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Let B be the collection of subsets of R of the following two forms:

e sets of the form (—b,—a) U (a,b), where 0 < a < b
o sets of the form (—oo0, —d) U (—c¢,¢) U (d, 00), where 0 < ¢ < d.

(a) Show that B is a basis for a topology on R
(b) To which point(s) in R does the sequence z, = 1 — 1 converge?

Let Z be the subspace (R x 0) U (0 x R) of R%. Define g: R? — Z by
f (z,0) ifx#0
“%W—{(Qm if x = 0.

(a) Is g continuous, when 7 is equipped with the subspace topology?
(b) Show that in the quotient topology induced by g, the space Z is not Hausdorff.

Let GG be a topological group acting on a space X. Show that if both G and X/G
are connected, then X is connected.

Let C(X,Y) denote the set of continuous maps X — Y. Let M(X,Y’) denote the
set C'(X,Y) equipped with some topology for which the evaluation map

MX,)Y)x X —Y

is continuous. Also, let Map(X,Y) denote C'(X,Y’) equipped with the compact-
open topology. Show that the identity map M (X,Y) — Map(X,Y) is continuous.

A subset A C R" is star convez if there is a point ag € A so that for all x € A, the
line segment from ay to z is entirely contained in A.

(a) Show that any star convex subset is simply connected.
(b) Show that if « and [ are paths in a star convex set such that «(0) = 5(0) and
a(l) = (1), then « and S are path-homotopic.

Define X to be the quotient of S? by imposing an antipodal relation, but only on
the equator, so that (x,y,0) ~ (—z,—y,0). Compute 7 (X).

(OVER)



7 Let K denote the Klein bottle.
(a) Find m(K).
(b) Let X be a connected and locally path-connected space such that = (X) = Z/3.
Show that there does not exist a covering map X — K.

8 (a) Show that S? is not homeomorphic to S? x S'.
The Hopf fibration 7: S — 52 is the quotient map for a free S'-action on S3. (So
n~'(x) is homeomorphic to S* for all z € S2.)
(b) A section for n is a map u: S* — S so that nowu = idg2. Show that a section u
would define a continuous bijection

5% x St — 5°
by (z,2) — u(x)z. (Here S! acts on S® C C? via complex multiplication.)
(c) Conclude that the Hopf fibration does not have a section.



