Preliminary Examination on Partial Differential Equations

May 30, 2001
9-12, CB 234

Instructions

This is a three-hour examination. You are to work a total of five problems. The exam
is divided into two parts. You must do at least two problems from each part.

Please indicate clearly on your test papers which five problems are to be graded.

You should provide complete and detailed solutions to éach problem that you work.
More weight will be given to a complete solution of one problem than to solutions of the
easy bits from two different problems. Indicate clearly what theorems and definitions you
are using. -
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PART ONE

Problem 1. Let £ be an open set in R™. Show that, if u is harmonic in £, then

C
Vu(zg)| < f u(y)l dy
[Vts(zo)] L B(%r)l ()]

for any ball B{zg,r) CC {2, where C depends only on n.

Problem 2. Let )

(2— n‘)wn 1|z[7—2

I'(z) =

in R®, n > 3 where w,_; denotes the surface area of the unit sphere in R®. Show that, if
0 is a bounded open set with smooth boundary and u € C2({3), then

— — DA _ - I (y - z) 0,.
o) = [ To-nsuay - [ {122 - TE=DY 4o

where n(y) denotes the outward unit normal to 652 at y.

Problem 3. Find all solutions u(z,t) of the one-dimensional heat equation 2; = u,, of
the form

u(z, t) t> 0.

T
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Hint: v has to satisfy a l_inear ordinary second-order equation.

Problem 4. Let Q0 = §2 x (0,7} where T > 0 and Q is a bounded open set in R® with
smooth boundary. Show that there exists at most one function u € C?*(Qr) which solves

Upe — Au = f in-QT,
u=g on (00 x[0,THU (2 x {t =0}),
up = hon Q x {t =0}




PART TWO »
Problem 5. Show that, if p > n, then

el oo ey < Cllullwre@ny
for any u € W1 ?(R™), where C depends only on n and p. Hint: first show that

1 [Vu(y)|
—— u(y) —u(z)|dy < C —=_dy
|B(z,1)] B(z,l)l ()~ u()] B(z,) [y — !

for u € C*(R™) by using :
td

wly) — u(z) = f Su(z +t(y — 7)) de.

0 !

Problem 6. Let Q2 be a bounded domain with smooth bonndary? in R™. Let

L=-— ZB (Jk(-’b‘) 6)

where ajr € L°(2) and aji = ay;.
(a). What does it mean if £ is said to be uniformly elliptic?

{b). For a given f € L*(Q). State the definition for a function u € H}(Q) to be a weak
solution of the boundary value problem:

Lu=f in$,
{ ©=0 on o0.
(c). Prove that there exists a unique weak solution to the boundary value problem in
part (b).
Problem 7. Let (2 be a bounded open set in R"®. Suppose u € C?(Q) N C(Q) satisfies

in-€2.

i==1
Assume ¢(z) < 0in © and © = 0 on 9. Show that u = 0.

Problem 8. Let
2.8 a
£=-3 g (@)

be a uniform elliptic operator on ! with aij € L*°(Q), a;; = a;j;. Suppose u € HY(Q) is a
weak solution of Lu = 0 in 2. Show that

f V(o) dz < 92 lu()|? de
B(:L‘Q,‘r‘) B(a:o 21‘)

for any B(xzg,2r) CC §, where C depends only on n, llaijllec, and the ellipticity constants
of £. This is the Cacmppoh inequality.




