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PRELIMINARY EXAMINATION 1N PARTIAL DIFFERENTIAL EQUATION

4 June 2014

Instructions

This is a three-hoy The exam is divided into two parts. You should
attempt at least tweo

Problems frop, cach part and a total of five problems. Please
indicate clearly on your test paper which five problems are to be graded. .
Provide complete solutions to each, problem and give as much detail as pO-SSIblef
More weight wil] be given to g, complete solution to one problem than to solutions 0
the easy bits from twq different problems. Indicate clearly the theorems and defini-
tions you are using, .
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PArT I

. ll}e(txﬁ;dint? te the open unit ball with center 0 in R". Let f € C(B1) such that

Of' Z € B1. Assume 1 € C?(B,) N C(B,;) and solves

{—Au:f in' By,
u=0 on 0B.

n 52
Hencef -y
enceforth A z,l 922 18 the Laplacian operator on R". Prove that
7=19%;

1
his 1
5 (1= Iz%) < u(z) < 5o(1=lal), Vz € B

2. Given that f g

(0, +0) = R bya bounded and continuous function in R", define u : R™ X

Uot) = [ T 5,076)dy, (@,1) € R* x (0, +00),

where

1 |z'|2
P .'E,t = ~ g n
(z,1) (47rt)§€ , (z,t) € R x (0, +00),

is the fundamenta] solution of the heat equation. Prove that
(a) for any z R",
lim u(z,t) = f(z).

t—0+

(b) there exists a constant C' > 0 depending on 7 and || f| jee(gny Such that

|Du(z, 1) < % V (z,t) € R™ x (0, +00).
3. Use d’Alembert’s formula to find the solution of the wave equation in one spatial
dimension: S I (z.t) € R2,
u(z,0) =0 z € R,
uy(z,0) = sin(2x) z € R.

4. Use the method of characteristics to solve the first order PDE:

{ Up, Ug, = U, in U,

u=2z3, on I,

whereU={$€R2: Ellﬁ>0}a’ndF=8U':{$€R2: x1=0}.
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PART 11

1. Let Q C R be 4 bounded open set and consider the boundary value problem

—-Au=f in  Q,
u=0 on Of.

(a) State what it means for 4 € H}(f) to be a weak solution of the boundary
value problem.

(b) Show that if fisin L%(Q), then there exists a weak solution u € Hg(f2)
to 1:,he boundary value problem.
(Hint: First v,

erify that f defines an element of H~'(§2) and then apply
the Lax-Milgram theorem).

2. (a) Suppose that v lies in

the Sobolev space W2(R"). For 1 < j < m, let
e = (0, ooy 1, ceny 0)

€ R™ be the ;' unit vector, and for h € R\ {0} let

D;-‘u(m) H u(z + he;l-) —u(z)

denote the difference quotient in the j* direction. Show that
h
| D}l

(b) Suppose that « € L*(R") and there exists a constant A > 0 so that

Ju
L2(R") = HEQ;_J L2(R™)

<A

“D;-‘u L2(Rm) —

d o
for all h. Show that the weak derivative Tu exists in R™ and
J
“ du
8131'

3. Let § be a bounded open set and consider the Rayleigh quotient

Io |D¢(2)|* dz
R Y

for nonzero, real valued functions ¢ € Wa(Q).

< A
LZ(R") —



> (a) Show that there exists a positive lower bound for R, i.e., there exists ¢ > 0
such that

R[¢] > c for all ¢ € Wi2(92) \ {0}
) Houe Wol'z(ﬂ) is a minimum for R[] over W, () \ {0}, i.e.,

Rlu] = min {R[¢] : ¢ € W (), ¢ #0},
then there exists A > 0 so that u is a weak solution of

—Au =)y, * in 02
u =0, on 99.

(Hint: If ¢ is in W32(Q), consider the function of a real variable f(t) =

Rlu + t¢] and show that Fi0)=10.)

4. For 0 < T < 400 and an open subset 2 C R", let (a;)1<1,j<n € L7(S2 % (0,7)).
Consider the operator

B du
Lu = i,jz:l 8_1‘1 (aij(a:, t) 512_—])

3 (a) State the definition that £ is a uniformly elliptic operator.
(b) State the definition that u € L2(0,T; L*(2)) N L*(0, T; H} () is a weak

solution of
Su—Lu=0in Q x (0,T),

and then prove the following parabolic Caccipolli type inequa%ity: there
exists a constant C > 0 such that for any (o, to) € Q x (0,T), it holds

to 2
Iu(l‘, t)' dz + [0—32 -LR(IU) I (

G ] u(z, t)|? dzdt,
< R_Z-/to—flﬂz Bzﬂ(-’to)l ( ,

provided Bsr(Zo) X [to — 4R*to) c 2 x (0, 7).

sup
to—R2<t<to Y Br(o)



