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Prelimin . .
C . ary Examination
In Partjg) Differential Equations

Instructions June 2015

his is a t - g
ex:ml?s d;i;ler ;ei }:our exammatlon. You are to work a total of five problems. The
part Lo two partg, You must do at least two problems from each
Y. zlziiillgdlfgi? dclearly Ol your test papers which five problems are to be graded.
M(?)re wei hg) w'l; lj Complete and detajleq solutions to each problem that you work.
of the ea,;gy bit; fr < glt\ren to a complete solution of one problem than to solutions

iti oM tWo differen, i hat theorems and
definitions you are using, problems. Indicate clearly wha

e - WY RN PO T ——



PART ONE

Problem B0
P 1. Suppose thgy o, € C*(B(0,1)) and solves

Au—_—f in B(O; 1)’
©=0  ondB(0,1)
fo |
I some f ¢ Co(B(0, 1)). Prove that

1
lu(z) < -QESup[f] for any z € B(0, 1).

Hint. Use the fact that A(lz|? - 1) =24

Problem 2. g
that ulsgg,, — o o At u € CX(B(0, 1)) N CO(B(0, 7)) is harmonic in B(0,r) and
™) = 9 Recall the representation formula

Bl = o L r? —laf?
(z) da(d)r LB(o,r) Wg(y) i
Show that for any ¢ B(0,r)
a7 = |a] Tl (o).
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Problgm 3. Let f be a bounded, continuous function on R? and let  be the solution
of the initial value problem,

{ Dy — Au =0, (z,t) € R? x (0, 00)
u(-,O) = f.

Recall that u is given by the expression

uw,t) = [ Te-u.0/0)d.

where I'(z, t) is the fundamental solution of the heat equation and is defined by

L= (47rt1)d/2 exp(_lx4; : )

that
(1) Show tha th%l w(z,t) = f(x).

You should state the properties of I'(z, t) that you use, but you do not need

to provide proofs.
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(2) Show th
at yoy may- finq 2 constant C so that
al
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"N 2 Ris a €2 solution of the equation

Do Dyyy—p2.,, _

PART Two

Ssume F : ]R - .
and y ¢ Wl,p(Q) £

Problem 5. A

domain in Rd » With F’ bounded. Let Q be 3 bounded

T'Some 1 < p < o0, Let w = F(u). Show that

. Let

where a;; € L=(0).

(1) What does it mean if £ is said to be uniformly elliptic?

(2) Let f € L*(Q). State the definition for a function u € H}(Q) to be a weak
solution of the Dirichlet problem:

L(U) = f in Q)
{ u=20 on 09

(3) Prove that there exists a unique weak solution to the Dirichlet problem in
part (2).

Problem 7. Let 2 be a bounded domain with smooth boundary in R?. Let
Z“‘ 0 (402
[::_1537—1, aumaél:j
LIV

be a uniformly elliptic operator on {2.
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(1) Let € L2
F € LXQ) anq 4 L*(8Q). Assume that

ffd:v+/ gdo = 0.
Q2 an

Stat ..
e the deﬁmtlon for function u € H 1(Q2) to be a weak solution of the

fumann probepy, :

L(u) = f in Q,
ou _
% =g
where 2x _ Su . : :
4,5 niaij'(E denotes the conormal derivative associated with £.
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@ ;:: e&;}:hat there exists & weak solution to the Neumann problem in part (1).
OW that the solutions is unique, up to a constant.

on 9N,

Problem 8§. Let
d
) 5}
Lesa — | aij(x) —
iu‘zzl 0z; (a” (=) afﬂj)
be a uqurmly elliptic Operator on . Suppose u € H () is a weak solution of
L(u) =0in Q. Show that

f Vu(z)dz < & f lu(2) 2 dz
B(xo,r) r“ Jg

(130,21')
for any B (o, 2r) C Q, where C' depends only on d and the ellipticity constant of £.
This is the Caccioppoli inequality.



