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Lecture 1

• Review of G- spectra

• Motivating example : KIR
• The slice filtration ,G=Cz
• The slice spectral sequence

for KIR .
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Reviewofctspectra ( G finite)

• Top?
%
> SPG susii G-spectrum

58=2%5 , 2:(✗ ii.±E%✗nS•YG
• For ✓ c- Rep (G) , mix SV representation sphere

I :S" is invertible
.
75
,
5-15-55

For ✗ c- SPG, write £✗=5nX,
[✗ =SIX
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Reviewofctspectra ( G finite)

Top?
%

> SPG
• H≤G S.PH ,

↑"
> SPG

55=2%5 ↓:

2?# ^Y)± ↓},
" restriction"

,
↑,F=G+^µl - )

"

induction
"

E%XnE•YG 9* q*✗
" inflation"

• Sp <
> SPGC)G

"

trivial G- action
"

5×-5^7
,

E.
"

✗ =SIX
(categorical)

✗G fixed point spectrum
G)Ht ^

✗ c- SPG• Spi eye
>

>SPG
q* ↑,? ✗" = ⇔,x)

"

( )
" u

sp
" ' ↓,
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induction Review of G- spectra ( G finite)

SPH ,
↑"

> spa
_

↓:
restriction ! Warning §? ¥ {

•

✗G

inflation E±G=Cz $2,5)G ≈ 2%0 ✓ {
•

lRP°
q* +

Spc
> SPGC)G

G- - fixed points ∅ H=G
G-space EP

, (EP)
" _~{ * H proper subgroup

Spi
' ""

SPG EG=Cz
,
EP = S antipodal action

( )
"

spite ↓!, cofiber sequence geometric fixed points
H - fixed points EP+→S°→EP~ ☒◦

Spoon >

Sp
Define

,
for ✗c- Spf 0o*

geometric inflation☒
◦ X=(EFn✗)G

%*✗=ÉPnq*x)



I 5

ReviewofG-spec ( G finite)
EP+→s°→EP~

Properties of 1) -10%9×1=-8×0
☒
◦ X=(EFn✗)G

Geometric Fixed
geometric fixed

points Points 2) É(Erf) -5-1095^88
Ioa IOG SO -55°

spoon >

Sp
0¥

so > ÉPgeometric inflation

induces YG→ IOGY for YESPG
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Reviewofctspectra ( G finite)
-1-0%9×1=-8×0

Homotopy Mackey functors ✗c- SPG , H ≤G

É(EnF)=Io{=nE•F Tint'Cx)=Xn(✗
")

.

so -55°
If H≤k Restriction R'I, Tinklx) -71T¥

Transfer TITIAN→ Tinka)

weylgro-pwc.CH)=NoCtFᵈTn"CX) TYGA)

samackey ⇔
"
"

IF
, T

WCK)
functor Tin"(✗1%(1-1)

IF
Tina)9G
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Reviewofctspectra ( G finite)
INCH Mackey

functor

E×_ Ids:) -5-1 BurnsideTfa) I{ 1
,
Cp}⇔nÉ⇒ €5T

""
win

6=4 A-
=a¥( g)

tncxoo
F
}Mack (G)Mod

ICG] Q

FCM)(H)=M
"

,
R = inclusion

QCM)CH)=M/µ , 7- quotient
I 0

E±Fl2)⇒≤= if ↑z
"

constant
"

E IT
I

sign action IF
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Reviewofctspectra ( G finite)
Ids:) -5 A- Eilenberg -Mac Lane G-spectra

For M_ c- Mack CG)
,
3- HoM_ c-Spout

Modzco] } Mack (G)

InHart)={a
n=o

Z o else
2- = '↓ T2 *

- isomorphisms
I

f.✗→Y in Spo
°

→ isomorphism in H◦(spay
⇔
¥ : In✗→ TINY

I = isomorphism in Mack(G)
IF Vn c-2I

f
't
: ✗ H -5 YH in Sp
V H ≤G
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f.✗~→Y C- Spa
¥

• Use Cz@ 1C to promote KUESP -☒ IT /Resp
"

f
"
:X
"→THE Sp
*≤G

• ↓%K1R=kU
,

IR)
"
-~K0

.

I

f*:InXÉInY • Bolt periodicity : ↓{ KIR 2- periodic,

the≥ LKIR)
"
8- periodic

⇒ In ,→ KIREINKIR

• IR-Bolt periodicity : ESKIR _~KlR

9=694 =lR[Cz] regular representation
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Atiyah's Real K-theory
↓"eKR=kU

Problem IR - Bolt periodicity of KIR not
IR)
"
_~K0

.

detected in Postnikov filtration .

Into KIRI In KIR

Response Define new filtration for Cz - spectra

ESKIR _~K1R
• Restricts to Postnikov filtration ↓"e : Sp"→ Sp

• Interacts well with ES :S,
"
→Sp
"

( compatible w/ IR- Bolt periodicity)

pn
"

×) ≥ Esp:(×)K -12
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The /regular) slice filtration (G=Cz)
Goal

Want Fiber
sequencesnew filtration

for Cz- spectra .

Pnx → ✗→ Pn
- '

✗
• ↓:P? ✗ =P:L:X

"

≥n
" "

< n
"

• P:#%)
≈ Esp:(×) and

ply > p?✗ > P ;"✗ for j<KalKH J

e→ P'
"'

✗→ p
'

✗→ P ✗
ttl

"

KH - slice
"
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The /regular) slice filtration (G=Cz) HHR

Want .
Ullman

Define Full subcat I≥n≤ Sp
"

,

Pn ✗→✗ > Pn
- '

✗ smallest containing • Sks
,
2k ≥ n

"

≥n
" "

< n
"

• ↑e
"
Sk

,
It≥n

p¥x→P;e✗→P;"✗
& closed under • isomorphisms

• wedges & c. fibers ( hocolims)
• extensions

write ✗≥n for ✗ c- I
≥n . Say ✗ slice n- connective

EI I≥o=§p")≥◦ connective Cz - spectra

E I
≥ ,
=@p
")
≥,

I- connective G- spectra
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The /regular) slice filtration (G=Cz)
T≥n≤ Spcz
generated under Define ✗ an⇔ [W

, -13=0 twee≥n
hocolin's

,
extension

or ✗ ≤ n-1
.by Sks , 2k≥n

&↑e"sᵗ
,
k≥n Say ✗ slice @ -D - coconnective

.

If ✗c- I≥n ,
Bousfield Loc → 7 Pnc ) : spa→ SPGwrite ✗≥n ,

say ✗ slice
g.& . pn(⇒ ≤n & ✗→ phcx) universal .

n- connective

Define
• Pn ,,Cx)=fib(✗→ P'CXD .
Intl ≤ n

• PECH =P,,Pⁿ✗
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✗ an
The /regular) slice filtration (G=Cz)

I
[w,x3=o Properties . P! ✗ ≈ HI,✗
tween (1-11-112)

• pntz✗ slice @ -D-
⇔,@×) ≥ ESP? / X)co connective

✗→ pncx> ≤ n • P ! ✗ ≈ {
'
H Ii,Runiversal

pn.ix-f.ba/-7PTxD
• If ✗→Y→Z fiber seqn

"

Intl ≤ n

PECH =P,,PⁿX Intl ≤n

then ✗_~PnnY
, 2-=p"Y

If it totes like a slice tower
,

it is a slice tower
.
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Atiyah's Real K-theory

↓"eKR=kU
KO 2

CKIR)
"
-~kO

•
(HIR)
"

%

↓ J of Jr → if,jz=7≤ = I.KIR

Properties ↓"eKlR KU constant

Mackey functor
p;✗≈HI◦✗

⇒ P:K1R≈HczI
Pi:(EX) ≥ Esp:( ×)

Pix -~ÉHIp KOR
*
,

212
•

of )r→
◦

=

g- geometric 1361,0)
≥n+l ≤ n

→ Y→ KU
is 11 IS

Pn+i→Y→P"Y ⇒ P ! KIR -~{
'

Hq 2¥ ,,

≈ #

Looks like slice

⇒ is slice
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Atiyah's Real K-theory Dugger

2%112--1412 I p} KIR ≈ zspgz-5kHz
""RC"

P:k1R≈HczE ≈ ESP : KIR
PIKIR _- * 5251-12

• P}

KIR-nzspis-SKIRP.in?8X-~8p:x--ESPiK1R-
*

• PIk1R≈{ {
⇒ HE never

* n odd
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P%kiR≈E→H ≥
'

• KIR→KIR connective cover

PE¥k1R≈* ↓% 1--112--1--4
, ⇐B)" ≈ to

• connective cover = Po
⇒
p ; KIR _~{É⇒ HE, never ≥ ◦

* else
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Atiyah's Real K-theory

PE.kiR-E.sn ≥
The slice spectral sequence

PEn¥k1R≈* sit
pᵗ ✗ ⇒ It-s✗ 'Ez = It -s ᵗ

PE.HR -~E→H2 pttr
- l

n ≥◦ dr:InP¥✗ > In-1 teri✗
PINI

,
k1R≈*

P
- '

t.IR -~*

I*P¥}
^

^

I*Pᵗt da dit

I*Pt -16
t-16
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Atiyah's Real K-theory
In. ,Pᵗ+r

-1

n
ttr-1 The slice ss for KIR

,

y E- '¥2dr
Ez g

o 0InP¥

y

[ gods E-ggg£& % sign

↓%klR=ku
,

2k
•

g
g -2

=

◦⇐ IR)"≈k◦ g£ggg&&
g

g 2g 2
g
2 2 g2£&g 2

É%
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Ini,Pᵗ+r
-1

ttr-1 The slice ss for KIR
2

E- TzIr Es g%
got
'

y o oInP¥
got,
'

god
# =

are sign
2

g.
%
'

r a≥

↓%klR=ku
, ggg&& g.

=

◦2kg⇐ IR)"≈k◦ ggg.gg?g&g&2&gid?
ÉᵗÉ
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Atiyah's Real K-theory

In. ,Pᵗ+r
-1

,
ttr-1 The slice ss for KIR

,

2- = ' ( T2dr
Ey=E• ≥

2

In PE ¥4T .

I

↓%klR=ku
,

2-0=0
IG

⇐ IR)"≈k◦
712

2 g g g
=

0

≥*É*↳
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Lecture 2

• Bredon homology
• The slice filtration

, general G

• Slice filtration for {
✓

Hope


