Preliminary Examination in Partial Differential Equations
June 3, 2010

Instructions This is a three-hour examination. The exam is divided into
two parts. You need to solve a total of five problems. You must do at least
two problems from each part. Please indicate clearly on your test papers
which five problems are to be graded.

You should provide complete and detailed solutions to each problem that
you work. More weight will be given to a:‘complete solution: of one problem
than to solutions of the easy bits from two different problems. Indicate
clearly what theorems and definitions you are using.

‘Notation. Throughout this preliminary exam n denotes a positive
integer > 2 and V"D, A denote respectively the divergence, gradient,
and Laplace operators. Also Euclidean n space is denoted by R™ while
B(z,r)={yeR": |y —z| <r}.

PART |

(1) (@) 1fu e CARY) show that
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where wy is the surface area of the umt sphere in R”

(b) Let n > 2 be a positive integer and let f be continuous on
R"™ with compact support in B(0, 7). Prove directly (i.e., do
not quote a theorem) that if - '

o) = [ lo— o )y € R

T
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whenever z € R”, where ¢ depends only on n.
(2) Let U be a bounded C" domain and suppose that -
ue CHU)NCHU) is a solution to the boundary value problem:
[ Au—3u=finU
u+ g% =gondlU |
where v = v{z) is the outer unit normal to oU at z € OU. Show
- that v is unique. Hint: Use the identity,

V- (uDu) = |Dul? + uAu,
1




(3) Given the initial value problem for the wave equation in
~ Rx(0,00)CR% and f € C*(R?):
| (@, ) — use(z 1) = fla,t),
o (wO)—Ut($0)~0
e (a) C0n5|der the change of variables
C=z+t
p gt
. _Note that this transformation maps the line ¥ = 0 into the
- line ¢ = 1. Show that this mapping has Jacobian 2 and that
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- Also, show that the triangle 1 with vertices {x—, 0}, (z-+t, 0)
"-'and (z,t) in the zt plane i mapped to the tnangle Ty with
vertices (z — ¢,z — 1), (z+t;z+1), and (z+1t,2 —t) in the

{n-plane.
(b). Show that this initial value problem is equivalent to the prob-
S _
. _:(a) (9 CU(C,??) =—F(C,'f?)
) U(c o =0
(7 U$ Q) —Up(C,€) =0
where

U, ) =u G(Hn), %(C - 'n)) ,
Pl =1 (3@ 5-),

(c) By '_ir?}'teg'rating ‘equation () over the triangle T in the (n-
plané and using the boundary conditions (3) — (), show that

UG, ) = / /T () ¢’ dif = / (/C (c',n’)dn’) &

Conclude that
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(4) Let b= (by,...,b,) be a point in R™.
(a) Use the method of characteristics to find a C solution in
" % [0, o) to the linear transport problem
u+ b Du=-¢etin R" x (0,00) -
u(z,0) = |z)? for z € R™.

{b) Show uniqueness of the solution that you found in (a).

PART II
(5) Given that if u € WHL(R™), then
. ilu“L"‘/(ﬁ—.U(Rﬂ) § c”DuHLI(Rn)

where ¢ depends only on n. Use this fact to show thatif 1 < p<mn,
p' =% and u € WHP(R"), then

6] 1o ey < € Dul{Lrmry

. where ¢’ is a positive constant depending only on p,n. You may
- . assume that Co (R”) funct:ons are dense in Wh#(R™).

(6) Let U = B(0,1)\ B(0,1/2) an.d suppose that
S 0<ueC?U) n CHU) is posvtlve cfassmal so!utlon to
Lu= Y (%) ts,a;(x) = 0 in U with u =0 on 8B(0, 1).
i.4=1
In this display (a;;(z)) are continuous in {/ and

NEP? < 3 aylz)eg; < Ag%z e U,
1,7=1

for some 0 < A,A < oo,and all £ € R*®. If m = min wu show
. ' : 88(0,1/2)

that .

|Du(z)| > m/e for z € OB(0, 1),
where ¢ > 1 depends only on n, A, A. You may assume the maxi-
mum principle for subsolutions to L. .




(7} (a) State the Rellich - Kondrachov Theorem for a bounded ('
domain U C R" relative to W42(U).
(b) Use the theorem you stated in (a) to prove Poincaré’s
inequality for W2(U/)

/(vévg)zdm < C’] | Dv|*dz
U ‘ v

where vy denotes the average of v on U/ and C > 1 is a
constant independent of v € W12(U/).

(8) Given g € W13(B(0, 1)) we say that v € WY?(B{0,1)) is a weak
solution to _ '
3 . 9 8, . -
Ly = —iJZ_:l o (aij(:c) 555—2(;1:)) =0 in B(0,1),

W|th v = g on 8B(0, 1) prov&ded that v — g € W&’?(B(O, 1)) and

/ Z az:, ’Um, Cma d:c =0
B(D,1)

£,5=1

whenever ¢ € W,?(B(0,1)). In this display (a”(x)) is a symmetric
matrix with measurable coefficients, satisfying

MR <3 ag@)6; < Alelz € B, 1),
i,i=1
for some 0 < A, A <oo, and all { € R™.
(a) Show that if v is a weak solution to Lv = 0 in B(0,1) with
v =g on 0B(0,1), then

f |Dvf2dz < (A/A) f \Dgl2ds.
L JBOY) B(0,1)

(b) Given g € WH(B(0,1)), let
F= {f € W3(B(0,1)) with f — g € Wy (B(0,1))} and

put I{f Z/ i5(%) forfo;d.

i1 B(0,1)
Show that if there exists v € F' with
I(v) = min{I(f) : f € F}, then necessarily v is a weak
solution to Lv = 0 in B(0, 1) with boundary values g.




