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What are the eigenvalues and eigenvectors of the matrix g, - g7

If g; form an orthonormal system and \; are numbers, what are the eigenvalues and eigen-
vectors of > g \;gl?

T ...
IfG=|¢g1 ... g | and D is the diagonal matrix with entries )\;, then what are the
Lol

eigenvalues and eigenvectors of GDG?T?

An important theorem is that every symmetric matrix can be factored as GDGY. For
applications, it is nice to know that this can be done efficiently and accurately even for
extremely large matrices. In this chapter, we’ll assume that is already done, and see what
we get for free.



A standard example of a symmetric matrix A is an energy functional that takes a vector
V to its energy A(V) = VI AV. If A = I, is the identity, then the energy just becomes ||V||?,
the length squared. Many applied problems have two different energy measurements (I think
of them as cost and revenue, how much you put in versus how much you get out).

How do you find the vector ¥ such v AV is maximized, given a budget v BV = b?

Step 1: Find § such that B = 73. Set w = 3V, so V = 7w and VI BV = VI 31 3v = ||w||?
Step 2: Find G, D such that S~7AB~! = GDGT. Then vI AV = wI~TAB'W = wGDGTW =
> Ailgi - W),

The simple answer is that we find the biggest );, and then set W = v/bg;. Any other g; are
just wasting length. That means v = Vb3 'g;.

11 1 3.0224 1.6592 —4.8880
ForB= |12 3 |,b=100, and A = 1.6592 4.1136  8.2960 |, find V so that
1 3 14 —4.8880 8.2960 58.5600

vI BV < b and VI AV is maximized.

Check your work: the best v has v AV = 700.



