PRELIMINARY EXAMINATION IN PARTIAL DIFFERENTIAL EQUATIONS .
2 June 2006

Instructions

This is a three-hour. examlnatlon The exam is d1v1ded into two parts You Should'
attempt at least two questions from each part and a total of five questions. Please
indicate clearly on your test paper which five questions are to be graded. ™

Provide complete solutions to each problem and give as much detail as possible.
More weight will be given to a complete solution of otie problem than to solutions of
the easy bits-from two diﬁerent problems. Indicate clearly the theorems and . defini-
tions you are using.




. Parrl
L Coﬁsider the:Oz‘mch'y or iliiti.al-va}ue problem,

& _Au=0  mR"x(0,00)

where ¢ € C(R™) N L°(R™). Define u by
uwt)= [ a=y0g)dy, ceRt>0,
: R® : ' .

“where ®(x, 1) is the fundament_al soluti(_)ﬁ of the heat equation

. 1 _j_a_:]i ) n. -}-.' - .
@(m,t)twe w,- zeR" t>0 | 1 -

" integral.
(b) Show that

(a) Show that we may compute derlva,tlve O/ 8:31 by dxﬁerentlatmg under the

lim u(m, 1) = g(xo).

{z,t)—={z0,0)

2 Consider wave equation in one space dimension, t; —

g, = 0, where ¢ is a
positive constant.

(a) By introducing the variables £ = z — ¢f and 5 = « + ct, find all smooth
solutions of the one-dimensional wave equation in RZ.

(b} Consider the initial-boundary value problem

Uy — Clgy = 0, >0, t>0
u(0,t) = 0, £>0
u(z,0) = f(z) x>0
u(x, 0) =0, z>0

Use part a) to find the solution ». You will need to choose an appropnate
extension of f to the real line.

(¢} Give conditions on f which imply that u is C*([0,00) x [O,oo)). Pay
particular attention to the behavior of f at 0.

3. Suppose that u is in C®({0, 1] x |0, 00)) and is a solution of the equation

Uy — Ugge = O (I,t) S (0, 1) X (0, OO)
u(1,t) = eugy(1,8) t>0
u(0,1) =0 t>0




Give'a cond1t10n on the mgn of € whlch guara,ntees that the energy -

lS non—mcreasmg

E._ 2/ ium z t)|2+[ut(m D ds |

"For this ch01ce of 81gn prove that the energy i§ non—mcrea,szng

4, Use the method of charactenstlcs to ﬁnd the Solutlon of the lmtlal value problem

‘g -+ g = 0, meR t>0
) u(z,0)=—2z, z€R

Pant I-I ‘

KN (a) For a dornam 1 C R", state the. deﬁmt]on of the Sobolev space WQ'F(Q) '

for 1 <.p < co.

(b) Prove the following inﬁerpola;tio.n inequality:

[ovapaz< ([ -n.]u[2 dx) (f, 1vmp d:n)%

where u € W*2(R"). Here, [V?u| = (2., |D;Djul2)>.
Partial credit will be given for proofs of an estimate of this form with a

" constant Ia.r_ger than 1.

6. For any symmetric matrix-valued function {a;;) € C°(2, R™*™), let

L=-Y o)), se® @)

ij=1 OTi i

(a) State fhe uniform ellipticity condition for L.
(b) Suppose that f € H71(£2). Give the definition of weak solution to the

boundary value problem .

{ u = 0, on 08} : (3)
and then prove that if L is uniformly elliptic, then there exists at most one
solution to the boundary value problem (3).

Use the difference quotient method to prove: If we also assume (a;;) €

CHELR™™) and f € L*(9), then any weak solution u € H*(Q) to the

boundary value problem (3) is in Hf (). Moreover, for any open ball
Bcch,

| D*ulir2(my < CUF lz2ge) + Nullzag), (2)

where C depends on the dimension, n, the distance from B to the boundary
and the coeflicients:




7. -Letr'L be the operator 2y and assume L is uﬁi’formly elﬁp’ﬁc Prove the Cac-"
¢ioppolt inequality: if 4 € H? (£2) is a. Weak solu‘mon to Lu =0 on Q. Then, for.
- any, ball BgR C 2, one has

[ |Vul*d S RE inf [Bm !u —¢f? dz.
. Let L be the operator (2) and assuinie L is. uniformly elhp’mc Assume that -
u € H 1(§) is a bounded weak solution to

| Lu: 0, mr Q

- Let qb € C"O(R) be convex. Set w = (u) Show that w € H'(Q) and wis a
'weak subsolution, i. e. '

B[ ¢]<0V¢6H1(Q) with 1 > 0

where B[, ] is the bﬂmea: form associated with L.
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