Preliminary Examination
in Partial Differential Equations

January 2023
Instructions

This is a three-hour examination. You are to work a total of five problems. The
exam is divided into two parts. You must do at least two problems from each
part.

Please indicate clearly on your test papers which five problems are to be graded.
You should provide complete and detailed solutions to each problem that you work.
More weight will be given to a complete solution of one problem than to solutions
of the easy parts from two different problems. Indicate clearly what theorems and
definitions you are using.

NOTATION: For r > 0 and z € RY, we let B(x,r) := {y € R?| |z —y| < r}, the open
ball of radius r centered at x € R?. The symbol D; denotes the partial derivative

0
D; := —, and the symbol D denotes the gradient. For a function u(z,t), we write

ox
u ’ L . : i " —82
Uy 1= N and u,; := a_x] The Laplacian in Cartesian coordinates is A := ijl 922
J

The k-times differentiable functions of compact support on an open set U C R? are
denoted by C*(U).



PART ONE

Problem 1. Let u € C°°(R?) be a harmonic function. Show that there is a constant
C > 0 so that for all z € R? and r > 0,

C
[Du()] < Sl e
The constant C' > 0 is independent of € R? and r > 0.

Problem 2. Let f € C(B(0,1)), where B(0,1) C RY, is the unit ball centered at
the origin. Suppose |f(z)] <1, Vz € B(0,1). Let u € C*(B(0,1)) N C(B(0,1)) be a

solution to
—Au(z) = f(z) in B(0,1)
u(z) =0 on 0B(0, 1)
Prove that for all x € B(0, 1), we have
1 1
(11— z2Y) < < —(1—|z]?).
(0 a) < u(e) < 51~ |af)

HINT: Use the maximum principle for subharmonic functions (a function u € C%(B(0, 1))
is subharmonic if with Au > 0), and the fact that —A(1 — |z|?) = 2d.

Problem 3. Let f € C(R).
a) Deduce the explicit formula for the solution to the 1-dimensional wave equa-
tion
u= f,u =0, on R? x {t = 0}
b) Show that, if f # 0, then
lim inf sup |u(z, t)| > 0.

t—=00  LeR

{ Ugp — Ugy = 0, in R x (0, 00)

In other words, solutions to the 1-dimensional wave equation do not decay in
time!

Problem 4. Assume that u € C*(R? x [0, 00); R) solves the equation

u — Au+ud =0, in R? x (0, 00)

u =0, on RY x {t = 0}
Assume also that, for each fixed t > 0, the function g(z) := wu(z,t) is compactly
supported. Show that v = 0. HINT: Use the energy method.



PART TWO

Problem 5. Consider the region Q = {(2/,74) € R¥* x R : 74 > 0}, the upper
half-space. Prove that for u € C®°(R?), we have the inequality

/ u? do < C/ [|[Dul® + v?] da.
20 0

where C' depends on the dimension d, and ¢ is the surface measure on 9 = R

Problem 6.

a) Suppose f and g are locally integrable functions on R¢. Give a careful defi-
nition of what it means for g to be the weak derivative of f with respect to
zi, Dif = g.

b) Suppose f and g are locally integrable on R? and D;f = ¢ as in part a) and
that ¢ lies in C*°(R?). Prove the product rule

Di(¢f) = ¢g+ fDi¢.

For the next two problems, the domain U C R? is assumed to be an open, bounded,
connected set with smooth boundary. We also assume that the d x d real, matriz-
valued function (aij(x)) 15 symmetric, with bounded measurable entries satisfying
@ || ooy < 1/, and satisfying the uniform ellipticity condition,

d
plé? < Z a’ ()& for a.e. x € RY and for any £ € RY,
ij=1
where ;> 0. We let L denote the operator

d
L=-Y Dia"D;.

,j=1

Problem 7. A real-valued function u € H*(U) is a weak solution of Lu = 0 on U,
without boundary conditions, if, for all v € H}(U), we have Blv,u] = 0, where B is
the quadratic form associated with L. Prove that such a weak solution u satisfies

C
[ wowras s [ )P
B(z,r) " JB(w,2r)
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Problem 8.

a) State the Lax-Milgram Theorem.
b) Let f be in L*(U) and let b € L>=(U). Consider the boundary-value problem

Lu+bu=f, in U
u =0, on U

Show that there is a constant 8 > 0 so that if ||b]| @) < B, then the above
boundary-value problem has a weak solution.



