Preliminary Examination
in Partial Differential Equations

January 2021
Instructions

This is a three-hour examination. You are to work a total of five problems. The
exam is divided into two parts. You must do at least two problems from each
part.

Please indicate clearly on your test papers which five problems are to be graded.
You should provide complete and detailed solutions to each problem that you work.
More weight will be given to a complete solution of one problem than to solutions
of the easy bits from two different problems. Indicate clearly what theorems and
definitions you are using.



PART ONE

For the rest of the exam, the domain U in R? is assumed to be bounded, connected,
and smooth.

Problem 1. B
i) Assume that v € C?(U) is a nonnegative function that satisfies

—Au<0 inU
u=>0 on OU

Show that u = 0. B
ii) Show that there is at most one function v € C?(U) that satisfies

—Av=0 inU
v=1 on OU

Problem 2. Let U = {(x1,22), 22 > 0} C R?. Use the method of characteristics to
solve the PDE

Upy + Uy = (21,29) €U
u(r,0) =127 =z €R

Problem 3.
Let f be continuous and bounded on R? and recall that

unt) = e [ exp(—luf /a0 (@ = )y

solves the homogeneous heat equation.
Show that lim u(z,t) = f(x).
t—0

You may use that / (4mt) Y2 exp(—|y|?/4t) dy = 1.

R4
Problem 4. B
Show that there is at most one u be in C*°(U x [0, 00)) that solves the equation
Uy — Au+up = 0, in U x (0,00)
u(z,0) = f(x), relU
u(z,0) =0, reU
u(z,t) =0, (x,t) € OU x [0, 00)

Hint: Consider the energy E(t) = [, |Dw(z,t)]* 4+ |wi(z,t)|* dz for a suitable
function w.



PART TWO

In the following we assume that the d x d matrix (a"(z)) satisfies the uniform
ellipticity condition,

d
(1) Z a’(2)&& > plé]* for a.e. ¥ € R and for any & € R?,

ij=1
where p > 0. We also assume that a*(z) are bounded, measurable functions.
Problem 5.
Let » > 0, and suppose
Q={(z1,29,...,24): 0 < z; <7} CR?

Let u € C°(€2). Show that

/Q (@) dz < Cr? /Q |\ Du(z)|? dz.

Here C' is an absolute constant that does not depend on w or r.

Problem 6.
Consider the equation

(2) - ijl,jzl (aij(x)u:ci)xj + b(@g—; =FinU
uw=0on U

where b € L>(U) and F € H'(U).

(a) What does it mean for u € Hg(U) to be a weak solution of (2)?
(b) Show that there is some € > 0 so that, assuming additionally that ||b||z~ < €,
(2) admits a unique solution for all FF € H~(U).

Problem 7.
(a) Suppose that u € C®(R?). Using integration by parts, prove that

1/2 1/2
|Dul*dx < C (/ u? d:v) ( | D?ul? d:r) .
Ré Rd Ré

(b) Show that this inequality extends to u € H?(R?).
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Problem 8.
Consider the equation
d

(3) - Z (aijuxi)xj =0

ij=1

(a) What does it mean for v € H*(U) to be a weak solution of (3)?

(b) Suppose that ¢ : R — R is convex and smooth, and that w € H'(U) is
bounded. If v € C°(U), show that o = ¢'(w)v is in H}(U).

(c) Assume that u is a bounded weak solution of (3), and let ¢ as above. Show
that for all v € C°(U) so that v > 0, we have

-2 /Uaij ((w)),, Vs, dz <0

ij=1
You may use that the chain rule also works for weak derivatives without

proof.
Hint: For an arbitrary v as above, consider the test function o = ¢'(u)v.



