The Boundary Harnack Inequality for Infinity Harmonic Functions in the Plane

John L. Lewis^{∗†} Department of Mathematics University of Kentucky Lexington, KY 40506-0027, USA Kaj Nyström^‡ Department of Mathematics Umeå University S-90187 Umeå, Sweden

November 29, 2007

Abstract

We prove the boundary Harnack inequality for positive infinity harmonic functions vanishing on a portion of the boundary of a bounded domain Ω ⊂ R^2 under the assumption that ∂Ω is a quasicircle.

2000 Mathematics Subject Classification. Primary 35J25, 35J70.

Keywords and phrases: infinity Laplacian, infinity harmonic function, boundary Harnack inequality, quasicircle.

∗email: john@ms.uky.edu †Lewis was partially supported by an NSF grant DMS-055228. ‡email: kaj.nystrom@math.umu.se

1 Introduction

In this paper we prove the boundary Harnack inequality for positive infinity harmonic functions vanishing on a portion of the boundary of a bounded domain Ω ⊂ R^2 under the assumption that ∂Ω is a Jordan curve and Ω is a uniform domain. The geometric restrictions imposed are equivalent to the statement that ∂Ω is a quasicircle.

Before we can state our main result we need to introduce some notation. In particular, we let Ē, ∂E and diam E be the closure, boundary and diameter of the set E ⊂ R^2 and we define d(y, E) to equal the distance from y ∈ R^2 to E. ⟨·, ·⟩ denotes the standard inner product on R^2 and |x| = ⟨x, x⟩^{1/2} is the Euclidean norm of x. B(x, r) = {y ∈ R^n : |x − y| < r} is defined whenever x ∈ R^2, r > 0, and we let dx denote two-dimensional Lebesgue measure on R^2. If O ⊂ R^2 is open, 1 ≤ q ≤ ∞, then by W^{1,q}(O) we denote the space of equivalence classes of functions g with distributional gradient ∇g = (g_{x1} , g_{x2} ), both of which are q th power integrable on O. We let ‖g‖_{1,q} = ‖g‖_q + ‖ |∇g| ‖_q be the norm in W^{1,q}(O) where ‖ · ‖_q denotes the usual Lebesgue q norm in O. Note that if q = ∞, then ‖g‖_{1,∞} = ‖g‖_∞ + ‖|∇g| ‖_∞ where ‖ · ‖_∞ denotes the essential supremum on O. C^∞_0 (O) is the set of infinitely differentiable functions with compact support in O and we let W^{1,q}_0 (O) be the closure of C^∞_0 (O) in the norm of W^{1,q}(O). Finally, C(O) is the set of continuous functions on O.

The infinity Laplace equation, in a bounded domain G ⊂ R^2, is the partial differential equation

Δ_∞u := 2∑ i,j=1

u_{xi} (x)u_{xj} (x)u_{xixj} (x) = 0 (1.1)

defined for smooth functions u in G. As the equation in (1.1) is a nonlinear and highly degenerate partial differential equation the mere concept of solutions to (1.1) is a non-trivial one and solutions to (1.1) have to be understood in the viscosity sense. In particular, u is said to be infinity harmonic in G if u is continuous and if u is a solution to (1.1) in the viscosity sense. Moreover, if f ∈ W^{1,∞}(R^n) then there exists a viscosity solution u ∈ W^{1,∞}(G) ∩ C(Ḡ), see [J, Theorem 1.8], to the Dirichlet problem

Δ_∞u = 0 in G, lim_{x∈Ω, x→ξ} u(x) = f(ξ) for ξ ∈ ∂G. (1.2)

Using the maximum principle of Jensen, see [J, Theorem 3.11], we also see that u is the unique viscosity solution to (1.2) in G. In addition Jensen proved, see [J, Corollary 3.14], that if f : ∂G → R is a continuous function, then the Dirichlet problem in (1.2) has a unique viscosity solution in G and u attains the boundary data at every boundary point ξ ∈ ∂G. Note that viscosity solutions are by definition continuous and that the conclusions on the solvability of the Dirichlet problem in (1.2) are valid for any bounded domain G ⊂ R^2.

The equation in (1.1) was first derived by Aronsson [A1-A4] and plays an important role as the governing equation for so called absolute minimizers. An absolute minimizer u in G is a continuous function u : Ḡ → R, which is Lipschitz continuous in G, and which has the following property: if Ĝ is a subset of G and if v is a function, continuous on the closure of Ĝ and Lipschitz continuous in Ĝ, which satisfies v = u on ∂Ĝ, then ess-sup_Ĝ|∇u| ≤ ess-sup_Ĝ|∇v|. Moreover, the solution u to (1.2) is the unique absolutely minimizing Lipschitz extension of f. For more on the infinity Laplacian, its generalizations as well as equivalent definitions of infinity harmonic functions we refer to [BEJ], [CEG] and [ACJ]. Moreover, for applications of the infinity Laplacian to image processing and game theory we refer to [CMS] and [PSSW] respectively.

The purpose of this paper is to prove the boundary Harnack inequality for positive infinity harmonic functions vanishing on a portion of a quasicircle. We also mention that our main result, Theorem 1, is completely new, except for sufficiently smooth domains where barrier type estimates can be used to get Theorem 1 (see [B]).

A Jordan curve J is said to be a k quasicircle, 0 < k < 1, if J = h(∂B(0, 1)) where h ∈ W^{1,2}(R^2) is a homeomorphism of R^2 and

|h_{z̄}| ≤ k|h_z|, dx almost everywhere in R^2. (1.3)

Here we are using complex notation, i = √ −1, z = x_1 + ix_2, 2h_{z̄} = h_{x1} + ih_{x2} , 2h_z = h_{x1} − ih_{x2} .

We say that J is a quasicircle if J is a k quasicircle for some 0 < k < 1. Let w_1, w_2 be distinct points on the Jordan curve J and let J_1, J_2 be the arcs on J with endpoints w_1, w_2. Then J is said to satisfy the Ahlfors three point condition provided there exists 1 ≤ M̃ < ∞ such that whenever w_1, w_2 ∈ J, we have

min{diamJ_1, diamJ_2} ≤ M̃|w_1 − w_2|. (1.4)

Ω is said to be a uniform domain provided there exists M̂ , 1 ≤ M̂ < ∞, such that if w_1, w_2 ∈ Ω, then there is a rectifiable curve γ : [0, 1] → Ω with γ(0) = w_1, γ(1) = w_2, such that if H^1(·) denotes the one-dimensional Hausdorff measure on γ, then

(i) H^1(γ) ≤ M̂|w_1 − w_2|, (ii) min{H^1(γ([0, t])), H^1(γ([t, 1]))} ≤ M̂d(γ(t), ∂Ω). (1.5)

Let d(E, F ) denote the Hausdorff distance between the nonempty sets E and F . Recall that if 1 ≤ M < ∞ and if Ω ⊂ R^2 is a domain, then a ball B(w, r) is said to be M non tangential provided

M^{−1}r < d(B(w, r), ∂Ω) < Mr.

Furthermore, if w_1, w_2 ∈ Ω, then a Harnack chain from w_1 to w_2 in Ω is a sequence of M non tangential balls such that the first ball contains w_1, the last ball contains w_2, and consecutive balls intersect. A domain Ω is called non tangentially accessible (NTA) if there exist M (as above) such that:

(i) corkscrew condition: for any w ∈ ∂Ω, 0 < r ≤ r_0, there exists a_r(w) ∈ Ω such that M^{−1}r < |a_r(w) − w| < r, d(a_r(w), ∂Ω) > M^{−1}r, (ii) R^2 \ Ω̄ satisfies the corkscrew condition, (iii) Harnack chain condition: given ϵ > 0, w_1, w_2 ∈ Ω, d(w_j, ∂Ω) > ϵ, and |w_1 − w_2| < cϵ, there is a Harnack chain from w_1 to w_2 whose length depends on c but not on ϵ. (1.6)

Note that Ω is a uniform domain if and only if (1.6) (i) and (iii) hold. Moreover, if ∂Ω = J is a Jordan curve, then the conditions J is a quasicircle, J satisfies the Ahlfors three point condition, Ω is a uniform domain and Ω is non tangentially accessible all imply each other and constants in one definition can be determined from the constants in any of the other definitions. For more on these geometric notions and proofs of the stated statements we refer to [G]. Finally we let Δ(w, r) = ∂Ω ∩ B(w, r) whenever w ∈ ∂Ω, 0 < r.

We can now state the main theorem proved in this paper.

Theorem 1. Let Ω ⊂ R^2, assume ∂Ω is a Jordan curve and assume that Ω is a uniform domain with constant M̂. Let w ∈ ∂Ω, 0 < r ≤ r_0. Suppose u and v are positive infinity harmonic functions in Ω ∩ B(w, 4r), that u and v are continuous in Ω̄ ∩ B(w, 4r) and that u = 0 = v on Δ(w, 4r). Then there exists a constant ĉ_1 ∈ [1, ∞), which only depends on M̂, such that if r̃ = r/ĉ_1, u(a_{r̃}(w)) = 1 = v(a_{r̃}(w)) and x ∈ Ω ∩ B(w, r/ĉ_1), then

ĉ^{−1}_1 ≤ u(x) v(x)

≤ ĉ_1.

Concerning the proof of Theorem 1 we note that problems for the infinity Laplacian can often be understood by considering limits of the corresponding problems posed for the p Laplacian, Δ_p, for finite p, 1 < p < ∞, and our proof of Theorem 1 is, in fact, based on a uniform in p boundary Harnack inequality, for large values of p, stated as Theorem 2 below.

Recall that given a bounded domain G and 1 < p < ∞, then u is said to be p harmonic in G provided u ∈ W^{1,p}(G) and ∫ |∇u|^{p−2} ⟨∇u, ∇ψ⟩ dx = 0 (1.7)

whenever ψ ∈ W^{1,p}_0 (G) . Observe that if u is smooth and ∇u ≠ 0 in G, then

Δ_pu := ∇ · (|∇u|^{p−2} ∇u) ≡ 0 in G (1.8)

and u is a classical solution in G to the p Laplace partial differential equation. Here, as in the sequel, ∇· is the divergence operator. If f ∈ W^{1,p}(R^n) we let u_p denote the unique weak solution to the problem

Δ_pu_p = 0 in G, lim_{x∈Ω, x→ξ} u_p(x) = f(ξ) for ξ ∈ ∂G (1.9)

and we note that (1.9) means that u_p solves (1.7) and that u_p − f ∈ W^{1,p}_0 (G).

To describe the relation between the problems in (1.2) and (1.9), we assume f ∈ W^{1,∞}(R^n) and we let u_∞ ∈ W^{1,∞}(G) ∩ C(Ḡ) be the unique viscosity solution to (1.2) with boundary data defined by the restriction of f to ∂G. We also let u_p, for p ∈ (1, ∞), denote the unique weak solution to the problem in (1.9) with data defined by f. Arguing as in [J, Theorem 1.22] we see that there exists a subsequence {p_j}, p_j → ∞ as j → ∞, such that u_{pj} → u_∞, uniformly in C(Ḡ) as j → ∞. In particular, the unique solution u = u_∞ to the problem in (1.2) is the uniform limit of the corresponding problems in (1.9) for finite p.

We base our proof of Theorem 1 on the following uniform in p boundary Harnack inequality.

Theorem 2. Let Ω ⊂ R^2, assume ∂Ω is a Jordan curve and assume that Ω is a uniform domain with constant M̂. Then there exists p̂ > 2 such that the following is true. Let p be given, p̂ ≤ p < ∞, w ∈ ∂Ω, 0 < r ≤ r_0 and suppose that u and v are positive p harmonic functions in Ω ∩ B(w, 4r). Assume also that u and v are continuous in Ω̄ ∩ B(w, 4r) and that u = 0 = v on Δ(w, 4r). Then there exists a constant ĉ_2 ∈ [1, ∞), which depends on M̂ and p̂ but is independent of p, such that if r̃ = r/ĉ_2, u(a_{r̃}(w)) = 1 = v(a_{r̃}(w)) and x ∈ Ω ∩ B(w, r/ĉ_2), then ĉ^{−1}_2 ≤ u(x) v(x)

≤ ĉ_2.

Concerning the proof of Theorem 2 we note that Theorem 2 was proved in [BL, Lemma 2.16] for a fixed and given p, 1 < p < ∞, with a constant ĉ_2 = ĉ_2(p, M̂). Hence in Theorem 2 we refine the result in [BL, Lemma 2.16] by proving that there exists p̂ > 2 such that ĉ_2 can be chosen to depend only on p̂ whenever p̂ ≤ p < ∞. We also note that in [LN] the boundary Harnack inequality for p harmonic functions, 1 < p < ∞, vanishing on a portion of the boundary of a Lipschitz domain Ω ⊂ R^n, n ≥ 2, was proved. The techniques used in [LN] to establish the boundary Harnack inequality differ significantly from those used in [BL]. In particular, currently we are not able to extend the approach in [LN] to the case p = ∞.

The rest of the paper is organized in the following way. In section 2 we prove a number of uniform in p estimates for p harmonic functions and in section 3 we prove Theorem 1 and Theorem 2.

Finally, the authors would like to thank Juan Manfredi for pointing this problem out to us.

2 Uniform (in p) estimates for p harmonic functions

In the following we consider a bounded domain Ω ⊂ R^2 and at certain instances we will assume that ∂Ω is a Jordan curve and that Ω is a uniform domain with constant M̂. We intend to state and prove certain interior and boundary estimates, with uniform in p constants, for u assuming that u is a positive weak solution to the p Laplacian in Ω ∩ B(w, 2r), u is continuous in Ω̄ ∩ B̄(w, 2r) with u = 0, in the Sobolev sense, on Δ(w, 2r) when this set is nonempty. Recall that Δ(w, r) = ∂Ω ∩ B(w, r) whenever w ∈ ∂Ω, 0 < r. More specifically we assume that u ∈ W^{1,p}(Ω ∩ B(w, 2r)) and that (1.7) holds whenever ψ ∈ W^{1,p}_0 (Ω ∩ B(w, 2r)). Also ζu ∈ W^{1,p}_0 (Ω ∩ B(w, 2r)) whenever ζ ∈ C^∞_0 (B(w, 2r)). Often we extend u to B(w, 2r) by defining u ≡ 0 on B(w, 2r) \ Ω. Moreover, we let max_{B(z,s)} u, min_{B(z,s)} u be the essential supremum

and infimum of u on B(z, s) whenever B(z, s) ⊂ R^2 and whenever u is defined on B(z, s). Throughout the paper c will denote, unless otherwise stated, a positive constant ≥ 1, not necessarily the same at each occurrence, which is independent of p but may depend on M̂ and p̂. In general, c(a_1, . . . , a_n) denotes a positive constant ≥ 1, not necessarily the same at each occurrence, which is independent of p but depends on a_1, . . . , a_n.

The following lemmas, Lemma 2.1-2.6, can be found in [BL] with constants depending on p. Here we show that the constants can be chosen independently of p.

Lemma 2.1. (Energy estimate) Let Ω ⊂ R^2 be a bounded domain. There exists p̂ > 2 such that the following is true. Assume w ∈ Ω̄, 0 < r ≤ diam Ω and assume that either B(w, 2r) ⊂ Ω or w ∈ ∂Ω. Let p be given, p̂ ≤ p < ∞, and suppose that u is a non negative weak solution to (1.7) in Ω ∩ B(w, 2r) and that u = 0 on Δ(w, 2r) whenever this set is non empty. Then there exists a constant c_1, 1 ≤ c_1 < ∞, which depends on p̂ but is independent of p, such that

r^{p−n} ∫ Ω∩B(w,r)

|∇u|^p dx ≤ c^p_1 ( max_{Ω∩B(w,2r)}u)^p.

Lemma 2.2. (Interior Harnack inequality) There exists p̂ > 2 such that the following is true. Let p be given, p̂ ≤ p < ∞, w ∈ R^2, 0 < r, and let u be a positive weak solution to (1.7) in B(w, 2r). Then there exists a constant c_2, 1 ≤ c_2 < ∞, which depends on p̂ but is independent of p, such that max B(w,r)

u ≤ c_2 min_{B(w,r)}u.

Lemma 2.3. (Hölder estimate) Let Ω ⊂ R^2 be a bounded domain. There exists p̂ > 2 such that the following is true. Assume w ∈ Ω̄, 0 < r ≤ diam Ω and assume that either B(w, 2r) ⊂ Ω or w ∈ ∂Ω. Let p be given, p̂ ≤ p < ∞, and suppose that u is a non negative weak solution to (1.7) in Ω ∩ B(w, 2r) and that u = 0, in the Sobolev sense, on Δ(w, 2r) whenever this set is non empty. Then there exist α_3 ∈ (0, 1) and a constant c_3, 1 ≤ c_3 < ∞, both which depend on p̂ but are independent of p, such that if x, y ∈ Ω ∩ B(w, r/2) then

|u(x) − u(y)| ≤ c_3

(_{|x−y|} r )_{α3} max Ω∩B(w,2r) u.

Lemma 2.4. (Carleson type estimate) Let Ω ⊂ R^2 be a bounded domain, assume ∂Ω is a Jordan curve and assume that Ω is a uniform domain with constant M̂. There exists p̂ > 2 such that the following is true. Let p be given, p̂ ≤ p < ∞, w ∈ ∂Ω, 0 < r ≤ r_0, and suppose that u is a positive continuous p harmonic function in Ω ∩ B(w, 2r) and that u = 0, in the Sobolev sense, on Δ(w, 2r). Then there exists a constant c_4, 1 ≤ c_4 < ∞, which depends on M̂ and p̂ but is independent of p, such that if r̃ = r/c_4, then max Ω∩B(w,r̃)

u ≤ c_4 u(a_{r̃}(w)).

Lemma 2.5. Let Ω ⊂ R^2 be a bounded domain, assume ∂Ω is a Jordan curve and assume that Ω is a uniform domain. Given p, 1 < p < ∞, w ∈ ∂Ω, 0 < r ≤ r_0, suppose that u is a positive p harmonic function in Ω∩B(w, 2r), continuous on Ω̄∩B̄(w, 2r) with u = 0 on Δ(w, 2r). Extend u to B(w, 2r) by defining u ≡ 0 on B(w, 2r)\Ω. Then there exists a unique finite positive Borel measure μ on R^2 with support in Δ(w, 2r), such that whenever ψ ∈ C^∞_0 (B(w, 2r)) then ∫ R^2

|∇u|^{p−2} ⟨∇u, ∇ψ⟩ dx = − ∫ R^2

ψ dμ.

Lemma 2.6. Let Ω, u, w, r, r_0 and μ be as in Lemma 2.5. Then there exists p̂ > 2 such that the following is true for p given, p̂ ≤ p < ∞. There exists a constants c_6, 1 ≤ c_6 < ∞, which depends on M̂ and p̂ but is independent of p, such that if r̃ = r/c_6, then

c^{−p}_6 r^{p−n}μ(Δ(w, r̃/2)) ≤ (u(a_{r̃}(w)))^{p−1} ≤ c^p_6r^{p−n} μ(Δ(w, 2r̃)).

In the following we prove Lemmas 2.1-2.6. In the proof of Lemmas 2.1-2.3 we will assume, as we may by a simple translation, scaling and normalization argument, that

w = 0, r = 1 and max_{Ω∩B(w,2r)}u = 1. (2.7)

Assumption (2.7) is permissible since the p Laplace equation is invariant under translations and scalings and since the same is true for the parameter M̂ in the definition of a uniform domain. We will frequently also make use the following test function,

θ ∈ C^∞_0 (B(0, 2)), θ ≡ 1 on B(0, 3/2), θ ≥ 0 and |∇θ| ≤ c. (2.8)

Proof of Lemma 2.1. If w ∈ ∂Ω then we extend the restriction of u to the set Ω ∩ B(0, 2), to B(0, 2), by defining u ≡ 0 on B(0, 2) \ Ω. We note that u is continuous on B(0, 2) by Morrey’s lemma whenever p > 2. Then u is a non negative subsolution to the p Laplace equation in B(0, 2). In particular, if ψ ∈ C^∞_0 (B(0, 2)), ψ ≥ 0, then ∫ R^2

|∇u|^{p−2} ⟨∇u, ∇ψ⟩dx ≤ 0. (2.9)

To actually prove that u satisfies (2.9) one can show that if ψ is as above and if we let ψ̃ = [(η + max[u − ϵ, 0])^ϵ − η^ϵ]ψ, with η > 0 small, then ψ̃ is an admissible test function for (1.7). Moreover, using (1.7) we see that ∫ {u≥ϵ}

[(η + max[u − ϵ, 0])^ϵ − η^ϵ]|∇u|^{p−2} ⟨∇u, ∇ψ⟩dx ≤ 0.

Using dominated convergence, first letting η → 0 and then ϵ → 0 we see that u satisfies (2.9).

Hence, to prove Lemma 2.1 we can assume that u satisfies (2.9) whenever ψ ∈ C^∞_0 (B(0, 2)) and ψ ≥ 0. Moreover, assume (2.7), let θ be as in (2.8) and define ψ = θ^p(1 + u)^p. Then we first see that

∇ψ = pθ^{p−1}(1 + u)^p∇θ + pθ^p(1 + u)^{p−1}∇u (2.10) and using (2.10) in (2.9) we can conclude that p ∫ R^2

|∇u|^{p−2}⟨∇u, ∇θ⟩θ^{p−1}(1 + u)^pdx + p ∫ R^2

|∇u|^pθ^p(1 + u)^{p−1}dx ≤ 0.

Therefore, ∫ R^2

|∇u|^pθ^p(1 + u)^{p−1}dx ≤ c ∫ R^2

|∇u|^{p−1}θ^{p−1}(1 + u)^pdx,

and, using the normalization of u in (2.7), ∫ R^2

|∇u|^pψdx ≤ c ∫ R^2

|∇u|^{p−1}ψ^{(p−1)/p}dx. (2.11)

Based on (2.11) we can complete the proof of Lemma 2.1 by using Hölder’s inequality.

Proof of Lemma 2.2. The Harnack inequality, Lemma 2.2, for non negative p harmonic functions can be proved by the iteration methods of DeGiorgi and Moser, see [S] and [DBT]. Unfortunately, in these methods the constant in the Harnack inequality blows up as p → ∞. Another approach to the Harnack inequality, valid only when p > 2, follows from energy bounds on ∇(log u). In fact, using this approach the Harnack inequality can also be established for the infinity Laplacian, see [LM].

Assume (2.7) and let θ be as in (2.8). Let ϵ > 0 and define u_ϵ = (ϵ + u). Using the test function θ^pu^{1−p}_ϵ in (1.7) we see that

0 = (1 − p) ∫ R^2

|∇u|^{p−2} ⟨∇u, ∇u_ϵ⟩θ^pu^{−p}_ϵ dx + p ∫ R^2

|∇u|^{p−2} ⟨∇u, ∇θ⟩θ^{p−1}u^{1−p}_ϵ dx

and hence ∫ R^2

|∇u|^pθ^pu^{−p}_ϵ dx ≤ c ( p p − 1 ) ∫ R^2

|∇u|^{p−1}θ^{p−1}u^{1−p}_ϵ dx.

Therefore, using the Hölder inequality and letting ϵ → 0 we see that ∫ R^2

|∇u|^pθ^pu^{−p} dx ≤ c^p ( p p − 1

)_p . (2.12)

Assuming (2.7) we note that (2.12) in fact states that ∫ R^2

|θ∇(log u)|^p dx ≤ c^p ( p p − 1

)_p . (2.13)

Let p̂ > 2. Using the Sobolev embedding theorem and the Hölder inequality we see that if x ∈ B(0, 1) and p ≥ p̂ then

(| log u(x) − log u(0)|)^{p̂} ≤ c^{p̂} ∫ B(0,1)

|∇(log u)|^{p̂}dx ≤ c^{p̂+1−p̂/p} ( ∫ B(0,1)

|∇(log u)|^pdx

)_{p̂/p} . (2.14)

Based on (2.14) we then see, using (2.13), that

| log u(x) − log u(0)| ≤ c^{2+1/p̂−1/p} ≤ c^{2+1/p̂}

whenever x ∈ B(0, 1) and for a constant c which is independent of p. Hence, c^{−1}_2 u(0) ≤ u(x) ≤ c_2u(0) whenever x ∈ B(0, 1) for some c_2 which is independent of p.

Proof of Lemma 2.3. Assume (2.7) and let u denote the restriction of u to the set Ω∩B(0, 2). Assume first that w ∈ ∂Ω. Extend u to B(0, 2) by defining u ≡ 0 on B(0, 2) \ Ω. As u = 0 on Δ(0, 2) it follows from Lemma 2.1 that u ∈ W^{1,p}(B(0, 1)). Hence to prove Lemma 2.3 we can, in both cases, simply use the Sobolev embedding theorem in the following way. Let p̂ > 2. Then using the Sobolev embedding theorem, the Hölder inequality and Lemma 2.1 we see that sup x,y∈B(0,1/2)

|u(x) − u(y)| |x − y|^{1−2/p̂}

≤ c^{2+1/p̂−1/p} ( ∫ Ω∩B(0,1)

|∇u|^pdx

)_{1/p}

≤ c^{2+1/p̂}

for a constant c which is independent of p. Hence Lemma 2.3 is valid with α_3 = 1 − 2/p̂.

Proof of Lemma 2.4. This follows from a general argument using Lemma 2.2 and Lemma 2.3 often attributed to Carleson (see [CFMS]). Hence the constant c_4 is a function of the constants c_2, c_3 and α_3.

Proof of Lemma 2.5. Existence of μ in Lemma 2.5 follows from (2.9), basic Caccioppoli estimates as in Lemma 2.1, and the same argument as in the proof of the Riesz representation theorem for positive linear functionals on the space of continuous functions.

Proof of Lemma 2.6. Note that using Lemma 2.2 and Lemma 2.4 we see that there exists c̃, 1 ≤ c̃ < ∞, which depend on M̂ and p̂ but is independent of p, such that if r̃ = r/c̃, then max Ω∩B(w,2r̃)

u ≈ u(a_{r̃}(w)).

Moreover, in the following we modify (2.7) and we assume, as we may, that

w = 0, r̃ = 1 and u(a_{r̃}(w)) = 1. (2.7’)

Let θ be as in (2.8) and define θ̂(x) = θ(2x). Using Lemma 2.5, Lemma 2.1, the normalization in (2.7’) and the inequality in the display above (2.7’) we see that

μ(Δ(0, 1/2)) ≤ ∫ R^2

θ̂ dμ ≤ ∫ R^2

|∇u|^{p−1}|∇θ̂|dx ≤ c ( ∫ Ω∩B(0,1)

|∇u|^pdx

)_{(p−1)/p} ≤ cc^{p−1}_1 ≤ c^{p−1}.

Hence, there exist p̂ > 2 and a constant c, independent of p, such that if 2 < p̂ ≤ p < ∞, then μ(Δ(0, 1/2)) ≤ c^{p−1}(u(a_1(0))^{p−1}. Hence the left hand side inequality in Lemma 2.6 is proved.

Next we prove the right hand side inequality in Lemma 2.6 and our proof is based on [KZ], see also [EL]. We define

M(ρ) = sup_{B(0,ρ)} u(x) whenever ρ ∈ [0, 2]

and we let h be p harmonic in B(0, 2) with boundary values equal to u on ∂B(0, 2). Note that by assumption u is continuous on Ω̄ ∩ B̄(0, 2) and hence u is well defined on ∂B(0, 2). By the weak maximum principle for p harmonic functions we see that 0 ≤ u ≤ h on B(0, 2). Moreover, considering p ≥ p̂ and applying the Harnack inequality in Lemma 2.2 to the function h we see that

inf_{B(0,1)} h ≥ c^{−1}_2 sup_{B(0,1)} h ≥ c^{−1}_2 sup_{B(0,1)} u = c^{−1}_2 M(1). (2.15)

c_2 is the constant appearing in Lemma 2.2 and this constant is independent of p. Using Lemma 2.3 we see that

u(x) ≤ c_3t^{α3} M(1) whenever x ∈ B(0, t), t < 1/2. (2.16)

Let β = c^{−1}_2 /2 and restrict t to the interval [0, (β/c_3)^{1/α3} ). Using (2.16) it then follows that M(t) ≤ βM(1). Under the same conditions we also see, using (2.15), that, whenever x ∈ B(0, t),

h(x) − u(x) ≥ inf_{B(0,1)} h − sup_{B(0,t)} u ≥ 2βM(1) − βM(1) = βM(1). (2.17)

Next we note that the function

ψ = min_{B(0,2)}{h − u, βM(1)} (2.18)

is non negative in B(0, 2) and belongs to the space W^{1,p}_0 (B(0, 2)). Using (2.17) we also see that ψ = βM(1) on B(0, t). Let Γ denote the points where ∇ψ exists and is non zero. Then ∫ B(0,2)

|∇ψ|^pdx ≤ ∫ B(0,2)∩Γ ( |∇h| + |∇u|

)_{p−2} |∇h − ∇u|^2dx. (2.19)

Next we claim that if p ≥ 2 then ( |ξ| + |ζ|

)_{p−2} |ξ − ζ|^2 ≤ c2^p⟨|ξ|^{p−2}ξ − |ζ|^{p−2}ζ, ξ − ζ⟩ (2.20)

whenever ξ, ζ ∈ R^2. In fact, to prove this we first note that

⟨|ξ|^{p−2}ξ − |ζ|^{p−2}ζ, ξ − ζ⟩ = 1 2 (|ξ|^{p−2} + |ζ|^{p−2})|ξ − ζ|^2 + 1 2 (|ξ|^{p−2} − |ζ|^{p−2})(|ξ|^2 − |ζ|^2) (2.21) and hence

⟨|ξ|^{p−2}ξ − |ζ|^{p−2}ζ, ξ − ζ⟩ ≥ 1 2 (|ξ|^{p−2} + |ζ|^{p−2})|ξ − ζ|^2 ≥ c^{−1}2^{−p} ( |ξ| + |ζ|

)_{p−2} |ξ − ζ|^2. (2.22)

Combining (2.19) and (2.22) we get ∫ B(0,2)

|∇ψ|^pdx ≤ c2^p ∫ B(0,2)

⟨(|∇h|^{p−2}∇h − |∇u|^{p−2}∇u), ∇ψ⟩dx

= −c2^p ∫ B(0,2)

⟨|∇u|^{p−2}∇u, ∇ψ⟩dx = c2^p ∫ B(0,2) ψdμ

based on which we can conclude that ∫ B(0,2)

|∇ψ|^pdx ≤ c2^pβM(1)μ(B(0, 2)). (2.23)

But on the other hand using Hölder’s inequality as well as a Sobolev type inequality we see that

(βM(1))^pπt^2 ≤ ∫ B(0,2)

|ψ|^pdx ≤ c^p ∫ B(0,2)

|∇ψ|^pdx. (2.24)

That the c in (2.24) can be chosen independent of p for large values of p is intuitively clear and an explicit constant, independent of p, for which the right hand inequality in (2.24) is true can be found in [GT, p.164]. Combining (2.23) and (2.24) we can therefore conclude that

(βM(1))^pπt^2 ≤ c^pβM(1)μ(B(0, 2)) (2.25)

for a constant c independent of p. Hence, if we choose t = (β/c_3)^{1/α3} /2, then

c^pμ(B(0, 2)) ≥ (βM(1))^{p−1}πt^2 ≥ ĉ^p(u(a_1(0))^{p−1}. (2.26)

In the last deductions we have used Lemma 2.4, Lemma 2.2, the normalization in (2.7’) and the inequality in the display above (2.7’). In (2.26) both constants, c and ĉ, are independent of p. This completes the proof of the right hand side inequality and hence the proof of Lemma 2.6.

3 Proof of Theorem 1 and Theorem 2

In this section we prove Theorem 1 and Theorem 2.

Proof of Theorem 1. We here prove Theorem 1 assuming Theorem 2. Let u and v be as in the statement of Theorem 1 and note that this implies, in particular, that u, v ∈ W^{1,∞}(Ω ∩ B(w, 3r)) ∩ C(Ω̄ ∩ B̄(w, 3r)). We let, for p ∈ (2, ∞), u_p and v_p be the unique weak solutions to the problem in (1.9) in Ω ∩ B(w, 2r) with continuous boundary values, on ∂(Ω ∩ B(w, 2r)), equal to u and v respectively. Using the uniqueness result of Jensen [J, Theorem 3.11] it follows that for every ϵ > 0 and for every compact set K ⊂ Ω ∩ B(w, 2r) there exists p̃ = p̃(ϵ, K) > 2 such that if p ≥ p̃ then

|u_p(x) − u(x)| < ϵ and |v_p(x) − v(x)| < ϵ (3.1)

whenever x ∈ K. In particular u_p and v_p converge to u and v, uniformly on compact subsets of Ω ∩ B(w, 2r), as p → ∞. Let p̂ and ĉ_2 be as in Theorem 2. Then

ĉ^{−1}_2 u_p(a_{r̃}(w)) v_p(a_{r̃}(w)) ≤ u_p(x) v_p(x)

≤ ĉ_2 u_p(a_{r̃}(w)) v_p(a_{r̃}(w))

(3.2)

whenever x ∈ Ω ∩ B(w, r/(2ĉ_2)) if p ≥ p̂. Let z ∈ Ω ∩ B(w, r/(2ĉ_2)) and note that using (3.1) and (3.2) we can conclude that u(x) ≤ 2ĉ_2v(x) whenever x ∈ B(z, d(z, ∂Ω)/2). As z is arbitrary Theorem 1 follows.

Proof of Theorem 2. The proof of Theorem 2 is based on the proof of Lemma 2.16 in [BL]. In fact to prove Theorem 2 we repeat the argument in [BL, Lemma 2.16] making sure that the constants of our estimates can be chosen independently of p whenever p ≥ p̂ > 2. In the following we let p̂ be large enough to ensure the validity of the statements in Lemmas 2.1-2.4 and in Lemma 2.6. Moreover, we let r̃ = r/(4c_6) with c_6 as in Lemma 2.6.

Let γ : (1, 1) → R^2 be a parametrization of ∂Ω such that γ(0) = w. Let r_1 = r̃/c_1 where c_1 = c_1(M̂) ≥ 1 will be chosen later. Let t_1 = sup{t < 0 : |γ(t) − w| = r_1}, t_2 = inf{t < 0 : |γ(t) − w| = r_1}, z_1 = γ(t_1) and z_2 = γ(t_2). Then |w − z_1| = |w − z_2| = r_1 and the part of ∂Ω between z_1 and z_2 is contained in B(w, r_1). If r_2 = r_1/c_1, then from (1.4) we see, for c_1 large enough, that B(z_1, r_2) ∩ B(z_2, r_2) = ∅. For any two points ζ_1 ∈ Δ(z_1, r_2) and ζ_2 ∈ Δ(z_2, r_2) we can use (1.5) to construct a curve with endpoints ζ_1, ζ_2 in the following way. Take ρ such that B(ζ_i, ρ) ⊂ B(z_i, r_2) for i = 1, 2. Draw the curve from a_ρ(ζ_1) to a_ρ(ζ_2) guaranteed by (1.5). Similarly, connect a_ρ(ζ_1) to a_{ρ/2}(ζ_1) and then a_{ρ/2}(ζ_1) to a_{ρ/4}(ζ_1) and so on. Since a_{ρ/2}n (ζ_1) → ζ_1, as n → ∞, this curve ends up at ζ_1. We can advance from a_ρ(ζ_2) to ζ_2 in the same way. The total curve from ζ_1 to ζ_2 is denoted by Γ. From our construction and (1.5) we note that, for c_1 large enough,

(i) Γ \ {ζ_1, ζ_2} ⊂ Ω ∩ B(w, r̃), (ii) H^1(Γ) ≤ c_1r̃, (iii) min{H^1(Γ([0, t])), H^1(Γ([t, 1]))} ≤ c_1d(Γ(t), ∂Ω). (3.3)

Recall that H^1(·) denotes the one-dimensional Hausdorff measure on Γ. In the following we let c_1 be fixed and satisfying the above requirements.

Next we consider the functions u, v in Theorem 2 and we extend both of these to B(w, 2r) in the standard way. We let μ and ν be the measures, in the sense of Lemma 2.5, corresponding to u and v respectively. Let M_+ = M_+(M̂) be a constant to be chosen and assume that M_+ is so large that Γ ∩ B(w, r_1/M_+) = ∅ independently of ζ_1 ∈ Δ(z_1, r_2) and ζ_2 ∈ Δ(z_2, r_2). Existence of M_+ follows from (3.3). Suppose that u/v > λ at some point in Ω ∩ B(w, r̃/M_+). Our intention if to prove that λ can not be too large. Using the continuity of u and v in Ω̄ ∩ B(w, r) and the weak maximum principle for solutions to the p Laplacian, we see that u/v > λ at some point ξ ∈ Γ. Making use of the point ξ and using (3.3), Lemma 2.6 and Lemma 2.2 we deduce for some s, 0 < s < r̃/2 and i ∈ {1, 2}, that

μ(Δ(ζ_i, s)) ν(Δ(ζ_i, s)) ≥ c^{−p}_6 (u(a_s(ξ)))^{p−1} c^p_6(v(a_s(ξ)))^{p−1}

> c̃^{−p}_6 λ^{p−1}, (3.4)

where c̃_6 is a constant independent of p. Allowing ζ_i in this construction to vary in Δ(z_i, r_2), i = 1, 2, we get a covering of either Δ(z_1, r_2) or Δ(z_2, r_2) by balls of the form Δ_ζ = Δ(ζ, s). Assume for example that Δ(z_1, r_2) is covered by balls of this type. Then using a standard covering argument we get a subcovering, {Δ_{ζn} }, of Δ(z_1, r_2) such that the balls, with one-fifth the diameter of the original balls but the same centers, denoted {Δ^∗_{ζn} }, are disjoint. From (3.3), (3.4) and Lemmas 2.2 and 2.6 we then deduce

c̃^{−p}_6 λ^{p−1}ν(Δ(z_1, r_2)) ≤ c̃^{−p}_6 λ^{p−1}ν(∪_nΔ_{ζn} ) < ∑ μ(Δ_{ζn} ) ≤ ĉ^p_6 ∑ μ(Δ^∗_{ζn} )

for yet another constant ĉ_6 which is independent of p. Hence

c̃^{−p}_6 λ^{p−1}ν(Δ(z_1, r_2)) < ĉ^p_6μ(Δ(w, 2r̃)). (3.5)

Moreover, using Lemma 2.6 and Lemma 2.2 once more we also see that

ν(Δ(w, 2r̃) ≤ c^pν(Δ(z_1, r_2)) (3.6)

for some c independent of p. Combining (3.5) and (3.6) we first see that

c^{−p}c̃^{−p}_6 ĉ^{−p}_6 λ^{p−1} < μ(Δ(w, 2r̃)) ν(Δ(w, 2r̃))

(3.7)

and then, using Lemma 2.6, Lemma 2.2 and the normalization u(a_{r̃}(w)) = 1 = v(a_{r̃}(w)),

c^{−p}c̃^{−p}_6 ĉ^{−p}_6 λ^{p−1} < μ(Δ(w, 2r̃)) ν(Δ(w, 2r̃))

≤ ĉ^p (3.8)

for yet another constant ĉ which is independent of p. (3.8) implies that λ < c with c independent of p. Hence u/v ≤ c in Ω ∩ B(w, r̃/M_+) and the proof of Theorem 2 is complete.

4 References

[A1] G. Aronsson, Minimization problems for the functional sup_x F (x, f(x), f^′(x)), Arkiv för Matematik. 6 (1965), 33-53.

[A2] G. Aronsson, Minimization problems for the functional sup_x F (x, f(x), f^′(x)) II , Arkiv för Matematik. 6 (1966), 409-431.

[A3] G. Aronsson, Extension of functions satisfying Lipschitz conditions, Arkiv för Matematik.

6 (1967), 551-561.

[A4] G. Aronsson, On the partial differential equation u^2_xu_{xx} + 2u_xu_yu_{xy} + u^2_yu_{yy}, Arkiv för Matematik. 7 (1968), 395-425.

[ACJ] G. Aronsson, M. Crandall and P. Juutinen, A tour of the theory of absolutely minimizing functions, Bull. Amer. Math. Soc (N.S.), American Mathematical Society. Bulletin. New Series. 41 (2004), 439-505.

[B] T. Bhattacharaya, A boundary Harnack principle for infinity Laplacian and some related results, preprint.

[BEJ] E. Barron, C. Evans and R. Jensen, The infinity Laplacian, Aronsson’s equations and their generalizations, preprint.

[BL] B. Bennewitz and J. Lewis, On the dimension of p harmonic measure, Ann. Acad. Sci.

Fenn. 30 (2005), 459-505.

[CEG] M. Crandall, C. Evans and R. Gariepy, Optimal Lipschitz extensions and the infinity Laplacian, Calculus of Variations and Partial Differential Equations. 13 (2001), 123-139.

[CFMS] L. Caffarelli, E. Fabes, S. Mortola and S. Salsa, Boundary behavior of nonnegative solutions of elliptic operators in divergence form, Indiana J. Math. 30 (4) (1981), 621-640.

[CMS]V. Caselles, J.-M. Morel and C. Sbert, An axiomatic approach to image interpolation, IEEE Trans. Image Proc. 7 (1996), 376-386.

[DBT] E. DiBenedetto and N. Trudinger, N., Harnack inequalities for quasiminima of variational integrals, Analyse nonlineaire, Ann. Inst. Henri Poincare. 1 (1984), 295-308.

[EL] A. Eremenko and J. Lewis, Uniform limits of certain A-harmonic functions with applications to quasiregular mappings, Ann. Acad. Sci. Fenn. Math. 16 (1991), 361-375.

[G] F. Gehring, Uniform domains and the ubiquitous quasidisk, Jahresber. Deutsch. Math.

Verein. 89 (1987), no. 2, 88 - 103.

[GT] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, second edition, Springer-Verlag, 1983.

[J] R. Jensen, Uniqueness of Lipschitz extensions minimizing the sup-norm of the gradient, Arch. Rational Mech. Analysis 123 (1993), 51-74.

[KZ] T. Kilpeläinen and X. Zhong, Growth of entire A - subharmonic functions, Ann. Acad.

Sci. Fenn. Math. 28 (2003), 181-192.

[LM] P. Lindqvist and J. Manfredi, The Harnack inequality for ∞ harmonic functions, Electronic J. Diff. Equations. 5 (1995), No. 4, 1-5.

[LN] J. Lewis and K. Nyström, Boundary Behaviour for p Harmonic Functions in Lipschitz and Starlike Lipschitz Ring Domains, to appear in Annales Scientifiques de L’Ecole Normale Supérieure.

[PSSW] Y. Peres, O. Schramm, S. Sheffield and D. Wilson, Tug-of-war and the infinity Laplacian, preprint.

[S] J. Serrin, Local behavior of solutions of quasilinear elliptic equations, Acta Math. 111 (1964), 247-302.