 0 < z; < d} and u € C*(f)). Show that there
Ssts C' = C(n) > 0 such that the following inequality

lull 2y < Cdl|Vul| 2o
holds (hint: it suffices to prove this when n = 1).

3. Suppose that © C R" is a bounded open set and A = (a;;) : @ = RV™ is 2
bounded measurable function that is uniformly elliptic, i.e. there exists A >0
such that

> ay(@)éé; = M, YE€RT, ae z €4
ij=1
(a) For a given f € L?(f2), define what it means for u € HA(R) to be a weak
solution of the boundary value problem,

—div(AVu) = f, in Q
u=0, on 09

(b) If u is a weak solution of the boundary value problem in part a) and
B(z,r) CR" is a ball, show that u satisfies the Caccioppoli inequality

1
2 < —|ul? 2 712
/B(z,r)ﬂn‘vu] by CfB(m,zr)nn(r2|ul +r7f%) dy.

The constant C may depend on the coefficients and the dimension, but

not the solution .

hat u is in W'P(R) for some p in (1,00). Prove that u is Holder

t
4. Suppose ¢ 1—1/p. More precisely, show that

continuous of exponen
u(z) — u@)] < Iz — y[* P | ey 2, Y € R.

Here we use u’ t0 denote the weak derivative of u on the real line.



