MA322-007 May 4 - Practice Exam Name:

1. What are the eigenpairs of:

W a=2oa = [ 8 R ] wra= L[ 4]
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2. The 4 x 4 matrix A= | 5 _} _é _g has eigenpairs (\;, v;):

25 =2 5 32

s [1) (1) e[

(a) Find a simple expression for D(7, j) = V; V,

N =

)

(b) Find a simple expression for E(a,b,c,d) = VI AV if V = aV| + bV, + cV3 + dVy.
(c) Find a simple expression for L(a, b, c,d) = ||V||? if V = aV| + bV + cV3 + dVy.

(d) Find a vector v with length ||[V|| = 1 that maximizes the energy F = v Av. What is
that maximum energy E7?

(e) Find a vector v with length ||| = 1 that minimizes the energy F = v/ Av. What is
that minimum energy FE7?7



,

3. Suppose A = Z 0, Vi with G/ d; = VI'V; equal to 1 if i = j and equal to 0 otherwise.
i=1

Here r is a small positive integer, and o; are positive real numbers.

T

(a) Find a simple expression for the numbers b; such that Z b;d; is as close as possible to b
i=1

' T
(b) Find a simple expression for the numbers ¢; such that AX = Z cu; if X = Z TiVi.
i=1 i=1

(¢) Find a simple expression for E(b;, z;) = ||[AX — b2 if b = Z b;u; and X = Z V.
i=1 i=1

(d) Find a simple expression for L(z;) = ||X]|? if X = Z V.
i=1

(e) Find a simple expression for the numbers x; such that AX is as close as possible to b if
T

—

X = TiVi.
=1



—66.47 4.86 27.15 43.38 39.11 48.20
118.83  60.05 —96.45 —114.68 —22.32 —54.55

4. The 5 x 6 matrix A = 66.26 —4.92  —27.27  —43.47 —-39.14 —48.31
38.46 134.89 —111.12  —99.22 72.63 35.63

—199.25  14.63 81.84 129.95 117.46  144.66

5
can be written as 5 o:0;vi where the singular triples (o;, U;, V;) are
k=1
) -5 - A -1 1 5
o -1 s -5 s 2
1 1 3 1 1 3 1 1 0
40264, 8 | 2 |5 5| 22608 | 1 lE] || o2k | g
p 2 s —4 s ~1
3 L o | -3 3
e 3 - -2
2 0 —6 5
1 1 6 1 1 3
0.16, 3 :} y5 | =3 , and | 0.08, 3 g s | -1
3 3 -1 -5
1 L L o
1.75
4? 8.68
o I - = 9.53
Find X so that AX =b, if b= | 10 |. Actually, that’s easy to ask RREF: X~ | _|"{g
_gg —6.07
2.31

What I meant to ask was find me a smaller xg that still basically works. I'm thinking
around 2% the size of the perfect X, but allowing around 2% relative error. Explicitly
|Xo0]| < 0.3~ 0.02|]X]| and ||Axe — b|| < 1.8 =~ 0.02|/b]|.

Explain how to find small almost-solutions:



2. A= [ . o } has eigenpairs (\;, 4;): (50, [ 1 ]) and (=25, 5 [ E

=T

(a) Find a simple expression for D(i,j) = d; u;

7

(b) Find a simple expression for L(x,y) = [|[V]]? if V = 2U; + yus

(c) Find a simple expression for F(x,y) = vI AV if V = xd; + yt,

(d) What values of z, y maximize E(z,y) while keeping L(x,y) = 17

(e) What values of x,y minimize F(z,y) while keeping L(z,y) = 17



3. B=| 135 295 | can be written as B = oyU;V{ + ootaVs where (0y, U;, V;) are

) B R CH I )

(a) Find numbers r, s such that b = rii; + sty if b = [ ﬁég ]

(b) Find a simple expression for the numbers p, ¢ such that Bw = pu; +quy if W = 2V, +yvs

(c) Find a simple expression for L(z,y) = ||W|]? if W = 2| + yVs

(d) Find a simple expression for E(z,y,r,s) = | Bw — b||2 with z,y, 7, s as in (a) and (b)

(e) Find z,y such that E(z,y,r,s) is as small as possible

Bonus: As in #3, find w so that | Bw — b|| < 5%||b|| and ||w|| < 3. Equivalently, find x,y
such that E(z,y,r,s) < 0.052||b]|? ~ 120 but L(z,y) < 3%. Answer on the back.



