Preliminary Examination on Partial Differential Equations

May 30,-2007

Instructions

This is a three-hour examination. You need to solve a total of five problems. The
exam is divided into two:parts.. You must-do at least two problems from each part.

Please indicate clearly on Sfbﬁl" test papers that which five problems are to be.graded.

You should provide complete and detailed solutions to each problem that you work.
More weight will be given to a complete solution of one problem than to solutions of the
easy bits from two different problems. Indicate clearly what theorems and definitions you
are using. :




Throughout. this exam, £ denotes a bounded domain in R™ with smooth.boundary.
PART ONE

Problem 1. Let D = {z € R" : 1 < |z| < 2} and let F be the set of all harmonic
functions defined on D.

(a) Show that if y = Az is a rotation of S = {x : jz} = 1} and u € F, then v € F,
where v(2) = u(Az). Hint: if 2,y are viewed as column vectors, then A is an orthonormal
matrix. ‘

(b) Show that 1f ue F sa,tlsﬁes u(x) = u(A:v) for all rotatlons y Ax of S and n > 3,
then u(z) = c|z|2" " + d for some ¢, d where ¢, d are constants.

Problem 2. (a) State and prove Harnack’s 1nequa11ty for pOSItwe harmomc functlons in
B(0,1) = {3: |mf <1} C R”

(b) Use part (a) to prove that a nonconstant harmonic functlon in B(0, 1) cannot have
an absolute maximum at the origin.

Problem 3. Let (z,1) € R? and put

Tz, t) = | (4mt)™1/? exp(—L)  Ht>0
0 ift < 0.

Show that I'(z,t) is a fundamental solution to the heat equation in the sense that if ¢ is
infinitely differentiable with compact support in R?, then

6@t = [[ Tl u.t - ){8ulv5) - dnlv,)} dyds.

You may use the fact that ffooo e~ du = VT
Problem 4. Let u € C2(Q x [0,00)) solve the heat equation
—Au=0 inQ x (0, 00)

and u(z,t) = 0 on 90 x (0, 00). Prove that
(a) [ lu(z,t)|*dz is monotonically non-increasing in ¢,

(b} [, |Vau(x,t)|*dz is monotonically non-increasing in ¢.
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PART TWO

Problem 5. Let u € C?(Rx [0, 00)) solve the initial value problem for the one-dimensional
wave equation:

u=g,u=nh onRx{t:[}}.

Suppose that g, h have compact support. Set k fR ut z,t) dv and p(t) = [g ui(z, t)dz.
Prove that

(a) k(t) + p(t) is constant in ¢,
(b) k(t) = p(t) for all large enough t.
In the following three problems,
;. Ju
where a;; = a;; € L>®(Q?). We assume that £ is uniformly elliptic.
Problem 6. Let f € L2(£2). |

(a) State the definition of weak solutions u € H; () to the boundary value problem
(BVP) : Lu= f in Q and u = 0 on 99.

(b) Prove the existence and uniqueness of the weak solution to the (BVP) in part (a).
Also show that the solution satisfies

lull iy < ClFllzz),
where C' depends only on £, ., and n. '

(c) Let u be the weak solution to the (BVP} in part {(a). Suppose that f = 0 in
Bz, r) C 2. Show that

f VulPdo < & 2 dz,
Blxg,r/2) " JB(zo,r)

where C depends only on £ and n.

Problem 7. Show that

1/2 1/2
/ Vul?dz < C {f |u|2d:c} {[ |VVu|2da:} ,
Q Q 0

for all u € H2(Q) N H(£2), where C depends only on n.

Problem 8. Assume that a;; € C1(Q2). Let u be a smooth solution of Lu = 0 in . Show
that

[Vl poo ) < C {IVulireoiany + [lullpean) }
where C' depends only on £ and n.




