ON d AND M PROBLEMS FOR NEWTONIAN POTENTIALS IN

EUCLIDEAN n SPACE

JOHN LEWIS

Dedicated to the memory of Albert Baernstein II, Ronald Gariepy, and Walter Hayman

ABSTRACT. In this paper we first make and discuss a conjecture concerning New-
tonian potentials in Euclidean n space which have all their mass on the unit sphere
about the origin, and are normalized to be one at the origin. The conjecture es-
sentially divides these potentials into subclasses whose criteria for membership is
that a given member have its maximum on the closed unit ball at most M and its
minimum at least d. It then lists the extremal potential in each subclass which
is conjectured to solve certain extremal problems. In Theorem 1.1 we show exis-
tence of these extremal potentials. In Theorem 1.2 we prove an integral inequality
on spheres about the origin, involving so called extremal potentials, which lends
credence to the conjecture.
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1. INTRODUCTION
Let n > 2 be a positive integer, x = (x1, 22, ...,x,) a point in Euclidean n space,

R" and let |x| denote the norm of z. Put B(x,r) = {x : |x| < r} when r > 0. For fixed
n > 2, let p be a positive Borel measure on S"! = {z : |z| = 1} with p(S"1) = 1.
Next let H"! denote Hausdorff n — 1 measure and let ® be a non decreasing convex
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2 J. LEWIS

function on R. Finally let F denote the family of potentials p satisfying

(@) pla) = / z — g dpu(y), x € R", when n > 2,
Snfl
(1.1)
® pe)=2[ gy duy)a e R
Snfl

Theorems 1.1 and 1.2 in this paper are based on my efforts to prove the following
conjecture:

Conjecture 1 : If n > 3, there is a 1 - 1 map from

{(61752) 10 < 51 < 52 < 71—}_>{((LM) : 22—n < d< 171 <M < OO}
for which there exists a potential P(-,d, M) € F, satisfying

(a)  P(,d,M)=M on By ={z €S :cos& <xy <1},
(b)  P(,d,M)=donEy={xeS":—-1<mx <cos&},
(¢) P(,d,M)>din B(0,1), and P(-,d,M) < M in R,
(d) P(0,d,M) =1 and P(-,d, M) is harmonic in R™\ (E; U Ey).

Given d = d(&,&), M = M (&1, &), let
FM ={pe Fwithd<pin B0,1) andp < M in R* } .

(1.2)

If0<r <oo, and p € FM, then

(19 | awmanty< [ aptyd ey,
Sn—l Sn—l

The analog of Conjecture 1 is true in R2. To briefly outline its proof we use complex
notation. So i =+/—1,z2 =z +iy,z = x — iy, e = cosf + isinf, and
B(zo,p) = {2z : |z— 20| < p}. Let U denote the class of univalent (i.e, 1-1 and analytic)
functions f satisfying f(0) = 0, f’(0) = 1, and for which D = f(B(0,1)) is starlike
with respect to 0 (so each line segment connecting 0 to a point in D is also contained
in D). If f € U, then using the fact that f(B(0,r)) is also starlike, with respect
to 0, one can show Arg f(re?) (i.e the principal argument of f) on B(0,r) is non
decreasing as a function of @ so if z = re € B(0,1), then

(L4) i tog f(re®) = L [axg flre”) — ilog|f(re”|] = 2f'(2)/ (2
and thus Re (zf'(2)/f(z)) > 0, when z € B(0,1).
From (1.4) and the Poisson integral formula for B(0, 1) it follows (see [D]) that

/ 1 —i0 )
(1.5) ZJ{(S) - /S %dyw@), 2 € B(0,1),

where v is a positive Borel measure on S with v(S!) = 1. Note that if f is sufficiently
smooth on B(0,1), then
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d , ,
(1.6) @Arg f(e?) = 2mdv(e)/db.
(1.6) implies that if I C 0B(0,1) is an arc and f([) lies on a ray through 0, then
v(I) = 0. Dividing (1.4), (1.5) by 2z and integrating we get

(1.7) log(f(z)/z) = —2/ log(1 — e™"2) duv(e®)

St
where log is the principal logarithm. From (1.7) we see that if v = u, then p(z) =
log|f(2)/2],2 € B(0,1), in (1.1) (b). Given d,1/4 < d < 1, and 1 < M < o0, let UY
denote starlike univalent functions f in U satisfying M > |f(2)/z] > d in B(0,1).
Thus if d =logd and M = log M, then for n = 2,

FY = 1{p(z) =log|f(2)/2| : f e UM}

Using this fact one sees that the analogue of P(-,d, M) in Conjecture 1 for n = 2
is P(z,d, M) = log|G(z,d, M)/z|,z € B(0,1), where G(-,d, M) maps B(0,1) onto
D =D(d,M). If1/4 <d <1< M < oo, then D is the bounded keyhole domain
described as follows. For some 7 = 7(d, M),0 < 7 < 7, dD is the union of the arcs :

{Me? . —7 <0 <7} {de” : 7 <0< 2r—7},

and the line segments, [de’™, M e, [de="", M e "], o
In [BL1] we showed for fixed d, M, that L(z,d.M) = log(G(z,d, M)/z) maps B(0,1)

univalently onto a convex domain containing 0 and if f € U C]Z” , then [(2) = log(f(2)/z2)
is subordinate to L(z, d, M). That is, L~ ol maps B(0,1) into B(0,1). This result was
in fact a corollary of a much more general subordination theorem for Mocanu convex
univalent functions that are bounded above and below in the unit disk. Our proof
used a contradiction type argument and the Hadamard - Julia variational formulas
to determine the solutions to a certain class of extremal problems. Runge’s theorem
then gave subordination in the given class of Mocanu convex functions. Conjecture 1
for n = 2, follows from the relationship between p, P, and f, G, as well as properties
of subordination (see for example [BL2]).

Let e; denote the point in R™ with 1 in the ¢ th position and zeroes elsewhere.
Conjecture 1 is true in R",n > 2, when & = 7,0 < & < 7, so Ey = {—e;}, and
1 < M < co. Tt was proved in [GL] . Our proof used a maximum principle for
the celebrated Baernstein * function (see [H2] or [BDL]), defined as follows: Given
x € R™\ {0}, introduce spherical coordinates, r,0 by r = |z|,2y = rcosf, 0 < 0 < .
Let [ be a locally integrable real valued function on A = {z € R" : r; < |z| < ry},
and set

(1.8) I*(r,0) = s?\p/Al(ry)dH”_ly
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where the supremum is taken over all Borel measurable sets A C S*~! with
H ' A) =H""{y €Sy, > cosb}).

One can show that (1.3) in Conjecture 1 is equivalent to

(1.9) p*(r,0) < P*(r,0,d, M), whenever 0 < r < 00, 0 <60 < .

For a proof of this equivalence see section 9.2 in [H2].

For n = 2, Professor Baernstein in [B] showed that if [ is subharmonic in A, then
[* in (1.8) is subharmonic in [ = {z =re? : 0 < § < 7,7, <r < ry}. Moreover if

(a) I(re®) =1(re®),0<0 <,
(b)  I(re') is non increasing on [0, 7], for fixed r,7; < r < ry,
(¢) [ is harmonic in A,

then [* is harmonic in I. In R", n > 2, I*(r,0) need not be subharmonic in I even
when [ is harmonic in A. Instead we proved (see also [BT]) the following maximum
principle:  Suppose [ is subharmonic and L is harmonic in

Q= U {z:|x| =121 >cos(0(r))},0 < 0(r) <m,r € (r,rs),

r1<r<re

with L = L(r,0) symmetric about the z; axis and L(r,-) non increasing on
[0,0(r)),r1 <1 <. Then either [* < L* in {2 or

(I* = L*)(x) < sup(l* — L*)(y), whenever x € Q.
y€eN
To briefly outline the proof of Conjecture 1 in [GL], for given & = T,
0 < & < m, existence of P = P(-,d, M), satisfying (1.2), can be deduced from a
working knowledge of such tools for harmonic functions as (a) Wiener’s criteria for
solutions to the Dirichlet problem, (b) the maximum principle for harmonic functions,
(c) the Riesz representation formula for superharmonic functions, and (d) invariance
of the Laplacian under reflection about planes containing zero (see the proof of
Theorem 1.1 for more elaborate details). Let Q = {z : —x € R" \ (F; U [0, 0])},
L(z) = —P(—z,d, M), and [l(x) = —p(—=z), for z € R™. If sup(I* — L*)(x) > 0, then
z€Q

from subharmonicity of —p, harmonicity of P in €2, decay of both potentials at oo,
and the above maximum principle, it follows that there exists y € 992 N S"! with
spherical coordinates |y| = 1,0, 7 — & < 6 < m, and [*(1,0) — L*(1,6) > 0. Since
[>—Mand L =—M on —F; = {zx: —x € E1}, we then obtain

0< (I"=L*(1,0) <I*(1,7) — L*(1,7) = 0.

From this contradiction we conclude that {* < L* in R™. Next using [*(r,m) =
L*(r,m),0 <r < oo, and whenever ¢ € {l, L}, that

(—q)*(r,0) = ¢*(r, 1 — 0) — ¢"(r,7),0 < r < 00,0 < 0 < ,
we get p* < P* in R", which as mentioned in (1.9) implies (1.3).



ON d AND M PROBLEMS FOR NEWTONIAN POTENTIALS IN EUCLIDEAN n SPACE 5

We have not been able to prove (1.3) in Conjecture 1 for any other values of &, &,.
However in [L] we used a mass moving method in [S] to show that if & = 0,0 < & < ,
and p € F3°, then for 0 <r <1,

1.10 < P(r,0,d, d mi > P(r, 7, d,0).
(1.10) ,max p(x) < P(r,0,d,00) and _min  p(z) > P(r,m,d, 00)

Moreover in this paper we prove the first part of our conjecture:
Theorem 1.1. Ifn > 3, there is a 1-1 map from
{(£6,£):0< G <& <mp—={(d, M) : 2" <d <1< M < o},
for which there exists a potential P = P(-,d, M) € F satisfying (1.2).
Also we prove,

Theorem 1.2. Given P(-,d,M) as in Theorem 1.1. If 0 < & < 7, & = 7, and
p € FM, then

(1.11) /S BNy < [ B(Plry.d.oc)an .

Sn—l
As for the plan of this paper, in section 2 we set the stage for the proof of Theorems
1.1 and 1.2 by stating and/or proving several definitions and lemmas. In section 3 we
prove Theorem 1.1. In section 4 we prove Proposition 4.1, a rather tedious calculation
of mixed partials for a certain function. In section 5, Proposition 4.1 is used to prove
Theorem 1.2. After each theorem we make remarks and queries.

2. NOTATION, DEFINITIONS, AND BASIC LEMMAS

Throughout this paper c¢(ay,...,a,) denotes a positive constant > 1, depending
only on ay,...,a,, and n. Also A ~ B means A/B is bounded above and below by
positive constants whose dependence will be stated. As in section 1 let dx denote
Lebesgue measure on R™, F' the closure of F, d(z, F) the distance from z to the set
Fe; the point in R™ with 1 in the 7 th position and zeroes elsewhere, (-,-) the inner
product in R", B(x,r) = {y € R" : |y — z| < r}, H* = Hausdorff k& measure, in
R™ 0 <k <n.

Definition 2.1. If O s an open set in R",n > 3, and F C O is compact, then the
Newtonian capacity of F, denoted C(F), is defined to be
(2.1) C(F)=inf [ |V¢|idz,

R’ﬂ
where V¢ denotes the gradient of ¢ and the infimum is taken over all ¢ € C§°(R™)
with ¢ =1 on F.

Remark 2.2. Recall that a bounded open set G C R"™ is said to be a Dirichlet domain
if for any continuous real valued function q defined on OG, there exists a harmonic
function Q) in G with

lim Q(z) = q(y), whenevery € 0G.
Ty
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Wiener’s criteria for a bounded open set G to be a Dirichlet domain states: If
1
(2.2) / ' "C(B,(y) N OG)dr = oo for all y € 0G,
0

then G 1s a Dirichlet domain.
Given &,&,0 < & < & < 7. Let (as in Theorem 1.1),
Ey={zeS" "z >cos&}, By ={r €S" 1 <cos&y}
Put Q(&1,&) = R™\ (E1UEy). For i = 1,2, one can show (see [H1] ) that for ¢ = 1, 2,

"2 < e(€1,&) C(B(z,7) N E;) whenever x € E; and 0 < 7 < min(&, m — &).
Using Wiener’s criteria and the boundary maximum principle for harmonic functions
it follows that given R > 2 there exists w; g harmonic in B(0, R) N Q(&, &) with
continuous boundary values w; g = 1 on E; and w;g = 0 on Ej,j # ¢. Using the
boundary maximum principle for harmonic functions we find that if R; < R, then
|wir, — wir,| < R3™™. From this fact we deduce that limg—s. w; p = w; uniformly
on compact subsets of R" and w;,7 = 1,2, is harmonic in (&1, &) with continuous
boundary values 1 on E; and 0 on E;,j # i. Also w;(x)—0 as |zr|—o00 and w; is
superharmonic in an open set containing FE;, as well as, subharmonic in an open set
containing Ej, 7 # i. From these observations and the Riesz representation theorem
for sub -super harmonic functions (see [H1]), it follows that there exists finite positive
Borel measures v; ;,%,j = 1,2, with the support of v;; C E; while the support of v; 5
is contained in Fj, j # i. Moreover

2.3) / & — gl dvia () — / = g "dvia(y), @ € R,
E;

(once again E; # E;)
Next for ¢ =1, 2, let

Ai(01) = (vin +vi2){z € S" 1z > cos 01})

and note that w; has boundary values that are symmetric about the x; axis. Thus
from the boundary maximum principle for harmonic functions and invariance of the
Laplacian under rotations we have : w;(x) = w;(r,0) for i = 1,2, whenever r =
||, 1 = rcosf. Using this fact and arguing as in section 2 of [L] we get the Lebesgue
- Stieltjes integral :

(2.4) wi(x) = wi(r,0) = ¢, /7r h(r,8,601)dX\;(01),x € R"™.
Here 0

(2.5) h(r,0,60,) = /W(1 + 1% = 2r(0,0:,¢)) 2 sin" P g do
with ’

(2.6) (60,01, ¢) = cosb cos by + cos ¢sin b sin 0,

and ¢, is chosen so that ¢,h(0,6,60;) = 1. With this notation we prove,
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Lemma 2.3. Given r > O,awla—(g’e) < 0, and 8‘”2—(;’(’7) > 0 on (0,7) when 0 < r <
00,1 # 1, and these inequalities also hold when r = 1,0 € (&1, &2).

This lemma is essentially trivial in R? but perhaps not so obvious in R”, n > 2, so
we give some details.

Proof. To begin the proof of Lemma 2.3 let ¥ be a plane containing the origin with
unit normal, n, satisfying (e;,n) = —sin 6 for some 6,0 < 6 < 7. Let

Hy ={z:{(x,n) <0} and Hy = {z : (x,n) > 0}.

Clearly H, contains e; and H, contains —ey. If x € Hy let & € H, be the reflection of
x in ¥ defined by Z = 2 — 2(x,n) n. We claim that if

(a) ieﬁgﬂElthenxeﬁlﬁEl
(2.7) while if )
(b) xEHlﬂEg theni'EHgﬂEg.

To prove our claim we assume, as we may, that (e;,n) = 0,3 < i < n, which is
permissible since F;, F5 are symmetric about the xq axis. Thenn = —sinf e;+cosf e,
for some 0 < @ < 7 and é = cosfe; +sinfe, € X. We note that if z € H; N St
then © = an+ é+ ve’ where n, é, ¢’ are orthogonal unit vectors with (¢’, e;) = 0 and
{a, 8,7} are any real numbers with a < 0 and o? + 32 + 4% = 1. Also
T =—an+ fé+ e and HoNS" ! = {& : z € H NS"'}. Using this notation
we see that ; = —|a|sinf + fcosf < x; = |a|sinf + [ cos with strict inequality
unless @ = 0. Thus (2.7) (a) is true. (2.7) (b) is proved similarly so we omit the
details. To finish the proof of Lemma 2.3 we observe from (2.7) (a), the continuous
boundary values of wy, and Harnack’s inequality for positive harmonic functions that
either wy(z) — wi (&) > 0,z € Hy, or Q(&,&) is symmetric about . However this
cannot happen if (n,e;) = —sin6, 0 € (0,7), as F; NR? is not even symmetric about
the line through the origin and é. Similarly ws(x) — w2(Z) < 0 in H;. Lemma 2.3
now follows from these inequalities and the Hopf boundary maximum principle for
harmonic functions (see [E]). O

Finally in this section we state

Lemma 2.4. — ! (x)=9,0 <4 <1, as x € Q(&, &)=y € By with y; = cos &s.
Proof. we note that

(2.8)
1 — we = wy + @ where @ is harmonic in Q(&;, &) with continuous boundary value 0
on 09(&1, &) and O(r)—1 as x—o00.

Lemma 2.4 follows from (2.8) and essentially a boundary Harnack inequality in [KJ]
even though Q(&;.&) N B(y, p), is not an NTA domain for any p > 0. To give a few
details, if z € 8" ! and p = (y; — 21)/100 > 0, then w;/(1 — wy) ~ (&, &) in
B(z,p)\ E> is easily shown using barriers. Applying Harnack’s inequality for positive
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harmonic functions, we then obtain this inequality in (&, &) N {x @ |21 —y1| < p/2}.
After that one shows for some ¢ = ¢/(£1,&) > 1 that

%1 w1

for 0 <r < p/2.

OSCB(y,r/2) <(1—-1/) oscpgy,n :

1— W9 — Wo
Here oscp(y,,/2) denotes oscillation on B(y,r/2) N Q(&1,&). An iterative argument
then gives Holder continuity of ~— in Q(&1,&2) N B(y, p/2). Thus 4 exists and 4 < 1

1—w2

since @ > 0 in (&, &). O

3. PROOF OF THEOREM 1.1

Proof. In the proof of existence for P(-,d, M) in Theorem 1.1 we assume that
0 <& <& <, as existence of P(-,d, M) when E; = {e;} was proved in [L]| and if
E2 = {—61}, P(',d, M) = Mwl.

To begin the proof of this theorem let v = infge (¢, ¢,) % < 1. We assert that
v = 4 where 4 is as in Lemma 2.4. Indeed since w; < 1—ws in Q(&;, &) and wy, 1 —ws,
have continuous boundary value 0 when & < 6 < 7, we see from (2.8) that either
(3.1) 1>~= a fi;(&f’)‘%) for some 6y € (&1,&)and/or v = 4.
To show the first possibility cannot occur, observe that it implies
ywa(1,00) + wi(1,00) = . Also, yws + wy is harmonic in Q(&, &) with continuous
boundary value v on E5 and continuous boundary value 1 on E;. Using the fact that
7 is the minimum and 1 the maximum of yws + w; on S ! we can essentially repeat
the proof of Lemma 2.3 to arrive at

O(yws + wi)(r,0)
00

Thus (yws + w1)(1,+) is strictly decreasing on [0y, &), a contradiction to (3.1).

Let V(z) = a(yws + wy), where a > 0 is chosen so that V(0) = 1. We shall show
that V' = P(-,d, M) where M = a,d = a7y to complete the proof of Theorem 1.1
except for showing the map is 1-1. For this purpose we note from (2.3) that

(3.2) <0when 0 <6 <mr#0,1, and for r =1,0 € (§,&).

(33) Vi) = [ la=yrdoly)a e

where ¢ is a signed measure with support in S*~! and of finite total variation. More-
over since V < M in R™ with V' = M on E;, we see that V is superharmonic in an
open set containing F; and consequently (see [H1]), o|g, is a positive Borel measure.
It remains to prove o|g, is a positive Borel measure in order to conclude existence
of P(-,d, M) in Theorem 1.1. For this purpose let 7 € S"! with 7, = cosf. Let
x =r7,0 < r < 1. Differentiating (3.3) we obtain the Poisson integral (see [H1] )

o O(r27 YV (r7)) _ 1—1r?
(3.4) rin 5 =(n/2-1) /gn1 mda(y}.
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From properties of the Poisson integral (see [H1] ), and V' (z) = V(r,6), we deduce
from (3.4) that

OV (r,0)) do
(35 ti A VEOD 5 g0 - )07 g0
for H' almost every 0 € (0,7) where 6! = H"~1(S"~!). Moreover,
oV

since V' is harmonic in Q(&;, &). Also since 09(&1, &) is smooth at points y € E7 U Fy
with y # cos(&1), cos(&,), it follows from Schauder type arguments (see [E]) that g is
infinitely differentiable on [0, 7]\ {&1,&2}. From this observation and (3.2) we deduce
that

d— V(?”, 91) d— V(?", 92)
3.7 <
(3.7) 1—7r - 1—7r
From (3.7), (3.5), and the mean value theorem from calculus we arrive at
d— V(Ta 52)
1—r
Thus to show that o|g, > 0, it suffices to show
d— V(T, 52)
1—r
To prove (3.8) we need some boundary Harnack inequalities in [DS1] (see also
[DS2]). To set the stage for these inequalities put y = (y1,y’) where

for & < 0y <6y <mandr<1.

liin_glf [ } < —d(n/2—1)+g(0) for 6 € (&, 7.

(3.8) lim inf

r—1

} > —d(n/2—1).

Tr — e

(3.9) v = (y2,--,Yn) andy:—‘ 5 —e1/2="T(z) for z € R".

T — e
Then T" maps
(a) B(0,1) onto {y : y, > 0},

() (R™Uoo)\ B(0,1) onto {y : y; < 0},
(3.10) (¢) S"!onto{y:y =0}Ucc.
(d)  Eyonto{y:y =0,]y|=>(1/2)cot(&/2)} = Fr.

()  Eponto{y:y=0,[y| < (1/2)cot(§2/2)} = F,
We note that
y+er/2
|y + e1/2[?
Using this note, the Kelvin transformation (see [H1]), and translation invariance of
harmonic functions we find that if @ is harmonic at z, then

o(y) =y + e /2P AT (y)),

r=T'y)=e — when y € R" U oo.
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is harmonic at y € R™ (i.e, in a neighborhood of y). From this deduction we conclude
for fixed &;,&,0 < & < & < m, that if w;(y) = |y + e1/2|* "wi(x),i = 1,2, then

(a) wy,wy are continuous on R™ and harmonic in R™ \ (F} U Fy),
() wy=0on Fy and wy(y) = |y +e1/2]* ™,y € F,
(¢) wy=0on Fy and wo(y) = |y +e1/2]* ™, y € Fy,
(3.11) (d)  wi(y), w2(y)—0 as y—oo,
(e) wi(+er/2) =w;(0),i=1,2,
(f) wilyyy) = wil=y1,y),y eR" i = 1,2,

(9)  wily) =wi(ys, |¥']) = wi(y1, p),y € R", i =1,2.

From (3.9) we see that if r = |z|, 21 = r cos &, then

(1/2)(1 —r?) , 7 sin &y
= d = =
“ 14+17r%— rcosgan 14172 —2rcosé&s
(@) m T 5 p=1y| 5 ,
(3.12)
2y,
by 1—r?= —TF .
) PR

Let w3(y) = |y + e1/2[*™ — wy(y),y € R™. Then ws = ws(yi,p) is harmonic in
R\ (F;UF>,U{—e;/2}) with continuous boundary values = 0 on Fy and = |y+e;/2|*™"
on Fi. We now are in a position to use a boundary Harnack inequality proved in
Theorem 3.3 of [DS1] tailored to our situation. Let p = p — (1/2) cot(&,/2), and set

s=s(y) =+/p*+y? Nextput

1
Wo(y) = E \/s + p, whenever y € R".

Note that s(y) denotes the distance from y to d'Fy, and p denotes the signed distance
from 3/ to &' Fy. Here &' I, denotes the boundary of F, relative to R" !,

~

Theorem A Given k a positive integer and i = 1,3, there exists a; ;j(p), b;(p).J =
1,2, ..., infinitely differentiable whenever

6] < A = min[(1/10) cot(&/2), (1/10) cot(&/2) — (1/10) cot(&2/2)]
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with a;9 > 0 for ¢ = 1,3, and for which as (yi, p)—(0, (1/2) cot(£2/2))

() wilys, p) = Wo(y) (Z a1j(p)s’) + O(Wo(y)s™'72)

3.13 E . ,
19 (®)  ws(yrp) = Wo)D _as;(P)s) +um > b)Y

J=0 0<j<(k—1)/2
+ O(Wo(y) s"+172).
Constants in the big O terms depend on k, n, &, €1, and the C*+%/2 norms of a; ;(p), b;(p),
fori =1,3,1 <j <k,on[0,\]. We note that wy, w3 in (3.13) (a), (b) have slightly dif-
ferent expansions since wy, is even in y; while ws is not. From Lemma 2.4, A = d/M,

(3.10), and (3.11), we find that as (y1, p)—(0, (1/2) cot(£2/2)) through coordinates of
points not in Fs,

wily1: /) —d/M.

w3 (Y1, p)
which in view of (3.13) (a), (b) implies that
(314) a170(0) = (d/M)agp(O)

Let y = (y1,p), be as in (3.12). From (3.12) (a) we find that as r—1,
rsin &, 9
=0 1/2) cot 2
(1—T>2+4TSin2<£2/2) <y1)+( / )CO (52/ )7
where constants depend only on &, &, n, provided r > 1/2. From (3.11) (f), (3.13)
(@), (b), (3.14), and w(y) = |y + e1/2>" — ws(y), we find that if = (—pr, )
Yo = (y +)/2, then

Uly) = Mwi(y) + dws(y) =

(3.15) pRl—rp=

(3.16) (d/2) (ly+ €1 /21" + |5 + e1/2P™) + O(4")

=U(yo) + O(y1)*?* = dlyo + €1/2]*™™ 4+ O(y1)** as y1—0.
Finally we prove (3.8) and thus finish the proof of Theorem 1 up to showing the map
is 1-1. Let U(y) = |y+61/2|"_2U( ). From (3.12) (b) , (3.11) (f), (3.16), we see that

lim inf
r—>1_ —7r r—1_ 1 — 72

Y1

(3.17) = —lim sup (!y + e1 /2 Uly) - ) =
—0

—(1/2)lyo + €1/21PU (yo) 5= (ly + €1/2" %) (o) = ——5——

From (3.17) we conclude (3.8).
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Finally showing the map (&, &)—(d, M) is 1-1 follows easily from the maximum
principle for harmonic functions. Indeed suppose (&1,&s), (£1,&5) are both mapped
into (d, M). Define Ey, E5 and Ef, E} relative to &1,&, and &7, &, respectively. Let
P, P" be the corresponding potentials in Theorem 1.1. Then either £y C E] or vice
versa and likewise for Fy, E). If E] C E;, suppose first that ), C E5 Then using the
fact that P is superharmonic and P’ is harmonic in R™\ (E] U E}) as well as that both
potentials have the same boundary values, we obtain from the maximum principle for
harmonic functions that P'(0) =1 < P(0) = 1 unless Ey, = E{, Ey = E). If Ey C E,
we compare boundary values of P, P’ on F; U F). Using the maximum principle for
harmonic functions and (1.2) (¢) we once again get a contradiction to (1.2) (d) unless
P = P'. Interchanging the roles of P, P’ we obtain P = P’ in all cases. The proof of
Theorem 1.1 is now complete. 0

Remark 3.1. More sophisticated arguments in [DS2] yield that P(-,d, M) is C%'/?
in an open neighborhood of {x € S"™' : ;1 = cos&}. Fiz & € (0,7) and let &
vary in (0,&). Then from (2.8), the mazimum principle for harmonic functions, and
4 =d/M in Lemma 2.4 we see that

(3.18) d/M s increasing as a function of & to say d'/M’.

Using this fact it is easily seen from Theorem 1 and the maximum principle for
harmonic functions that M decreases as a function of & so M' < M. Moreover
d', M'—1 as &—&. In view of our conjecture and R? results it appears likely that

(3.19) d also increases as a function of &;.
However so far we have not been able to prove this.

In R? we can prove (3.19), without relying on [BL1], as follows: From (1.4), (1.5),
and a Schwarz- Christoffel type argument we have
(3.20)

OP(r,0,d,M) iz0P(z,d, M) Re 1+ 2% —2az

1/2 .
a0 0z ! (1—|—22——2bz) ] for z € B(0, 1)\{&, &}

where b = cos &y, a = cos&. If & < & < & = & and P(z,d’, M") denotes the extremal
potential corresponding to &}, &5, then (3.20) holds for this potential with b replaced
by O/ = cos&| < b . Moreover

1 1 2 2 1/2 1 2 2 1/2
(321) d—d= / (M) _ (M) drjr > 0.
0

L4 r2 4 20'r 1+ r2+420br
Also from (3.20) for P(-,d, M), P(-,d', M"), we see that if £ < 6y < &, then
P(1,00,d', M') — P(1,00,d, M) >

P(1,600,d', M) — P(1,00,d, M) +d—d =

&2 | (cosb — coséy 1/2 cosf — cos &, 1/2
—_— - | ——= dg >0
9% cos & — cosf cos& — cos

(3.22)
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Using (3.21), (3.22), we can show that

(3.23) max / (P(1,0,d, M') — P(1,8,d, M) = 0.
T , T 0

Indeed from M’ < M, & < &}, the fact that P(-,d, M) is strictly decreasing on (&1, &>)
and the first derivative test for maxima, we find first that the maximum in (3.23)
cannot occur at some 7 € (0,¢]). Moreover by the same reasoning and (3.21), (3.22),
this maximum cannot occur when 7 € [£], 7). Finally the integral in (3.23) = 0 for
7 =0, 7. From (3.23), (1.9), as well as Baernstein’s Theorem (mentioned after (1.9)),
one can conclude that (1.3) in R? is valid for p = P(-,d’', M").

In view of the above R? results, one wonders if in R®,n > 3, it is true that for

8 S (51752)7
92P(1,6,d, M) 92P(1,6,d, M)
a00g,  ~ad 505

Remark 3.2. Another question of interest to us, is to what extent does Theorem 1.1
generalize to other PDE’ s ¢ For example can one replace harmonic in Theorem 1.1
by p - harmonic when 1 < p < n. To be more specific, if 1 < p < n, does there exist
a super p-harmonic function uw > 0 on R"™ with u(x)—0 as x—00, satisfying (a) — (d)
of Theorem 1.1 for some choice of (£1,&2),0 <& <& <m, and (d,M),0<d <1<
M < 0o (see [HKM] for relevant definitions).

> 0.

(3.24)

4. PROOF OF PROPOSITION 4.1
Recall from (2.5), (2.6) that
h(r,0,0,) = / (1472 = 270,61, 0)) ™ (sin ¢)" % dgp with
(4.1) 0
(0,01, ) = cos B cos Oy + cos ¢ sin 0 sin ;.

Theorem 1.2 is an easy consequence of the following proposition.

Proposition 4.1. %{&91) < 0 whenever 6, # 0,0,0, € [0, 7).

Proof. Since h(1,0,6;) is symmetric in 6, 01, we assume as we may that
0 <6, < 0 < 7. Differentiating (4.1) we obtain

ah(léga 01) _ (TL . 2)2—n/2 " g_z(l _ w)—n/2(sin ¢)n—3d¢
(4.2) ’

=(n— 2)2_”/2 /o [cos ¢ cos Osin 6 — sin O cos 01 f (6,01, ¢)do
where

£(0,01,0) = (1 — (0,01, 8)) " *(sing)" >
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From(4.1) we see that (4.2) can be rewritten as

(4.3)
Oh(1,6,6,) (n — 2)27"/%(cos § — cos ;) /
SR — (/2= 1) cot O h(1,6,61) + Iy 700,041, )d
Taking second partials in (4.3) we have
(4.4)
92h(1,0,0;) Oh(1,0,0;) T
sinf————"—~* = —(n/2—1)cos ) ———"—~ + n—22”/251n9/ 0,0.,0)d

+ (n — 2)2_”/2(0089 — cos 91)/ wdqﬁ =Ji+J+J5

. 00,

Since h is symmetric in 0, 6; we can interchange 6,6, in (4.2), (4.3), to get
(4.5)

Ji = (n/2—1)*cosf cot 0,h(1,0,6,)—

sin 64

_ 9)29(n+2)/2 _
(n—2) cos f(cos By — cos b)) / 10,61, 6)

Moreover, as in (4.3)

Js = —(n/2)(n —2)272(cos § — cos b)) cot 91/7r f(0,61,p)do
0

(4.6)

(= 2222 SO 14y 1(0,01, 006 = g+
Adding J; in (4.4) to Jy + J5 in (4.6) we get
(4.7)

Jo+Jy+Js = [(n—2)27"2sin 0, — (n/2)(n — 2)27?(cos § — cos b;) cot 91]/7T (0,61, ¢)do
0

n/2 (cos by — cos f)?

) / "= ) (0,61, 6)do

—(n—2)(n/2)2"

Finally we arrive at

(4.8)
(n/2 —1)712M2"Y(J, + Jo + Jy + Js5) = (n/2 — 1) cos f cot «91/ (1 =) (0,01, 9)do
0

sin 64

_ 2 o T
(nf2 — 1yl —cosf)” 1 008600891] J
0

sin 0 sin 6

(cos by — cos 0)?

~ (n/2) / (1) (8,61, 6)d

From (4.4) - (4.8) we conclude that to finish the proof of Proposition 4.1 we need to
show that the right hand side of (4.8) is negative. To do this we let a = sinfsinfy,b =

sin 64
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1—cos 6 cos 01 and use the beta function to calculate in terms of our previous notation:
(4.9)

a7 > (n/2 =Dy T(n/2 —1)T(141/2) ra\2
A = /2 1/ 1—qp)t—n/2 )34 (n/ )21 a
| (1) T (sin @)™ dg = ZZO: 20! T(n/2 +1—1/2) (b)
where I" is the Gamma function and (A)y = A(A+1)...(A+k—1) when k is a positive
integer with (A\)o =1 = (0)!.
(4.10)

sz”ﬂ/oﬂ(l—w) "/2(sin )" 3dg =

o

(n/2)y T'(n/2 —=1)T(+1/2) ra\2
Z 20)! T(n/2 +1—1/2) (5))

=

A

(4.11)

. T o o L (n/2+ 1)y T(n/2 —1)T(1+1/2) ra\2
“=r /2+1/0 (=)™ i g)dg = (;( : (21))! r(;//2+zz1</2> 2 (5) )
In terms of this notation, 0 < a < 1,a < b <2, and (4.4) - (4.11), we get at (1,6, 6,),
9?h(1,0,6,)

00 06,

(n/2 —1)~1(2b)"2~ 1 sin #; sin 0

= (n/2 —1)7127/ 2712 Y (sin 0)) (Jy + Jo + Jy + J5)
=(n/2-1)(1—-bA+b" [(n/2—-1)(b* —a®)+ b] B
—b72(n/2)(b? — a®)C

—b(n/2—1)(B—A)+ (n/2—1)(A—C) + (B —C)

T(n/2 — 1)T(1/2)
T(n/2—1/2)

(4.12)

—(n/2=1)(a®/b) B + (n/2)(a®/b*)C
if n = 2m, the [ = 0 term in the sum for D is
(4.13) T2 = —(m — 1)(a®/b) + m(a®/b%).

Let A;, B;,Cy,1 = 1,2, ... be the [ th nonzero coefficient multiplying (a/b)? in A.B, C.
If again n = 2m, then

(4.14)
(B A= (g~ D = L (0= )= <<mn:(2(il y 214 = e
2(m+1)
(C - B)l (_—1)141
Also
(4.15) Cm—1/2) , _(m=1m

r(1/2f(m—-1)""" 2@m—1)
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Using (4.14)- (4.15) we deduce that the part of the sum in (4.12) involving Ay, By, CY,
in D is
(4.16)
1
[2(9—4— (2/m) — 2"+

(m—1)m

(m+1)(m+2)
-1

(m—1)m(a/b)? _

— (m+1)a*/b+ 22m —1)

a® /b

m(m—1) , 4m? (m—1m(m+1) , 5 mm+D(m+2) , ,
<2m—1a/b_4m—2a/b>+(_ 2 T a/b)

= Tll + Tl2
From (4.13), (4.16), we get

—1)? 2m
41 2 1 :_(m 27 2 /22
(4.17) T, + T, m=—1 1)a /b yr—t /b <0

4dm

Fix [ a positive integer and once again set n = 2m. As in the case [ = 1 we see from
(4.9) - (4.11) that

20— 1 2
u_l)Al: l
m—1

(B—A)p=(—"7 ’

(m+ 2l —1)(m+ 2I) _ Alm + 2120 - 1)

—1]4, =

(4.18) (C—A) =] A

(m—1)m (m —1)m
_ _fm+20-1)(m+2l) m+20-1 :21(m+21_1)
== (m—1)m m—1 | (m—1m A
Also
(4.19) Cm—1/2) ,  (m—1all—1/2)(1-3/2)...(1/2)

T(1/2)T(m—1)""" @) m+1-3/2)(m+1-5/2)...(m—1/2)
Using (4.18), (4.12), we see that the terms in D involving (a/b)* times A;, B, C; are

(4.20)
[[m — 4l — (20)m)(2 — 1) — 22D g (g /b2

(m—1)

(m+ 20 —1)(m+ 21)
m—1

LWWWm+m—n+ aﬂwﬂ&mmwznun?

We claim that

l -1
(4.21) ST+ TE<0forl=12,. ..
k=0 k=0
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where T = 0. Note from (4.17) that (4.21) is true when | = 1. Proceeding by
induction assume (4.21) is true for some positive integer I. We need to show that
(4.22)

[[2(l+1)b—4(l+1) C2(+p@E+1) 2(l+1)(m+2l+1)} A (af0)?
m m(m — 1) b
+ {—(m +2l— 1)%2 L (m anzi)ier 2) i) 4 < 0
Now
(4.23) Appr /Ay = (m+20)(m+20—1)(1+1/2)  (m+20)(m+20—1)

2 +2) 2+ D(m+1-1/2)  4(+1)(m+i—1/2)

From (4.23) we get for the a?/b term in (4.22)
(4.24)

21+ 1)b Ay (afb)? — (m -+ 21 — 1)(a/b) A, = — T Dm 42— 1)

2m+1—1/2)
Next we observe from (4.23) for the A;,;(a/b)? term in (4.22) that

(—4(l+ - 20+ 1)20+1) 2(l+1)(m+20+ 1)) A (a/b)?

(a?/b) A; < 0.

m m(m — 1)
(4.25)
41014+ 1)(m+1)

= B e/ = -

(m4+1)(m+20)(m+20—-1)
(m—1)(m+1-1/2)

Hence adding the (a/b)?A; term in (4.22) to the right hand side of (4.25),

(m+0(m+20)(m+20—1) 5  (m+20—1)(m+2])
T m—Dmti—1j) /b m—1

Ay(a/b)?

A (a/b)?

(4.26)
(m+ 20 —1)(m+ 21l) 5
= — Ai(a/b)” < 0.
2m = 1)(m + 1= 1/2) 1@/
Finally adding right hand sides of (4.26), (4.24), we find from (4.22) and induction
that claim (4.21) is true. From the definition of A, B, C' we see that these functions
have absolutely convergent series involving powers of (a/b)? and thereupon that (4.21)

converges to %D. So D < 0 and it follows from (4.12) that Proposition 4.1

is valid when n > 3 is a positive integer. 0

5. PROOF OF THEOREM 1.2

Proof. Recall from section 1 that if & = 7,0 < & < 7, and P = P(-,d, M) is
the corresponding extremal potential satisfying (a) — (d) of Theorem 1.1, then P is
harmonic in R™ \ 1, so

(5.1) d = P(—ey,d, M), and (1.3) holds whenever p € F3'.
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Thus to prove Theorem 1.2 we show for d as in (5.1) and 1 < M < oo, that

(5.2) / B(P(ry, d, M) dH" < / B(P(ry, d,00)) dH™,0 < r < o0,
Snfl S’ﬂfl

To do so we first note for any p € F that 22 < p in B(0,1) as follows from the
minimum principle for potentials and the fact that any two points on S"~! are at
most distance two apart. Also in [L] we showed the existence of P(-,d, c0) in
Theorem 1.2 whenever 227" < d < 1. Thus P(-,d, o) exists when d is as in (5.1).

The proof of (5.2) is by contradiction. For ease of writing we put P = P(-,d, M),
P’ = P(-,d,o0), and write in spherical coordinates, P(r, @), P'(r, ), which is permis-
sible, since both functions are symmetric about the z; axis. Also for fixed & € (0, 7),
let Ey, be as defined in Theorem 1.1 relative to P while &, € (0,7), EY, are defined
relative to P’. As in (2.3)-(2.6), and from Theorem 1.1 we deduce the existence of
positive Borel measures, v, i, on [0, 7] with total mass ¢! corresponding to P, P’, re-
spectively. v has its support in [0, &;] while p has its support in {0} U[&5, 7]. Moreover
(5.3)

(@) P(1,0) = cn/ogl h(1,6,6,) dv(6y) and

(b) P(1,0)=c,ah(1,0,0)+c, | h(1,0,0,)du(6;) with a = u({e;}) > 0.
&
We note from Theorem 1.2 that P(r,-), P'(r,-), are continuous in the extended sense
and non increasing on [0, 7] whenever 0 < r < oo. From this fact, (1.8), (1.9), and
dH" 1 = ¢, (sin6)"2df, we deduce that to prove (5.2) it suffices to show

(5.4) / P(r,0)sin" 2 0df < / P'(r,0) sin" 2 0d6
0 0

whenever 0 < r < 00,0 < 7 < 7. Moreover from the Baernstein maximum principle
(see the discussion after (1.8)) , we need only prove (5.4) when r = 1. To do this
observe that if (5.4) is false for some § € (0,7), when r = 1, then there exists
0 € (0,7) with

T€[0,7]

T 0
(5.5) 0 < max / (P — P')(1,0)sin" 2 0df = / (P — P')(1,0)sin™ 2 0de.
0 0

Since P’ is strictly decreasing on [0,&] with P’ =d < P on [£5,7), P = M on [0,&],
and the integrals in (5.4) are equal when 7 = 7, we see from the first derivative test
in calculus, that & < &, and we may assume

(5.6) 0 € [&,&)], with P(1,0) = P'(1,0).

To get a contradiction we note from Proposition 4.1 and (5.3) (a) that if 0 € (&,&5),
op < Oh oh

(5.7) ——(1,0) = —cy, —(1,0,0,)du(6) > —c, —(1,0,0).

90 , 00 90
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On the other hand from Proposition 4.1 we have for 6,6, € [0, 7],6; > 6,

oh oh
(5.8) %(1,9,91) > %(1,9,@ = (n/2 —1)sinf(1 + cos )% > 0.
Using (5.8) amd (5.3)(b) we see for § € (&, &), that

P’ h
(5.9) 8—(1,«9) > Cp o a—(1,0,0) = —c,a(n/2 — 1)sinf(1 — cos §) /2.

o0 00
Combining (5.7) and (5.9) we get

OP' opP oh

(5.10) 57 (L0 = 55 (L.0) > cula —1)55(1,6,0) > 0 on (&1, &),
since 0 < a < 1. Thus P’ — P is increasing on (&1, &), so
(511) Pl<179) o P(Le) < Pl(17£2) - P(L’SZ) =d— P(17£2) <0,
since P is strictly decreasing on [¢;, 7] with P(1,7) = d. Letting §—0 we arrive at
a contradiction to (5.5). From this contradiction we conclude Theorem 1.2. O

Remark 5.1. Conjecture 1 when Ey # {—e1} or even an analogue of (1.10) when
Ey # {e1}, seems difficult. If Es # {—e1}, the main problem is that the proposed ez-
tremal potential, P(-,d, M) must have mass at points on S"~1 where it assumes both
its maximum and minimum values on B(0,1). This splitting of the mass seems to
rule out an immediate proof of Conjecture 1 using Baernstein’s x function. A simpler
problem in view of (1.9) is to show for p € F)':

(5.12) / p(ry) dH" 'y < / P(ry,d, M)dH" 'y
{yeSn—1liy1>cosbp}

{yeSn—1liy; >cos b}

whenever 0 < 0y < 7,0 < r < oo, Note that a positive answer to (5.12) would imply
an analogue of (1.10) when Ey # {e1} and also (3.19).

To indicate our efforts in trying to prove (5.12), we first observe that it suffices to
prove (5.12) when p is symmetric about the z; axis, so p(z) = p(r,0) when |z| =
r,x1 = rcosf. Also, using the Baernstein * function, as mentioned earlier, we need
only prove (5.12) when r = 1. Next as in (2.4), we see that

(5.13) p(1,0) = e, /Oﬁhu,e,el)da(el)

where h is as in (2.5) and o is a positive Borel measure on [0, 7] with o([0,7]) = ¢
Given 6, € (0,7), it follows from the Fubini theorem and (5.13) that

—1
n

(5.14) /90 p(1,0)sin" 2 0df = /7r k(1,6,)do(6;)

where

o
(5.15) k(1,6,) :cn/ h(r,0,0,)sin" 2 0df
0



20 J. LEWIS

We note that k(1,-) is continuous on [0, 7] (in fact Holder continuous) so from a
theorem on weak convergence of measures, we deduce that

90 90 -
(5.16) sup / p(1,0)sin" 2 0df = / P(1,0)sin""20do
0 0

peF M
for some P € F}. As for P, we can prove when M = oo :

Lemma 5.2. Let v be the positive Borel measure on [0,7| corresponding to P in
(5.16). Then

(5.17) {0, : 0y < 0, <7 and P(1,6,) #d} =0

Proof. The proof of (5.17) is by contradiction and essentially given in Lemma 4 of [L].
To briefly outline the argument, if (5.17) is false, then using lower semi-continuity of
P, one can assume there exists 7;,1 <7 <3, with 0y <7 <75 < 73 < T, ]5(1, ) > d,
on |11, 73], and 7([1, Ta]) = D([7e, 73]). For €y small, € € [—¢€g, €0)] \ {0}, and 7 < 6y < 73
define §(61,¢€) by

(a) 0<g(bh,e) <m
(5-18) () (1+6)[(1+cos§(61,€) 2"+ B] = (1+cosby)"2" + B

where B > 0 is to be chosen. One can verify from (5.18) that g(6,, €) is an increasing
function of #; on [, 3]. For € € (0, €], let

P(r,6) = ca(1 + e)/m h(r, 0, (0, €))du(6:)

.
(5.19) Fel— o) / h(r.6, (61, —))dv(6,)

2

+ Cn/ h(r,Q,Ql)du(é’l).
[077"]\[7_1’7—3]

Next since §(6,,£e) is an increasing function of ¢, on [, 73] it follows that P, is
a potential symmetric about the z; axis. A lengthy calculation then gives for B
sufficiently large that P. € F;° and

P.(r,0
(5.20) %>Owhen0<e<eo,0<r<oo, and 6 € [0, 0o).

From (5.20) we obtain
6o B 6o B

(5.21) / P(r,8)(sin 6)"2d6 < / P.(r,0)(sin 6)"d#
0 0

which contradicts (5.16) and so Lemma 1 is true. O

Remark 5.3. Using (5.17) of Lemma 5.2, one can get as in [L] that for some
80 S [60, 7'('],

(5.22) P(1,0) = d on [fy, 7).
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To use the above ‘mass moving ~ argument further in proving (5.12) appears difficult
since from the mean value property for harmonic functions,

/ OF(1,6) (sin )" 2df = C_l—an(O, 0)
0

Oe " de
Thus moving mass inside (0,60y), as above, would create points in this interval where
P. < P and so perhaps not imply (5.21).
The lengthy calculation mentioned above was to show that
Oh(1,0,01)
(5.23) o {%1 >0
20,
whenever 0,01, € (0,7) and 0 # 0,. Originally in [L], after many months of trying, 1
had just proved (5.23) for n =3 so (1.10) was just valid in R3. Still I submitted my
paper to the Proc. of LMS and after a few months received a handwritten report from
the referee (Walter Hayman) to the effect that I should try using the substitution,
in 0 sin ¢ 2t tan(6/2
sinfsinfy with { — an(6/2)
1 —cosfcosf; 1+1t2 tan(f;/2)
to simplify my calculations. Using this observation I was eventually able to prove
(5.23) and after that use the above contradiction argument to get (1.10) in R™ n > 3.
Note that Proposition 4.1 is in the same spirit as (5.23).
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