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1 (a) Show that for any spaces X and Y the projection map

pX : X × Y −→ X

is open.
(b) Show that if Y is compact, then pX is a closed map.
(c) Give an example to show that without compactness of Y part (b) does not

hold.

2 Let f : X → Y be a quotient map of topological spaces, such that Y is connected
and each set f−1(y), y ∈ Y , is a connected subspace ofX. Show thatX is connected.

[Recall that a mapping f : X → Y of topological spaces is a quotient map if f is
surjective and a subset U of Y is open if and only if f−1(U) is open in X.]

3 Let X be an unbounded locally compact metric space and X̂ be its one-point
compacti�cation. If f : X −→ R is a continuous function, prove that the following
are equivalent:

(a) f extends to a continuous function f̂ : X̂ → R;
(b) For every ε > 0, there is a compact K ⊂ X such that for every x, y ∈ X −K,

we have |f(x)− f(y)| < ε.

4 Let G be a topological group, and let H ⊂ G be a subgroup.

(a) Show that the closure H is also a subgroup.
(b) Show that if H is an open subgroup, then it must also be closed.

5 Let X be a convex subset of Rn. [A subset X of Rn is convex if (1− t)x + ty ∈ X
for all x,y ∈ X and real numbers t satisfying 0 ≤ t ≤ 1.]

(a) Prove that any two continuous functions mapping some topological space into
X are homotopic.

(b) Prove that any two continuous functions mapping X into some path-connected
topological space Y are homotopic.

6 Show that there is no covering of the torus by the Klein bottle.

7 Let X = S1 × R ⊂ C × R. Show that every homeomorphism F : X −→ X is
homotopic to either the identity map (z, t) 7→ (z, t) or to the map (z, t) 7→ (z̄, t).

8 (a) Compute the fundamental group of the projective plane with one point re-
moved.

(b) Compute the fundamental group of the projective plane with two points re-
moved.


